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NPEOUCIIOBUE PEAAKTOPA
K YETBEPTOMY H3JAHHIO

2Ttam TOMOM H3aTesbeTBO «Hayka» HaduHaeT HepeH3faHHe
«Teopernueckoit Gpusukn» JI. [, Jlangay u E. M. JIndwnua. Brep-
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6e3 aBTOpOB.

B nacrosmeM H3gaHuu «MeXaHHKH» UCIpPaBJeHHl ONedaTKH, 3a-
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GoJblIMe H3MEHEHHS, YTOUHAIONUINEe H3JI0XKeHHe. DTH NONPaBKH Oblix
nparorossens E. M. Jludunnem 1 MHOIO ¥ 4aCTHUHO YYTEHH B IO-
clefHeM aHIVIMHCKOM H31aHUHM KHUTH.

Man 1987 1. . J, 11, Huraescruii



NPEAUCIHOBHE K TPETBEMY HU3JAHHUIO

Bo BropoM H3jaHWM STa KHHra INOYTH He OTJHYaNacCh OT Hep-
sBoro m3zanud. He BOsHHK/IO HEOGXOZAHMOCTH B CKOJbKO-HHGYAD
8HAYNTeNbHOH ee HepepaboTKe H nPH MOATOTOBKE HOBOTO H3AaHHA.
TlosToMy G66nbmast wacTh KHHCH BOCIHpPOH3BefeHA CTEPEOTHNHO
(c menpamnenneM sump omeyatok). [lepepaGoTKe u JOMNONHEHHIO,
npou3BefeHHHIM MHOR coBMmectHo ¢ JI, I, IluraeBckum, nojaBepr-
JIICh JHIIb [IOCHeJHde maparpadsbl, NocBsllleHHble afinabaTHIECKHM
WMHBapHaHTaM.

Hions 1972 r, E. M. Jluguwuy

M3 NPEONMCIOBHS K NEPBOMY H3IAHHIO

Hacrosniesi kuurofi mMu paccunThHiBaeM HauaTb IOC/AELOBAaTeNib=
HOoe NepeusnaHue BceX TOMOB Hailelt «TeopeTHueckol QH3HKH>.
OxoHuaTebHHH NJaH ee cefifac INpeJCTaB/seTcd B CJAeRYIOMIEM
BHAE:

I. Mexanuka. 2. Teopua nons. 3. KeanutoBas MexaHuka (Hepe-
JSITHBHCTCKag Teopus). 4, PeasrnBucTckast KBaHTOBast TEODPHA.
5. Cratucruueckas ¢usuka, 6. Fuapenvsamuka. 7. Teopua ynpyro-
cTH. 8. ODJIeKTpOAMHAMHKa CHJIOWHHX cpeld. 9. dDusuueckas Ku-
HeTHKa.

Mu 6aaroaapun W. E. Hasnomunckomy u JI. I, Tlutaesckomy
3a NMOMOIIb NPH YTEHHWH KOPPEKTYpPHl KHHIH,

MockBa, woab 1957 1. J. 4. Jlanday, E, M. Jupuuy



TITABATI

YPABHEH U4 NBH)XEHHA

§ 1. O6066menHble XOOPAMHATHI

OnHuM H3 OCHOBHBIX NMOHATHH MeXaHHKU SIBJSETCS TOHATHE MQ-
Tepuasvnol Touku'). Ilox >TMM Ha3BaHHEM MOHMMAIOT TeJjio, pas-
MepaMH KOTOPOro MOXKHO NpeHeGpeUb NPH OMHCAHHH €0 ABIKEHUS,
PasyMeercsi, BO3MOXKHOCTb TaKOro INpeHeGpe:KeHHs 3aBHCHT OT
KOHKPEeTHLIX YCJOBUH TOH MM MHOU 3ajgaud. Tak, maaHeTsl MOKHO
CUMTAaTh MaTepHaJbHBIMH TOUKAaMH HPH H3YYCHHH MX ABHXKeHUS BO-
kpyr CoJHUA, HO, KOHEYHO, He NPH DPacCMOTPEHHU HUX CYTOUHOrO
BpameHus.,

IMonoxkeHne MaTepHaJbHOR TOUKH B NPOCTPAHCTBE ONpeesseTcs]
ee paJNyc-BeKTOPOM I, KOMIOHEHTH KOTOPOro COBIAJalOT ¢ ee Je-
KapTOBHIMH KOODIMHATaMH X, y, z. [Ipou3BozHas r mo BpeMeHH f

dr
V=3r

2

d’r
Ha3bIBaeTCsl CKOPOCTBHIO, a BTOpag NPOM3BOAHAS - — YCKOPEHHEM

Toukd. Hmuke, Kak 5TO NPHHATO, MB 6YyAeM YacTo obo3HavaTh
AnddepeHnHpoBaHHe 10 BPEMEHH TOUKOH HaJ GYKBOH: vV =T.

Ins onpenesienusi MOJOXKEHHA CHCTeMBl H3 N MaTepuHajbHHX
TOYEK B IIPOCTPAHCTBe HaAO 3aAaTb N paauyc-BeKTOpOB, T. €. 3N
KoopauHaT. BooO6le 4HC/IO HE3aBHCHMLIX BeJIMYHH, 3ajaHHE KOTO-
PHIX HEOGXOAHMO IJif OJHO3HAUHOTO ONpeleNeHHs IMOJOXKEeHHS CH=
CTeMbl, HAa3bIBAETCHA YUC/OM ee cTenewneil ¢806006l; B NaHHOM CJy-
4ae 370 4HcJaO paBHO 3N. DTH BeJHYHUHB He 06S3aTENbHO AOJKHBI
OBITh 1eKapTOBLIMH KOODAMHATAMH TOYEK, W B 3aBHCHMOCTH OT
YCJIOBMA 3a1a4¥ MOXKeT 0KasaTbcsl GoJiee yAOGHBIM BHIGOD KaKuX-
JIMOO APYrux KoopAHHAT. Jllo6ble s BeJHUUH q1, G2, ..., ¢s, BIOJNHE
XapaKTepH3yIolilie NMOJIOXKEHHe CHCTeMH (C S CTeNeHsMH CBOGOAH),
HasBHIBAOT ee 0000ujeHHbiml KOOPOURATAMU, A TIPOHU3BOAHDLIE ¢ —
ee 0000UWeHHOIMU CKOPOCTAMU.

3ananue 3naveHnit 0GOGIIEHHEIX KOODAUHAT elle He Onpejesser,
OJIHAKO, «MEXaHHYECKOTO COCTOSIHMA» CHCTEMH B JAHHLIH MOMEHT
BPeMEHH B TOM CMBIC/E, UTO OHO He IMO3BOJSET NPeNACKa3aTh [OJ0-
JK€HHe CHCTeMBbl B IocJelylolune MOMeHTH BpeMmenu. [Ipu 3anan-

') BMecTo TepMHHa «MaTepHaJbhas TOUKa» MW GYAEM 9aCTO FOBOPHTb O KYas
CTHLAXY,



10 YPABHEHUSA OBHXEH!S {rn @

HHX 3HaYeHHX KOOPJIHHAT CHCTeMa MOXeT 06/1a1aTh NPOU3BOJb-
HEIMH CKOPOCTfAIMH, & B 3aBHCHMOCTH OT 3HAaYeHMS nocaelHuX Oy-
JIeT pas/IMYHLIM H [I0JIOXKEHHe CHCTeMHB! B CJISJYIIUHA MOMEHT Bpe-
MeHH (T. e. 4epe3 OeCKOHeYHO MaJblii BpeMEHHOH HHTepBan df).

OnnoBpeMeHHOe e 3aJlaHHe BCeX KOOpAHHAT H CKOPOCTEeH mo.-
HOCTBIO OllpefesisieT, KaK IOKA3LIBAET OIIBIT, COCTOSIHHE CHCTEMBl H
NO3BOJISIET B INpHHIHNE IIpeJcKasaTh jAaljbHeflliee ee BHKeHHe.
C MareMaTHYecKOH TOYKH 3DEHHS 3TO 3HAYHT, YTO 3aj4aHHEM BCeX
KOODJAHHAT ¢ U CKOPOCTe#l § B HEKOTOPHI MOMEHT BpeMeHHU ORHO-
3HAYHO oNpejeJseTcsl TakXKe M 3HaUeHHEe YCKODeHHH § B 3TOT MO-
MeHT 1),

CooTHoleHnns, CBA3HBAIOLINE YCKOPEHHSI ¢ KOODAHHATAMH H CKO-
POCTAMH, HA3BIBAIOTCH ypasHenuamu oOsusicenus. I1o oTHOUIEHHIO K
¢yuxkuuaM g (f) ato — puddepennnanbible ypaBHeHHsS BTOPOro IO-
pslKa, HHTerpUpOBaHHe KOTOPHIX II03BOJISIET B IIPUHINNE ONpeje-
JUTb 3TH QYHKUMH, T, €, TPAEKTOPHH [BHKEHHS MeXaHHYeCKOH CH-
CTEeMHL,

§ 2. lpunnUMn HauMeHbINEro AEeHCTBUSA

HaunGonee o6umas ¢opMynupoBka 3aKOHA ABHKEHHR MeXaHH-
YeCKUX CHCTeM [aeTcsl TaK Ha3biBaeMbIM NPURLUNOM HAUMEHbULe2O
Oeiicteus (unu npunyunom Iamurerona). COryiacHo 5TOMy NpHH-
UMOy KaxAad MeXaHAUYecKasl CHCTeMa XapaKTepH3yeTcs OmpejeseH-
HOH (yHKIHEH

L(qb G2y sees 4 q.l: q.21 very ‘7s, t)

KaE, B Kpartkofi sanucu, L(g,q,f), npudeM [BHIKeHHE CHCTEMH
YAOBJIETBOPSET CJIEYIONEMY YCI0BHIO.

ITycts B MOMeHTH BpeMeHH f = {f; H {=f; cucTeMa 3aHUMaeT
onpejeseHHble IIOJNIOXKEHUS, XapaKTepH3yeMble AByMs HaGopamHu
sHauenufi Koopauuar ¢V u ¢@. Torpa Mex1y 5THMH IIOJIOJKeHHS-
MU CHCTeMa [BUKETCS TaKAM 0GpasoM, YTOGH HHTErpas

t2
s=\rL@ ¢ 0a @)
t
HMes HaHMeHblllee BO3MOKHOe 3HaueHme?)., OyHxuua L HasmBaer-

ca ¢ynkyued Jlazpausca IaHHOH cHCTeMH, a uHTerpaa (2,1) —
deticrauem.

1) Oas kpaTKoCTH 0Go3HaueHH#t Mbl OyleM 49acTo YCJIOBHO HOHHMAaTk HOA ¢
COBOKYNHOCTb BCEX KOODAHHAT 1, G2, ++., s (H TNOL § AHANOTHIHO COBOKYNHOCTH
BCeX cKopocreil).

2) Caenyer, OAH2KO, YKa3aTh, 4T0 B Takoll (OpPMYJHPOBKE NPHHUMUN HAaHMEHb-
iwero feHCTBHS He BCErja CApaBENJHB AAs BCEH TPAeKTOPHH ABHKEHHA B LieJoM,
2 AMIEb JJf KaXHOro H3 AOCTATOYHO MajhX ee y4acTKOB; AJA BCeH Xe TpaeKkTo-
DHH MOXKeT OKasarbesi, 4TO HHTerpan (2,1) HMmeeT JHIL 9KCTPEMaJbHOS, He 00s-
3aTeJbHO MHHHMAaJbHOe SHAueHHEe. DTO OOGCTOATENbCTBO, OAHAKO, COBEPINEHHO He
CYlleCTBRHHO NpPH BHBOJAE YDABHGHHH MABHXKEHHs, HCIOJL3YIOWEM JHIUL yCAOBHE
9KCTPeMasbHOCTH,



§9 NPHHUUII HAUMEHBIIETO NEFICTBUS 11

Tor ¢akr, gro dyuruua Jlarpamxa COJIEPIKHT TOJLKO ¢ H 4,
HO He 0osiee BLICOKHE NPOH3BOIHBIE ¢, ¢, ..., ABJSETCS BhIpaxe-
HHeM YKa3aHHOrO BHIIe YTBepXKJEHHS, 4TO MeXaHHYeCKOoe COCTOSs-
HHe MOJHOCTBLIO ONpefeaseTcd 3ajaHHEM KOOPAMHAT H CKOPOCTef.

[lepefiiem K BHBoORy AubdepeHNHANsHBIX YpaBHEHui, pelaio-
mux sajayy o0 onpepesieHud MHHHMyMa uHTerpasa (2,1). Has
yIpoIeHnd 3anucd GopMyJs IpelNOJOXKHM CHayasja, 4Yro CHCTeMa
obnajzaer Bcero ONHON CTelleHbIO CBOOOAH, TaK 4YTO JOMNXKHA GHIThb
onpejieieHa Bcero ofHa QyHKuus g(f).

Ilyets g =¢q(f) ectp xaKk pa3 Ta ¢YHKOHA, LIS KOTOpodr S
AMeeT MHHUMyM. DT0 3HAUMT, uTO S Bo3pactaeT NpH 3aMeHe ¢(f)

Ha J106y10 QyHKUHIO BHIA
9 @) + 84 (), 2,2)

rie 8g(¢) — dyuxunsa, Masnas BO BCeM HHTepBajie BPeMEeHH OT I
o f; (ee HasmBaloT sapuayued GyHKUMH ¢(f)); NOCKOABKY Npu
=1 u {==1{, Bce cpaBHUBaeMble GYHKUUH (2,2) MOJNIKHH IIpH-
HHMAaTb OLHH H Te Xe 3HaueHuss ¢ u ¢@, TO HOMIKHO GHITh:

8q (1)) = 8q () = 0. 2,3
Hsmenenne S npu saMeHe ¢ Ha ¢ -+ 0g naercsl PasHOCTHIO
2y t:

\L@+0, 4+84, 9d— (L, ¢, s

i 4

Paanoxenne stoif passoctd no creneHsM 6 m 8§ (B monmIHTeE-
I'pajpbHOM BHIpaXKeHHH) HAYHHAETCS C WIEHOB MepPBOro Mopsijaxa.
Heo6xonuMblM ycnoBHeM MHHHMaabHOCTH S'!) sBasercs obpalue-
HHe B HY/b COBOKYNHOCTH 3THX WJIEHOB; €€ HA3LIBAIOT NEPBO@A Ba-
puanueir (MJIH OOLIYHO MPOCTO Baphanweil) uHTerpana. Takum 006-
PasoM, NPHHIONN HAaMMEHbIIETo AeHCTBHS MOXHO 3amucath B BHAE
12 )
ss=28{Lg, 4, nat=0, @4
t
HJIH, NPOH3BeAsl BapbHPOBaHHE:
¢ oL oL
| (55 00+ 57 84) @t =o.

t

. d o
3amevyasq, urto 6q=7t—6q, NPpOHHTErPHPYeM BTOpPOH uwjeH 1O Ya-
CTAM K IONYUHM:

f; iz
_ oL oL d oL _
68 == aql 4 § - ) 8g di=o. 2,5)

4} Boo6lue — 9KCTpeMabHOCTH,



12 YPABHEHHS OBUXEHHUSA jrJ1. I

Ho B cuny ycnosuit (2,3) mepBHI ujAeH B 3TOM BBIPAXKeHHH HC-
yesaer. OcTaeTcsl HHTErpasi, KOTOPBI HO/:KeH OBITh paBeH HYJIO
IIpA MPOU3BOJNLHLIX 3HauYeHHAX Og. DTO BO3MOXKHO TO/BKO B TOM
cayyae, ecA¥ NOABIHTETpaJbHOE BHIPAXKeHHe TOXKJeCTBeHHO o0pa-
maerca B HyJAb. TakuM 06pasoM, MBI IoJydaeM ypaBHEHHE

d oL _ 3L _ .

dt 94~ 9q

ITpin HanHYUM HECKOJIBKHX CTeleHeli CBOGOALI B MPHHIHIE HaH-
MeHbLIero JAeACTBHA JAOJKHbBI HE3aBHCHMO BapbHPOBAaTbCA § pPas-

JHUHBIX QYHKUER ¢;(f). OueBHAHO, 4TO MBI MHOJYYHM TOTAA § ypaB-
HeHH#l BUJa

_____.——-—0 (l——]. 2, e ey S) (216)

910 — HcKOMBle aubdepeHInabHbe YPaBHEHHsI, OHH HA3LIBAIOTCH
B Mexaluke ypasHenuanu Jlazpanoca'). Ecau ¢ynkuns Jlarpanxa
JaHHOH MeXaHHYeCKOH CHCTeMBl M3BeCTHa, TO ypaBHeHus (2,6)
YCTaHABJIHBAIOT CBSI3b MeEX/JYy YCKODEHHSMH, CKODPOCTMH H KOOp-
AUHATAMH, T, €. NPeACTaBAdA0T co0OH ypaBHeHUS [BHKEHHS Cll-
CTeMHI.

C mareMarnueckofi TOYKH 3DeHHs ypaBHeHHA (2,6) cocTaBasioT
CHCTEMY § YpaBHEHHH BTOPOro Nopsjaka IJs S HeH3BeCTHHX (YHK-
puit g:(f). Obumee pemeHHe TaKOR CHCTEMHEl COAEPKHUT 2 NpOHU3-
BOJIbHEIX NMOCTOSIHHLIX, J[J11 MX ompefeseHUs H TEM CaMBIM MOJHOTO
olpejeseHus ABHUXEHHA MeXaHHYeCKOH cHCTeMBbl Heo0XOJHUMO 3Ha-
HUe HayadbHBIX YCJOBHH, XapaKTEPH3YIOMUX COCTOSIHHE CHCTEMLI
B HEKOTOphLIl 3afaHHHA MOMEHT BpeMeHH, HallpuMep 3HaHHe Ha-
Y4 bHBIX 3HAYeHHH BCeX KOOPAMHAT H CKOPOCTeHd.

IMycth MexaHuuecKast cucTeMa COCTOUT M3 ABYX dactedi A u B,
KaxJaasi H3 KOTOpHIX, OyAyud 3aMKHyTOl, mMeja Onl B KauecTBe
¢ynkuuu Jlarpanxa cooTBercTBenHO (yHKuHH Ls W Lz Torpa 8
npelene, Npu pasBeldeHUH YacTell HACTOIBKO HaJjeKo, YTOGH B3aH-
MoJeficTBHEeM MeXJAy HHMH MOXHO ObLIO npeHeGpedb, JarpaHxKesa
(GYHKUMA Beefl CHCTEMBI CTPeMUTCS K Npejeny

limL=L,+ Lg. 27

dro cBoOficTBO aJAUTHBHOCTH (YHKUHH JlarpaHika BhIpaxkaer co-
Goit TOT ¢akT, YTO ypaBHeHHs JBHXKEHHS KaXKJOH H3 HeB3auMO-
JefCTBYIOIIHX YacTed He MOryT COAepIKaTb BeJHYHMHBI, OTHOCSH-
mpecs K APYTHM YacTAM CHCTEMBL.

OueBuHO, 4TO YMHOXKeHHe (GYHKUHH Jlarpanxka MexaHHUYecKof
CHCTeMbl Ha NPOM3BOJBHYIO NOCTOAHHYIO. caMo NO ceGe He oTpa-
3KaerTcsd Ha ypaBHeHUsX JBuxenus. OTcioja, kasaaoch Obl, moraa

1) B BapualMOHHOM HCYHCJEHHH, paccMaTpHBaoLleM (OpMasbHYIO 3a7aqy o6
ofpeneseHHH 3KCTPEMYMOR HHTErpasoB BHAa (2,1), OHH Ha3HIBAKTCA YPABHEHAAMU
Diepa,



§ 31 NPUHIHIT OTHOCUTEJILHOCTH TAJIUJESA 13

BHITEK4aTb CYLeCTBEHHAsl HeonpeneneHHocTh: ¢GyHxknuu JlarpaHxa
Pa3HYHbIX H30JHPOBAHHBX MeXaHUYECKHX cHcTeM MOTJIH Gbl YMHO-
XKaTbCsl Ha J00be pa3nHYHHe nocrosHHbe. CBOHCTBO aiJHTHBHO-
CTH ycTpaHsieT STy HeONpeAesieHHOCTb, — OHO JONYCKaeT JIHIIbL Of-
HOBPEMEHHOE YMHOXEeHHe JlarpaHxkeBHX (YHKLUMA BCeX CHCTEM Ha
ONHHAKOBYIO IIOCTOSIHHYIO, UTO CBOJAHTCS INIPOCTO K eCTECTBEHHOMY
NpOM3BOJNY B BHOOpe eJHHHI, H3MepeHHs 3TO# (H3UUECKOH BeJH<
UMHH; MBI BepHeMcCs ellle K 3TOMy Bonpocy B § 4.

Heo6xonuMo crenats eme ciefylomiee obuiee 3aMeudaHue, Pac-
cMoTpum jBe GyHkRuud L’(q,4,tf) u L(q,4q,t), orauuamlinecs
APYyr OT JApyra Ha ITOJHYH NPOH3BOAHYIO [0 BpeMeHH OT KakKoij-
M160 QYHKIHM KOOPAUHAT U BpeMeHH f(q, t):

L'(q, 4, )=LIg, 4, D+ 1, 0. @8

Beuncaennble ¢ MOMOIIBIO 3THX ABYX (GyHKUME HHTerpatn (2,1)
CBfI3aHbl COOTHOULIEHUEM

12 t2

S’===SL'(q, 4, t)dt=SL(q, g, ) dt + §2Z—£dt=

3 f t
=S+ F(g?, t) — (g, t),

T. e. OTJIHYAIOTCA JPYyr OT APyra JAONOJHHUTEJbHBIM YJEHOM, HCYes
3alOMIMM NpPH BapPLbMPOBAHHH JEHCTBHS, Tak 4To ycJoBHe &S’ =0
conagaer ¢ ycaoBveM 8S =0, W BHA YpaABHEHWUHA JBHIKEHHS
ocraeTcsl HeH3MeHHBIM.

Taxum o6pasoM, byHkuus Jlarpanxka onpejeseHa JHHIb ¢ TOY«
HOCTbIO N0 mpubaBjieHUst K Hefl [OJIHOH NPOU3BOAHON OT M0G0
(GYHKIMH KOODAMHAT H BPEMEHH.

§ 3. Hpunuun oTHocutenbHocTn Fanunes

Ilnst u3ydueHHsi MeXaHHUYeCKHX sIBJEHHH Hajo BHIOpPATb TY HIAH
HHYIO cuctemy orcuera. B pas3iHyHBIX CHCTeMaX OTCYETA 33aKOHBI
IBUXKEHHST HMEIOT, BooO6llle IOBOPs, Pa3JHUHBELI BHA. EcaAH B3ATH
IIPOH3BOJBHYIO CHCTEMy OTCYeTa, TO MOXKET OKas3aThCf, UYTO 3aKo-
HBl [d3Ke COBCEM IPOCTHIX ABJEHHI OYAYT BHIVIAAETb B Hell BecbMa
c/oxkHO. EcTecTBeHHO, BO3HHKaeT 3ajada OTHLICKAHUSA TAKOH CH~
CTeMHl OTCYeTa, B KOTOPOH 3aKOHH MeXaHUKH BBHIIVISAEAH OBl HaH-
6osee npocTo.

[To oTHOLIEHHIO K NMPOH3BOJNBHONR CHCTEME OTCYETA IIPOCTPAHCTBO
ABJsieTcsl HECOMHOPOJHBLIM H HEH3OTPOIHBIM. DTO 3HAUUT, UTO €CIH
Kakoe-i1u60o TeNo He B3aUMOJeHCTBYeT HH ¢ KAaKHMHU APYTHMH Tes
JIaMH, TO, TeM He MeHee, €r0 PasjHuHbIe MOJIOXKEHHS B IPOCTPaH<
CTBE M €ro pasiuYHble OPMEHTALMH B MeXaHHYECKOM OTHONICHHH HE
9KBHBAJIEHTHH, To ke caMoe OTHOCHTCS B o6IieM cCayuyae H KQ
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BpeMeHH, KoTopoe GyleT HEONHOPOLHBIM, T. €, eI'0 Pas/IHYHHE MO-
MEHTHl HESKBHBAJICHTHHIMH. YCJOXKHeHHE, KOTOpPOe BHOCHIU OB Ta-
KHe CBOHCTBa HPOCTPAHCTBA H BPEMEHH B ONHCAHHE MeXaHHYECKHX
sIBACHMH, — odyeBHAHO. Tak, Hanpumep, c¢Bobomnoe (1. €. He NOI-
Bepraiollieecsi BHEINHHM Bo3jeficTBHSIM) Teno He Morao OB 1O-
KOHTBCS: €CJIH CKOPOCTb TeJia B HEKOTOPLIH MOMEHT BpPeMeHH# H PaB-
Ha HYJ0, TO YiKe B CJeAVICIIUA MOMEHT Teslo Haua/jo Obl ABHrAThCS
B HEKOTOPOM HampaBJ/ieHHH,.

OxkasniBaercsi, OJHAKO, YTO BCErAa MOXKHO HalTH TaKyl0 CH-
CTeMy OTCYeTa, [0 OTHOIUEHHIO K KOTOPOH HpPOCTPAHCTBO fIBJISIETCS
OJ/HOPDOJHbIM H H30TPONHEIM, a BpeMsd— ofHOpoAHuM., Takaa cu-
cTeMa HasblBaeTcs uxepyuasvrod. B Helt, B yacTHOCTH, cBOGOAHOE
TeJO, MOKOsleecs B HEKOTOPHIH MOMEHT BPEMEHH, OCTaercst B IO~
KOe HeorpaHnJeHHo A0JIIO.

Mbl MoxeMm Tenepb cpasy cleaarhb HEKOTODHE 3aK/JAIOUeHHS O
Bufe ¢yHkuuu Jlarpamxka cBoGOZHO JBMKYHIeHCS MaTepHaJbHOH
TOYKH B HHEPUUAJNbHON cHcTeMe oTcueTa. OIHOPOAHOCTH BPOCTPaH-
CTBA M BPEMeHH O3HAYaeT, YTO 3Ta (YHKUHA He MOXKeT COAepkKaTb
SIBHEIM 00pasoM Hu paguyc-BeKTopa r TOUKH, HH BpeMeHH f, T. e.
L sBasiercss QyHKUMEH AHINL OT CKODOCTH V. B cuny ke H30TpONHH
npocTpaHcTBa (QyHKIHA JlarpaHxka He MOXeT 3aBHCETb TakKKe H OT
HanpaBJeHHs BeKTOpa V, TaK 4ro siBAfercs QyHKUHeH JUIOb OT ero
a6GCoJIOTHON BEJIHYMHEL, T. €, OT KBajapara v = v

L=1L(v%. 3,1

Beuxy HesaBHcuMmocTH ¢yHkuup Jlarpamxa oT r HMeeM

_%_I;_ =0, M NOTOMYy ypaBHeHHs JlarpaHxa HMelOT BHA!)
d oL
v =0

oL oL . ‘

OTKyAa —-— == const. Ho mockosbky —- siBasietest QyHKLHeH TOJb-
KO OT CKOPOCTH, TO OTCIOAA CJEAYET, UTO U

v = const. (3,2)

Taxkum o0pasoM, MBl NPHXOANM K BHIBORY, UTO B HHEPHHAJALHOH
cHCTeMe OTcUeTa BCAKOe CBOGOAHOE JABHXKEHHE NPOUCXOAHT € IO-
CTOSTHHOH IO BeJIMYHHE ¥ HaNpaBJIEHHIO CKOPOCTHIO. DTO yTBEpKIe-
FHe COCTaBJfET COJepXKaHHe TaxK Ha3LIBAEMOT'O 3AKOHA UNEpHUuL.

Ecan nHapsay c uMelomefics y Hac HHePUHAalbHOR CHCTEMOH OT-
cyeTa MBI BBeJeM JAPYIVIO CHCTEMY, ABHIKYUIYIOCSI OTHOCHTEJIBHO
nepBOi NPAMOJUHEHHO H paBHOMEePHO, TO 3aKOHH CBOGOIHOTO JBH-
JKeHUs M0 OTHOLIEHHIO K 3TOfl HOBOH cucreMe GYAYT TEMH Ke, YTO

) IMonx npoM3BOZHON CKAJSIPHON BeJHUHHBI 110 BEKTOPY MOADPA3yMeBaeTCsl BeK-
TOp, KOMIOHEHTH KOTOPOrO PaBHHEI HPOH3BOAHLIM OT 3TOH BEJHMYHHH IO COOTBET-
CIBYIOLIHM KOMMAOHEHTAM BeKTOpa,
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M 10 OTHOWIEHHI0 K TepBOHAYaJ bHON: cBOGOJHOE [BHXKEHHe CHOBA
6yner HPOHCXOAUTH C MOCTOSTHHOA CKOPOCTHIO.

OnbiT mokaswBaer, OAHAKO, UTO He TOJBKO 3aKOHH CBOGOAHOrO
IBUKeRHA OyAyT OOUHAKOBHIMH B 9THX CHCTEMax, HO UTO OHH Oy-
AyT H BO BCeX JAPYTHX MeXaHNYEeCKHX OTHOWICHHAX NOJHOCTLIO
3KBHBAJEHTHHIMH. TakuM o6pasoM, cyilecTBYeT He ofHa, a 6ecKo-
HEUHOe MHOXKECTBO HHePHHANBHBIX CHCTEM OTCEETa, JBHIKYUIHXC
IPyr OTHOCHTEJbHO ApYra WPAMOMUHEHHO W paBHOMepHO. BO Beex
STHX CHCTeMax CBOHCTBAa INPOCTPAHCTBA H BpeMeHM OJWHAKOBH H
OLMHAKOBE! BCe 3aKOHH MeXaHHMKH. DTO YTBepIKAeHHE COCTaBJjsieT
collepiKaHHe TAK Ha3bIBAEMOIO npunyuna ordocuresvnocTu Iaau-
AE8 — OJHOTO H3 BAXKHEHAIUWX NMPHUHUUNOB MEXaHHKH.

Bce ckasaHHOe. OCTATOYHO SICHO CBHJETENBCTBYET 06 HCKJI0-
YHTEJbHOCTH CBOACTB HHEPUHMAJBHBIX CHCTEM OTCYeTa, B CHJIY KO-
TOPBIX HMEHHO 3TH CHCTEMBl JOJKHE, K4K NMPaBUJIO, HCIOJAb30BATh-
ts1 NPH H3YYeHHH MeXaHHUECKHX srJieHUH. Besne B ganbHefiimieMm,
rie o6paTHOe He OTOBOpeHO ocofo, MH GyIeM paccMaTPHUBaTh
TOJILKO HHEPILHAJbHblE CHCTEMEl OTCHeTa.

Tlonsas MexaHHuYecKas 3KBHBAJIEHTHOCTb Bcero GeCUHCAeHHOro
MHOXKEeCTBA TaKHX CHCTeM IIOKas3plBaeT B TO XXe BpeMs, YTO He Cy-
DIECTBYET HHKaKOH OJHOi «abCo/IOTHON» CHUCTeMBl OTcYeTa, KOTO-
PYi0O MOXKHO 6bLI0 GH MPeAnouecTs APYTHM CHCTEMAM,

Koopaunatst r u r/ onuofl H TOH XKe TOUKM B JABYX PasTHUHBIX
cucreMax orcuera K u K’, B3 KOTOpPHIX BTOpas JBHXKETCS OTHOCH-
TEJbHO IePBOH €O CKOPOCTbIO V, CBS3aHbl JAPYr ¢ APYIOM COOT-

HOLIEHHEM
r=1"+} Vi, 3,3)
Ilpy sTOM noxpasymeBaercsl, YTO XOJi BPEMEHH OZHHAKOB B OGeHX
CHCTEMax OoTcuera:
t="t. (3,9

TipepnonoxeHnne 06 aGCOMIOTHOCTH BpeMEHH JIEKHUT B CaMOH OCHOBe
NpencTaB/jieHUH KAACCHUECKON MeXaHHKH !).

©opmyns (3,3), (3,4) BasmBawT npeobpasosanuem Iaruaes.
Ilpunuun otHocuTenbHocTH [anusess MOXKHO chopMy.THPOBATH Kak
TpeGOBaHyie HHBAPUAHTHOCTH ypDaBHEHHH IBUIKEHHA MEXaHHKH IO
OTHOUIEHHIO K 3TOMY npeo6pasoBaHHuIo,

§ 4. dyuxuug Jlarpanxa cBoboAHOH MaTepHaNbHOH TOYKH

[Tepexoas Kk onpeneneHdio puzxa ¢yHkuuu Jlarpanika, pac-
CMOTPHM CHavaJa mpocTefIHH ciydail — cBOOOZHOE IBHKEHHe Ma-
TEPHAJBbHOH TOUYKH OTHOCHTE/IbHO HHEPIHUAJNBHON CHCTEMLl OTCYETa.
Kak Mbl yXe BuAead, QyHKuusi JlarpaHxa B 5TOM CJAy4Yae MOXeT
3aBHCeTh JHIOb OT KBaJpaTa BeKTOpa CKOpocTH. Hia BuisicHenns

‘) Ono He COpaBC/VINBO B MCXZHHKE TCOPHH OTHOCHTEADBHOCTH,
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BHIA 3TOH 3aBHCHMOCTH BOCHOJIb3yeMCSl TIPHHIHNOM OTHOCHTE/BLHO-
ctd Tanuned. Ecau uHepuHanbHas cucTeMa orcuera K JBHIKeTCS
OTHOCHUTEJIbHO HHepUHaJbHOX cHcTeMEl oTcueta K’ ¢ GecKOHeUuHO
MaJjIoii CKOPOCTBIO g, TO V' =V -} &. TaK KaK ypaBHeHHs IABHXKEHHA
BO BCeX CHCTeMax OTcYeTa JOJKHBI HMETb OJHH H TOT iKe BHJI, TO
¢ynkuus Jlarpamxka L(v?) ngomkHa npu TakoMm mpeoGpasoBaHdU
nepefitn B ¢yHKUHIO L/, KoTOopas ecau u oriuyaercsa ot L(v?), 1O
JHULIb HAa MOJHYI0 NPOU3BOAHYIO OT (PYHKUHH KOODAHHAT M Bpe-
MeHH (cM. KoHell § 2).
Hmeem:
: L' =L (v"% =L (v 2ve + &),

Pasnaras 310 BhIpa)KeHHe B PsIi HO CTeleHsAM e U npeHebperas
6eCKOHEUHO MaJIBIMH BHICHIMX rxopsumoa MOy 4YHM:

LY=L (v9) + 2va

Bropo#i uneH mpaBoi vacTu sTOro papeHcrBa Oyjer IOJHOH Tpo-
HM3BOAHOH MO BPeMeHH TOJbKO B TOM CJiyyae, eCJH OH 3aBUCHT OT

o oL
CKOPOCTH V JIHHEHHO. HoaTOMyW OT CKODOCTH He 3aBHCHT, T. €.

¢yukuusa Jlarpanxa B paccMaTpuBaeMoM cjyuyae NpSMO NpoONop-
DHOHAJbHA KBaApAaTy CKOPOCTH:

Lm—'-;- 21 (411)
Tlle m — NOCTOSHHAS.

M3 roro, uto ¢yHKuHs Jlarpanxka Takoro BHAA yIOBJETBOPSET
IPHHLHNY OTHOCHTEeJbHOCTH I'anuies B Cayyae GECKOHEYHO MAaJoro
npeo6pa3oBaHus CKOPOCTH, HENOCPEeACTBEHHO CJeayeT, 4YTO OHa
YEOBNETBODPSIET 3TOMY NPHHIHNY H B CAyiae KOHe4YHOH ckopoctu V
cucreMul orcuera K otHocHTeabHo K. JleficTBHTENbHO,

U=20=2 (v V=" 0+ 25w+ 1
HJIY

L’=L+—;T(2—';LrV+LZ—V2t).

Bropoil usieH sBJsieTCS MOJHOM NPOH3BOAHOR H MOXeT OHTH Omy-
HieH.

BenuudHa m HasbiBaeTcsl Maccoil MaTepHaJAbHOH TOUKH. B cuay
cBOficTBA aAJUTHBHOCTH ¢YHKUMHM Jlarpamxa, AJsi CHCTEMBl He-
B3aMMOJIeHCTBYIOIHX TOYeK uMeeM !)

2
m Ua
a

1) B KadeCTBe HHJEKCA, YKA3HBAIOLIEro HOMED HYACTHIB, MH OyieMm MOJb30-
BaThCH TMepBBIMEH GyKBaMmH JaTHHCKOro ajdaBuTa, 2 A KHAEKCOB, HyMEpYIOMHX
KOOp/AMHATH, HCUOML3YeM OYKBH I, &, I, .,,
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CrefyeT noJyepKHYTb, 4TO JIMIIb NpPH ydeTe STOr0 CBOACTBa
JlaHHOe oOlpejesieHHe Macchl npHoGperaeT peanpHbi cMmulca. Kak
yke GbLIO OTMeueHO B § 2, Bcersa MOXKHO YMHOXHUTb (PyHKUHIO Jla«
rpaHxa Ha nw06yi0 NOCTOSAHHYIO; 2TO He OTpaxkaeTcd Ha ypaBHe-
Huax jgeuxkends, [ns ¢ysxoun (4,2) Takoe yMHOXeHHE CBOAHTCS
K HU3MEHeHHIO eJUHHMUL H3MeDEeHHsT MaccH; OTHOIIeHHd XKe Mace
' Pa3JIMYHBIX YACTHI, KOTOphle TOJNBKO H HMEIT peanbHBl (u3HYe-
CKHH CMBICJ, OCTAlOTCS NPH STOM Npeo6Pa3oBaHHH HEH3MEHHLIMH.

Jlerko BH/JEeTb, UYTO Macca He MO¥XKeT OBbITh OTPHLATEbLHOH.
B camoM jese, cOriacHO NDHHUMIY HaMMEHbUIEro JNEHCTBHA s
IeACTBHTEJBHOTO JABIKEHHS MaTepHaJbHOH TOUKH M3 TOYKH I mpo-
CTPaHCTBA B TOUKY 2 HHTerpan

yMeer MuHEMYM. Ecan 6l Macca Obiia OTpPHULATeNbHOH, TO AJ4
TpaeKTOPHH, [0 KOTOPHIM YacTHUA cHayajga OHICTpO yJassiercs
or I, a sarem Orictpo npubnuxkaerca K 2, HHTErpaj ACHCTBHA
OpuHEMaJ 6Bl CKOJb YrOAHO OoJbliHe MO abCONIOTHOH BeJHYHHE
OTpULlaTe/IbHble 3HAUEHUS, T. €. He HMeJ Gbl MHHHMyMa !).
ITosiesno 3aMeTuTh, YTO
= (&) =4+ 4,3)

ITosToMy ans cocraBieHus ¢yHKuuu JlarpaHxka JOCTaTOYHO Ha#TH
KBaApaT [JIHHBI 3JeMeHTa AYrdH d/ B COOTBETCTBYIOILEA CHCTEMe
KOOD/JHHAT.

B nekaproBhiX KOOpAHMHATax, Hanpumep, dP? = dx? + dy? 4 dz?,
No3TOMY

L=+ + &), (4.9)
B unaunapuueckux di*=dr?+4 rtde®+4- dz?, otkyna
L=-(P+r¢*+ 2. (4,5)
B cpepuueckux di2=dr?} r?d®®*+ r?sin®6de? u
L= (7 4 r®6® 4 r? sin® 649, (4,6)

§ 5. ¢ynkuua Jlarpanka CHCTEMB MaTEPHAJNbHBIX TOUYEK

PaccMoTpHM Temepb CHCTEMY MAaTepHaNbHBIX TOUEK, B3aHMO-
JeACTBYIOMUMX APYr C APYIOM, HO HH C KAaKHMH HOCTOPOHHHMH Te-
JIAMH;, TaKyi0 CHCTeMy HAa3HBalOT 3amkxyrod. OKasbBaercsi, 4YTO

1) Cpenannass B mpHMedaHWH Ha crp. 10 oroBopka He MemHlaeT STOMY BHI-
BOLY, Tak Kak npu m << 0 aHTerpan He MOr Ol HMETb MHHMMYMA HH JUISl K4KOro
MaJIoro yd4acTka TPaeKTOPHH,
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B3auMOAeAcTBHE MERAY MaTepHANLHLIMA TOUKAMH MOXeET OHTH
onucaHo npubaBienneM K QyHKHHH JlarpasXa HeB3aUMOAEHRCTBYIO-
mHX Todex {4,2) ompelerenHo#l [(3aBucAmeRd OT Xapakrepa B3au-
MofeficTBus) (GyHKUMHA Koopaunat!), OGo3nauHB 5Ty QyHKUHIO ye-
pe3 —{/, nannmeM:

m 2
L=) 22— U, 1y .00) 1)

(ra — panHyc-BekTOop a-# TOukH), DTO ecTh OOmuil BEA GyHKUHH
Jlarpamxa 3aMKHYTOH CHCTEMBL.
Cymmy
2
T = Myl
- 2

a

Ha3HIBAIOT KuMeTuuecKod sxepeued, a ¢ysrumio -U — norenyuaro-
HOU 3Hepeueld CHCTEMB; CMBICJ STHX Ha3BaHHA BbIsicHHTCH B § 6.

Tor ¢akr, 9T0 nNOTeHUHaNbHAs SHEPTHS 3aBHCHT TOJBKO OT
pacnosioXeHHst BCeX MaTepHa/ bHHX TOYeK B OJWH H TOT Xe MO-
MEHT BPeMeHH, 03HAaYaeT, 4TO H3MeHeHHe NOJOXKEeHHS OAHOH H3 HHX
MTHOBEHHO OTpaxkaeTcsi Ha BCeX OCTa/NbHEIX; MOXKHO CKa3aTb, UTO
BzauMojelicTBust «pacnpocrpausiorci» MrHoBenHo. HewnsbexkHocTb
TaKOro Xapakrepa B3aHMOJEHCTBHH B KJACCHUECKOH MeXaHHKe Tec-
HO CBSI3aHa € OCHOBHLIMH INIPEANOCHVIKaMH nocJjefHeflt — abcoaior-
HOCTbIO BpEeMeHM H NpPHHHEHNIOM oOTHocuresapHocTd [anwuiesa. Ecau
6 B3auMoJeficTBHEe pacnpoCTPAHSJIOCH He MIHOBEHHO, T. €. € KO-
HEUHOH CKOPOCTBIO, TO 3Ta CKOPOCTh Ghiia OH pa3AuyHa B PasHBX
(ABHKYyHmUXCA APYT OTHOCHTE/JIbHO Apyra) cHcTeMax OTcuera, TaK
KaK a0COJIIOTHOCTL BpeMEHH AaBTOMaTHYeCKH O3HayaeT NPHMEHH-
MOCTb OOBLIYHOrO MPAaBHJIA CJAOXKEHHS CKOPOCTeH KO BCeM SIBJCHHIM.
Ho 7Torna sakoHW ABHIKEHHS B3auMOIEHCTBYIOHIHX Tes OHAH Ou
Pa3/iHuHb B PasHbIX (HHepIHAJbHBIX) CHcTEMax orcYeTa, YTo Npo-
THBOPedH/I0 OBl NPHHOUNY OTHOCHTEJNLHOCTH.

B § 3 Mbl roBopuau TOJBKO 06 ONHOPOAHOCTH BpeMeHH., Bug
¢yukuun Jlarpanxka (5,1) mokasbiBaer, 4TO BpeMf He TOJNbKO OJ-
HODOAHO, HO M H3OTPONHO, T. €, €ro CBOACTBAZ OAHHAKOBH B 060HX
HanpasieHusx. B camoMm gene, 3aMena f{ Ha -—{ OCTaBJsfeT (PyHK-
o Jlarpanxa, a c/Iel0BaTeNbHO, ¥ YPaBHRHHS ABHIKEHHS HeH3-
MeHHBIMH. JIpyrdMH CJIOBAaMH, eCJAH B CHCTeMe BO3MOXKHO HEKOTO-
poe ABHXKEHHe, TO BCerja BO3MOXHO M OOpaTHOE ABHIKEHHE, T. €.
TaKoe, NPH KOTOPOM CHCTeMa IPOXOJHT Te K€ COCTOsIHHHA B o6pat-
HOM Hopaake. B 3ToM cMbicie BCe ABHXKEHHS, NPOHCXOAANIHE 0O
3aKOHAM KJaCCHYECKOH MeXaHHKH, OOpaTUMEL

1) Bro yTBepXKACHWE OTHOCHTCH K H3JaraeMoX B HACTOAWEH KHHTE KJacch-
YeCKOH — HEPEATHBUCTCKOA — MeXaHHKe,
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3naa ¢yuxumie Jlarpamxka, MH MOXKeM COCTaBHTbL ypaBHEHH:
ABHKEHHSA
d oL aL
dt Ovg  Org (5.2)
Honcrasus cona (5,1), noayunu:
dvg au

Me 57 = drg °

YpaBHeHUst JIBHXKeHHS B 3Tofi (opMe HA3HBAIOTCH YPABHEHUAML
Heorona w npeicraBiasior co0ofl OCHOBY MeXaHHKH CHCTEMBI B3aH-
MOAEHACTBYIOIUX yacThl. Bexrop

F,—

(3,3)

__ou
Org '

cToAmuA B mnpaBofl cTopoHe ypasHeHu#t (5,3}, HasbiBaerca curod,
JeficTyomefi Ha a-10 TOuKy. Bmecte ¢ U oHa 3aBHCHT JMIIb OT
KOODAUHAT BCEX UACTHI, HO HE OT MX CcKopocTeil. YpaBhenus {5,3)
NMOXAa3LIBAIOT MOSTOMY, YTO H BEKTOPLI YCKOpDEeHHA YacCTHIL ABJAATCH
(pYHKUMSIMH TOJBLKO OT KOOPAMHAT.

[Norenunanbuas sHeprug ecTb BeJHYHHA, ONpejensieMas JHIIb
¢ TOYHOCTBIO A0 NpUOABJEHHS K HeH NPOH3BONBLHON NOCTOSHHOM;
Takoe Npubapnienye He U3AMeHWJO Gl ypaBHeHH{l ABuiKeHus (Hacr-
HHA csoyyafi ykasaHHOH B KOoHLe § 2 HeOJHOSHAYHOCTH (yHKIHH
Jlarpaunxka). HaubGosee ecrecTBeHHBI! U OGHMHO NPHHATHIH CHOCO6
BHIGOpa 5TOH MOCTOSHHOH 3aK/I0YaeTCH B TOM, UTOGH MOTEHIHAIb-
Hasg SHEPrus CTpPeMUJach K HYJI0 NPH yBeJHYEHHH DaCCTOAHHI
MeX]y YacTHUAMH, _

Ecnu past onucanus JBHIKEHHS HCIOJB3YIOTC He HEKapTOBHI
KOODAHHATH TOYEK, a NPOH3BOJAbHHE OOCOIIEHHBIE KOODAHHATH (i,
TO AJd IIOJNyYeHHA JarpamkeBoll (QYHKIHH HaJ0 NPOH3BECTH COOT-
BeTcTByOIIee npeobpas3oBanue

(6,4)

L d .
xa=fa(ql) Gas oo oy qs)» xa=Z d:;z 4y B T. .
k

IMoncrapnsas 1H BHIpaxeHUus B QYHKIUIO
1 , . .
=z 2 m. (it ) =0,
a
HOJNYYUM HCKOMYI (yHKUMIO JlarpaHxka, KoTopas Gyiaer uMMeTh BRI
1 . .
L= an(@)dide— U@, (5,5)
ik

rie ai,~— QYHKIUH TOJBLKO OT KOOpAMHAT. KnHeTHuecKad PHEprHs
B 0006IEGHHBIX KOOGPAMHATAaxX NO-NPeXHeMy fABASCTCS KBaAparTuu-
HON (yHKIHEH CKOpoCTeH, HO MOXKET 3aBHCETb TaKXe H OT KOoOop-
AMHAT,
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Jo cux nop Mbl TOBODHJH TOJALKO O 3aMKAYTHIX cHcreMax. Pace
CMOTDHM Tellepb He3aMKHYTYI0 CHCTeMy A, B3aHMOelCTBYIOLLYIO.
¢ Apyrofi cucteMod B, coBepumiaomell 3agaHHOe ABHXeHHe. B Ta-
KOM cJiyuae roBOpAT, YTO cHcTeMa A JBHIKeTCsl B 3aJ1aHHOM BHeIl-
Hem nose (cosxaBaeMoM cHcteMolt B). Tlockonbky ypaBHeHHSt
JBHXKEeHUS NOJAYYaloTcsl M3 NPUHLKNA HaWMeHbUIero AEeHCTBHS ny-
TeM He3aBHCHMOIO BapbHDOBAaHUS KaXKJOH M3 KOOPAMHAT (T. €. KaK
6Bl CuHTas OCTaJbHHE H3BECTHHIMH), MBH MOXeM I HaXOXKJEeHHd
¢ynkuun Jlarpamxa L, cucrems A BOCHOAb30BATBCH JarpaHxke-
Bolt ¢yHkuuefi L Bcel cuctemu A -+ B, 3aMeHHB B Hefl KoopJAMHa-
Thl gp 3aJaHHLIMH QYHKIUAMY BpPeMeHH.

Ilpexnonaras cucremy A -+ B 3aMkHyTO#, GyIeM HMeTb:

L=T4sGa 42+ Te@s ¢5) —UW@as 95)

rjie nepBble ABAa YJeHA MPeACTaBAAI0T OGO KHHETHYECKHEe 3HePTHH
“cucteM A u B, a TpeTHH wWieH — HX COBMECTHYIO NOTEHIHAJbHYIO
SHEpPTHIO. TToRCTaBHB BMeCTo gs 3anaHHble (YHKIUH BpPEeMeHH H
ONYCTHB YJeH T(qg(t) ¢s(t)), 3aBUCAMUA TONBKO OT BpEMeHH
(u moatoMy sBAAIOLIMICA NMOJHON NPOM3BOAHON OT HEKOTOPOR ApYy-
roft ¢GyHKIUM BPeMeHH), IOJNYIHM:

La=Ts(q4, a) —U (94, 95 (1)

Takum o6Gpas3oM, ABHKeHHe CHCTEMbl BO BHEIIHEM IMOJI€ OIHCHI-
BaeTcsl GyHuknuedn Jlarpam:ka OOGBIYHOTO THIA C TEM JHMUIb OTJH-
YHeM, 4TO Tenepb NOTEHIHAJbHAsl SHePrHs MOXKeT 3aBHUCETh OT Bpe-
MEHH SBHO.

Tak, ana ABHXKeHHs OAHOH 4YACTHIH BO BHelWIHeM IoJie o0uit
By QyHKuMH Jlarpanxa

L= L —U(r, 1), (5,6)
1 ypaBHEHHe JBHXKeHHS
mv=—2IC. 6.7)

‘

O0dHopodnbim Ba3HBAIOT MOJIE, BO BCEX TOUKAX KOTOPOro Ha Ya-
cTuny JgedicTByeT oxHa M Ta Xe cuna F. Ilorennumannuas sxeprust
B TAKOM MOJIe¢ PaBHA, OYEBUIHO:

U= —Fr. (.8)

B sakiouenme 3Toro naparpada clesaeM euie cjeayiouee 3a-
MeyaHHe NO MOBOAY NPHMeHeHUs ypaBHenuil Jlarpanxa K pasauu-
HEIM KOHKDeTHHIM 3anxadyaM. YacTo NpUXOAHTCS HMETh HeJ0 ¢ Ta-
KHMH MeXaHHYeCKHMH CHCTeMaMH, B KOTODHIX B3aUMOJEHCTBHe
MeXIy TenaMH (MaTepHaJbHBIMH TOYKAaMH) HMMeEeT, KaK TOBODST,
xapakTep cessed, T. e. OTDAHWYEHHH, HaJaraeMbiX Ha B3aHMHoOe
pacnosoxenue Tes, GPakTHUECKH TAKHe CBf3H OCYLIECTBJAIOTCA Nye
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TEM CKDeIJIeHHMs] Tesl PA3JIMYHBIMH CTePIXKHSIMH, HHUTSAMH, MIapHUDPA-
MH H T. II. DTO OGCTOATEJNBCTBO BHOCHT B JBHXKeHHe HOBHIH (ak-
TOD -— JBHXKEHHe TeJ CONPOBOXKIAETCA TPEHHMEM B MeCTaX HX COs
DPHKOCHOBEHHsl, B pe3yJapTaTe 4Yero 3aja4da BHIXOJIHUT, BOOOIIS
roBops, 3a PaMKH YHCTOH MexaHHKH (cM. § 25). OnHAKO BO MHOTHX
gay4asix TpeHHe B CHCTEMe OKa3blBaeTCsl HACTOJNbKO CJaabbM, UTO
€ro B/JMSHHMEM Ha JBHIKEHHe MOJKHO IOJHOCThIO mpeHeGpeun. Ecan
K TOMY 3Ke MOXKHO IpeHeOpeUb MaccaMH <«CKPemflomUX 3JieMeH-
TOB» CHCTEMBbI, TO POJb NOCJ/AEJHHX CBELETCA NPOCTO K YMEHbIIEHHUIO
HHCJIa cTeneHell cBOGOJLI CHCTEMBl § (MO cpaBHeHHIO ¢ yHcaoM 3N).
s onpejeneHus ee ABMXKEHHS MOXHO NPH STOM CHOBA NOJb30-
BaThCa ¢ynkuue#i Jlarpanxka Buaa (5,5) ¢ 9HCJIOM He3aBHCHMBIX
0000IIeHHBIX KOOPAHHAT, OTBEYAIOUWHX (aKTHYECKOMY UHCAY CTe-
neHed cBOGOBL

3anavu

Hafitn ¢pynsumio Jlarpatixka caAeAylomwHx CACTEM, HAXOXAMUXCA B OXHOPOXHOM
no/ie TAXECTH (YCKOPEHHE CHIH THAXKECTH &),
1, Hsofuoh mnockuit maaTHHK (puc. 1),

8
3

my

Puc. 1 Puc, 2

Pemenne B kauecrBe xoopAmHAT GepeM yriol Qg M @z, KOTOpHE HHTH I3
u I3 o6pasylor ¢ BepTHKaabio, TorAda RIS TOYKH My HMeeM:

1 .
Ty=—mli¢], U=-—mgl cosq,

YroOnt HafTH KHHETHYECKYIO SHEPrHIO BTODOM TOUKH, BhIpamkaeM ee AEKapTOBH
KODDAHHATH X2, Y2 (HAYAJ0 KOOPJAMHAT B TOYKe NOABECA, OCb y — M0 BePTHKAMNH
BHH3) 4epe3 YIanl @, ¢q!

x2=11 sin q31+lg sin P2, y2=ll C03q31+12c05q)z.
Ilocne aToro noayunm:

T (43 93) = 5 (136} + 1503 + 24402 00 (9, — @) 9,9,)

Tym=
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Oxonrgatensno:
my+m 2.9 m . .
L = =52 i ++ —5* 153 -+ mal Loy, cos (9, — py) +

+ (m, + my) g, cos @; -} magls cos @a.

2. Tlnocku#i MasaTHHK ¢ maccoft Mg, TOWKA mojABeca KoToporo (c¢ Maccolt my
B Hefl) MOXeT COBepiuaTh ABMKEHHE IO TOPH3OHTaNbHOH mpaMolt (pHe. 2).

Pemenue BBomss KOOpAHHATY X TOUKH My H YrOJN @ MEXAY HHTbIO MadTs
HHK2 H BePTHKaJblo, NOJYUHM;

=Ty ”;’ ({29® + 203 cos 9) + ma gl cos Q.

3. Mnockuil MasTHHE, TOYKA NOABECA KOTOPOTo:
a) PABHOMEPHO JBHXKETCH [0 BEPTUKAJLHOA OKPYKHOCTH C NOCTORHHOH 4a-
CTOTOH y (pHC. 3);

3

my

Puc. 3 Puc. 4

6) coseplnaeT ropH3OHTaJbHLIE KOJAebaHHA MO 3aKOHY G €OS Vi;
B) cOBeplIaeT BepTHKaJbHEIE KOJeOaHHS IO 3aKOHY 4 oS yi,
Pemenmne a) Koopruurate Touxu m:

x=acosyt-+I/sing, y=—asinyt-+4!cosq.

Oyuxnua Jlarpanka
2
L= —”'51—@' + mlay? sin (p — yf) + mgl cos ¢;

3A€Ch ONYILEHH WYJEHH, 3aBHCHLLME TOJBKO OT BpeMEHH, ¥ HCKJIOUeHa NOJHAT
Npou3BOAHAst N0 BpeMeHH oT maly cos (p — yi),
6) KoopauHaThl TOYKH m:
x=aqacosyf-+/Ising, y=I[cosq.
Gyuxnua Jlarpanxa (nocie HCKMOUEHHA NOJHHX NPOH3BONHKIX)

2
L= -'-7121— ¢? -} miay® cos yt sin @ + mgl cos ¢,
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B) ARajOrHYUHEM 06pasoM

»

4. Cucrema, n3o6paxesHast Ha DHC. 4; TOUKA My ABHIKETCHA IO BEPTHKA/bHON
6CH, a BCA CHCTeMa BpalllaeTcsl ¢ MOCTOSHHOH YIJOBOH CKOPOCTHIO Q BOKDYr 3T0il
oA,

Pemenne Bsoaum yron 0 Mexay OTpesKOM a H BepTHRANLIO H yroa
fI0BOPOTa ¢ Beeli CHCTEMB! BOKDYT OCH BPAIUEHHS; tp = Q. Jna KaXmo# u3 TO-
wex my saement nepemewmenns dl; =a’d6? + a®sin’ 0dg” Ilna toukm m, pacs

CTOsiHHEe OT TOUYKH noxeeca A paBrHo 2acos 8, u noromy dly = —2asin 040,
Syukuua Jlarpamxka

L = m,a? (§2 4 Q? sin? 0) 4 2m,a? sin® 0+ 02 + 2ga (m, + my) cos 6,



TTABA I

3AKOHBI COXPAHEHUS

§ 6. dneprusa

ITpn JBHXKEHMH MeXaHHYeCKOR CHCTeMbl 25 BeJNHYHH §i U §i
(i==1, 2, ..., 8§), oUpeleJAOIIHX €€ COCTOSHHE, H3MEHSTCSA €O
speMeHeM. CyIleCTBYIOT, OZHAaKO, Takue (YHKUHH 3TUX BeJHUMH,
KOTOpble COXPaHSIOT NPH ABHIKEHHHU HOCTOSIHHBIE 3HaUeHHs, 3aBU-
cAllHe TOJBKO OT HAYaJbHEIX YCJAOBHH. DTH (QYHKHUM HA3HIBAIOT
UnTeepasamu 08uNCeHUA.

Yucs0 HE3aBHCHMEX HHTErPAJIOB ABHIKEHHs /S 3aMKHYTOR Me-
XaHUYEeCKOH CHCTEMbI C § CTENeHsIMH CBoGoAH paBHO 25 — 1. 310
OUEBUAHO U3 C/JAEAYIOUIMX MPOCTHIX coobpaxeHuit. OOllee pelleHHe
ypaBHeHUH JABHXKEHHA COAEPXHT 25 IPOH3BOJNBHEIX MNOCTOSHHHX
(cM. crp. 12). IlockosmbKy ypapHeHHSI ABHXKEHHs 3aMKHYTOH CHCTe-:
MH He cOJepXaT BPeMeHH SIBHO, TO BEHIOOD Hauasa OTCYeTa BPEMEHH
COBEPIIEHHO NPOM3BOJIEH, H OAHA M3 NPOH3BOJbLHHX MOCTOSHHBIX B.
pellleH¥H ypaBHEHUH Bcerja moxer OniTh BHOpPaHa B BHAe aiAHNTHB-
HOH TOCTOAHHON fy Bo Bpemenu. HUckaiouns f--£, u3 2s QyHKuui

ql =qi (t + tOr Cl: C2’ ey C2S-l):
qi = Ql (t + tO» Cl) C21 s o0y CZS—I)’
MH BHIpasuM 2s — | Opou3BoabHEIX nOCTOAHHBIX Ci, Co, ..., Cos—i

B BuJe YHKUME OT ¢ W §, KoTophle W OyAyT HHTerpasjaMu JBH~
AEHus. : .

OxHako naneko He BCe HHTErpannsl ABHMKEHHSA HIPaiOT OJUHA-
KOBO BaXHYI0O POJb B MexaHuke. CpelM HHX eCTb HECKOJIBKO, IO«
CTOSIHCTBO KOTOPHIX HMeeT BecbMa IJy0OKOe NPOHCXOXKIeHHe, CBf«
3aHHOE ¢ OCHOBHHIMH CBOHCTBAMM NpPOCTPAHCTBA W BPEMEHH — HX
OJIHOPOAHOCTELI0 M H30TponHeli. Bce aty, Kak rosopdr, coxpaHso-
IIHecs BEJAHYMHB HMEIOT BaXKHoe ofluiee CBOACTBO afAWTHBHOCTH —
UX 3HauYeHHe I/ CHCTEMBI, COCTOSIIER H3 uacreil, B3anuMonefcTBHEM
KOTOPHIX MOXHO NpeHeOpeub, PABHO CyMMe 3HAUCHUR A KaXKIOH
U3 gacTed B OTAEJBbHOCTH.

Hmenno cBOACTBO aAAHTUBHOCTH IpUAAET COOTBETCTBYIOUIHM
BeJNYHHAM O0COGEHHO BaXKHYI0O MeXaHHUecKkyio poJb. [Ipenmosnoxum,
HanpuMep, YTO [IBa TeNa B3aUMOAEHCTBYIOT B TeueHHe HEKOTOPOro
BpeMend. IToCKOJMBKY KakK HO, Tak H II0C/€ B3aNMOAEHCTBHS Ka-
KIH# M3 aAZUTHBHHIX MHTErpasoB Bcefl CUCTeMB! paBeH CYMMe HX
sHavyeHHE A OGOHX Tea B OTAEJbHOCTH, TO 3aKOHbl COXPaHEHHA
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STHX BeJHUMH CPa3y JAaloT BO3MOMKHOCTb CHleslaTh PAJ 3aKJI09eHH
0O COCTOAHHM Te€J INOCJe B3aHUMOAEHCTBHA, eCJd HX COCTOAHAS 10
B3aNMoOJAeACTBUS U3BECTHHL.

Haunem ¢ 3akoHa coXpaHeHHS, BOSHHKAIONIETO B CBA3H C OOHO-
podrocreio 8pemeHLL.

B cuny sToif OMHODOAHOCTH JarpaHikKeBa cpyHKuHa 3aMKHyTOH
CHCTEMBI He 3aBHCHT siBHO OT BpeMeH™, [TosToMy mnoJiHast npousBon-
Haa ¢yskuun JlarpaHxa mo BpeMedd MoxeT OLITh 3anucaHa cje-

AylomuM obpasoM:
dL oL .
dt _Z dq, ‘+Z a4, 91
13

(ecm 6 L 3apicena siIBHO OT BpPeMEHH, K NpaBOH CTOPOHE paBeH-

oL oL
c¢TBa go6GaBnJcsa Onl ujeH Tat—)' 3aMeHssi NPOA3BOJIHEIE 3, corJiacHo
i

d oL
ypaBuenusim Jlarpanxka Ha - 3G, HNONYHHM:

%Iti=§;'i:t g: +Z aq, Gy = Z dt(aq ‘7')
%(Z"i gq L) 0.

i

HJIH

OTCIO,U.a BHJIHO, YTO BEJHUYHHA

E= q,i%— 6,1)

ocTaercd HEH3MEeHHOHl IIpH JBHMIKEHHH 3aMKHYTOH CHCTEMH, T. e,
ABJISIETCS ONHUM M3 €e HHTErpaJjoB ABHKEHUS., DTa BeJNYHHA Ha-
3LIBaeTCA sHepzuell CHUCTEMB, ANJHTHUBHOCTL SHEPrUH HeENOCpPeXs
CTBEHHO CJEAyeT U3 aifUTHBHOCTH QYHKUMH JlarpaHika, yepe3 Ko
TOPYIO OHa BHIpaxaercs cornacHo (6,1) nuHefiHEIM 06pa3oM. .

3aKOH COXpaHeHHsi 3HEPrHH CIpaBelJIHB He TOJbKO 118 3aM-
KHYTHIX CHCTEM, HO M JJs CHCTEM, HaXOJfALIHXCS B NOCTOSHHOM
(7. e. He 3aBUCHIIEM OT BPEeMeHH) BHEWIHeM MoOJe" eIHHCTBEHHOE
HENOAb30BaHHOE B NPUBELEHHOM BHIBOJE C(BOHCTBO OGYHKUHEH Jla-
rpaHxa — OTCYTCTBHE SBHON 3aBUCHMOCTH OT BpeMeHH — HMeercsHd
H B sToM cJiydyae. MexaHHUecKHe CHCTeMbI, SHEPThsi KOTODHX €O+
XpansieTcs, HHOrla HA3LIBAIOT KOHCEPBATUBHLIMU.

Kak mn Bumenau B § 5, nmarpanxeBa ¢ yHKUHSA 2aMKHYyTOd (u/1m
HaxoadAHlecsl B IOCTOSIHHOM 11071€) CHCTeMBbl HMeeT BHJ,
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rae T — kBafgpaTuunas GyHKuus ckopocTefi, [IpuMensis K HeRt u3e
BeCTHYI0 TeopeMy Jiiziepa 06 OZHODOAHBIX OYHKUHSX, NOJYYHM]

Zqi 0(] Zqi =2T.

[loacraBnss ato 3navenue B (6,1), Hafigem:

E=T(g 9+ Ul (6,2)
B JeKapTOBLIX KoopAaxnHarax
Vg
E=Z 3 +U(l‘1, rg, ..-)o (613)
a

Taxum o6pasoM, sHepPrusi CHCTEMHl MOKeT OBITh HMpeACTaBJCHA
B BHAEC CYMMH [BYX CYIIECTBEHHO PasJHYHLIX YJeHOB: KHHETHYe-
CKOA 3HEPrHH, 3aBHCANIEA OT CKOPOCTell, W MOTEHIHAJbHOH 3IHep-
TUH, 3aBHCALIEH TOJBKO OT KOOPAHHAT YaCTHIL.

§ 7. Umnyasc

L pyrofi 3aKoH COXpaHEeHHSI BO3HHKAET B CBA3U C OOHOPOOHOCTOLIO
npoCTPAnCTLA.

B cuay srofi 0HOPOAHOCTH MeXaHHUYecKHe CBOACTBA 3aMKHYTOH
CHCTEeMbl He MeHSIOTCA NpH JiioGoM mnapaJjiesbHOM IepeHoce CH-

" CTeMBl KAaK IEJOTO B IPOCTPAaHCTBe. B COOTBETCTBHU C 3THM pac-
"CMOTpHM GeCKOHEYHO MaJbifl NMepeHOC Ha OTPE30K & M norpelye,
yToOH (pyHKNUs Jlarpakka ocTanach HeH3MEHHOMH,

Ilapannenbunli nepenoc o3Hauaer npeo6pasoBaHue, NIPH KOTO-
pOM BCe TOUYKH CHCTEMBl CMeIlaloTcsi Ha OAMH M TOT 3Ke IOCTOSIH-
HEIi BEKTOp e, T. €. HX pajJHyC-BeKTOPH r;—r; 4 e. MsmeHenue
¢yakuvu L B pe3ysbraTe OeCKOHEYHO MaJjoro H3MeHeHHS KOOpHIH-
HaT NpY HEH3MeHHHIX CKOPOCTHX YacCTHIL eCTb

0L = Z— f”“'—ez drg '

ri¢ CyMMHDOBAaHHe IIPOH3BOAHTCS [0 BCeM MaTepHaJbHHM TOYKaM
cucreMbl. BBuay npoussoabHocTH & TpeGoBanHe 8L =0 3kBuBa-
JIEHTHO TPeGOBAHHIO

JL

B cuny ypapsenuii Jlarpanxa (5,2) mosysaeM oTcroia:

4oL _ d oL
dat ov,  dt dvg

a a

=0,
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Takum o6pa3oM, MB NPHXOAHM K BLIBOLY, YTO B 3aMKHYTOH
MeXaHHYeCKOil CHCTeMe BEKTOPHAs BeJM4HHA

— \oL
P= Z Sue (7,2)
a

ocTaeTcs HeU3MeHHOH npu ABMKeHHH, Bextop P nasmBaercd uu-
nyascom') cucremsl. Hduddepenunpys odyuxuuwo Jlarpanxka (5,1),
HafileM, YTO HMMOYJBC CJIEeTyIOMHM 00pa3oM BHpaxkaeTcd 4Yepes
CKOPOCTH TOYeK:

P= Za: MgV, (7,3)

AMHTHBHOCTB HMIIyJAbBCa OYeBHIAHA. Bonee TOro, B OTJINYME OT
SHEePrHH HMIYJbLC CHCTEMB! PaBE€H CYMME HMIYJALCOB

P =MV,

OTAENbHBIX YaCTHIL BHe 3aBHCHMOCTH OT BO3MOXKHOCTH NpeHeGpexe-
HHS B3aHMOAEHCTBHEM MexXIy HHMHU.

3akOH COXpaHeHHS BCeX TPeX KOMIIOHEHT BeKTOpa HMIYJibCa
AMeET MeCTO JIMIIb B OTCYTCTBMe BHemHero noJys. OnHAKO OTHeNb-
Hble KOMIIOHEHTH HMIYJbCAa MOTYT COXPaHATHCA M INPH HAJHYHH
HOJIs, ecNy NMOTeHUHAJbHas SHEDTHS B HEM He SaBUCHT OT KaKO#-
JHGO0 W3 JEeKapTOBHX KoopiauHaT. [IpH NepeHoce BIOJMbL COOTBET-
CTByIOIel KOODJAMHATHOH oCH MeXaHHYecKHe CBOHCTBA CHCTEMH,
OYeBH/HO, HE MEHSIOTCH, H TeM Xe CcHoco6oM MBI Ha#leM, 4TO
NpoeKuus HMOYJbCa Ha 3Ty OCb coxpaHsercd. Tak, B OAHOPOAHOM
noJse, HAMPAaBJACHHOM BJOJAb OCH 2, COXPAaHAIOTCSI KOMIIGHEHTH HM-
nyJbca BJAOJb OCell X U Y.

Hcxonnoe paBeHctBo (7,1) uMeer mpocroii (HH3HUeCKHA CMEICH.

oL U o
Ilpoussoxnas B = — Gy €CTb CHIIa F,, nmefictByomas Ha a-i0
a a .
vyactauy. Takum o6pasom, paseHcTBo (7,1) o3Hagaer, 4TO0 cymma

Cu1, AeHACTBYIOIMX Ha BCe YaCTHIBH 3aMKHYTOH CHCTEMH, DaBHa

HYJIIO:
> F,=0. (7,4)

a

B uwacrHOCTH, B Cjyuae CHCTeMBI, COCTOsillei BCero M3 JABYX Mare-
puanbHbix Touek, Fy - Fp==0: cuna, jeficTBywomas Ha nepByio ua-
CTHIY CO CTOPOHHI BTOPOH, paBHa HO BeJHUHHE, HO NPOTUBOINOJOXK-
Ha 10 HANpAaBJeHHIO CHJe, AeficTBYIOUlell HA BTOPYIO YacTHIY CO
CTOPOHBI MEepBOH. STO yTBEPXKJeHHE H3IBECTHO IOJ Ha3BaHHeM 3a-
KOHa paBeHCTBa JeHCTBHA U BPOTHROIEHCTBHS.

Ecnin IBuxeHnHe oOnucekBaercsi O0O0OCHIEHHHIMH KOOpAHHATA-
MH ¢;, TO NpPOU3BOAHEIE JarpaHmxeBod (QYHKUUA 10 0O600ILEHHHM

1) VYcrapeBmes Ha3BaH#e — KOAHYECTBO ABHIKCHHA,
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CKOPOCTAM
aL
pi = 5‘}7 (7’5)
Ha3LIBAIOTCA 0O0GU,EHHOIMU UMNYAbCAMY, A IPOH3BOIHEIE
aL
Fy= Sq; (7,8)

Ha3bBalOTCA 0006ujeHnbimu curamu, B 3THX 0Go3HaUeHHSX ypaB-
HeHHs JlarpaHxka HMEIOT BHJ

pi=Fi' (7,7)

B 1ekapTosbix KOOpAMHATaX 0GOOGIIEHHKE HMNYJIbCH COBIALA0T
C KOMIIOHEHTaMH BEKTOPOB p,. B o0IilleM e cjyyae BeJHUMHB p;
ABJAIOTCS THHEAHBIMH OJHOPOAHLIMH (YHKUHSIMK OOOGIIEHHBIX CKO-
pocTefi ¢;, OTHIOAb He CBOAALUMMHCS K INPOU3BEJCHHSIM Macchl Ha
CKOPOCTb.

3anaya

Yactuna ¢ Maccoil m, ABHKYULAACA CO CKOPOCTBIO V), HEPEXOAHT H3 NOJAY-
NPOCTPAHCTBA, B KOTOPOM ee MOT@HIUMWAJbHAd SHeprus nocroanHa M pasna Uy,
B MOAYNpOCTPAHCTBO, Ie 9TA SHEPrus ToXKe mocrosidha, Ho pasHa Us. Ompese-
JIMTH H3MeHeHHe HanpaBJIeHHsA ABHXKeHHsS YacTHUM.

Pewenue IToTeHunanbHas 9HEpPrus He 3aBHCHT OT KOODAHHAT BAOJbL OCedl,
DapajJleNbHBIX IJIOCKOCTH pasjiena MexXAy noaynpocrpancrsamH. Ilostomy co-
XpaHAETCH NPOEKNHS HMIYJbCa YaCTHIW Ha 3Ty MHA0CKocTh. OGo3Hadass MoCpes-
ctBoM Of u €2 Yol MexAy HOPMAZbIO K IJIOCKOCTH pasfesa H CKOPOCTSAMH Vi H
Ve 4acTHHB N0 M TOCJAE IEPeXORa, mosiyuuM: v;sin 8y = vgsin G2 Chasp xe Me-~
XKAY U; M U JAeTCH S3AKOHOM COXPAHGHHS DHEPrHH, M B pe3y/bTaTe HaXOJMUM:

sin B, 2 _
EE_Wﬁ+mﬁw‘””

§ 8. LlenTp nHepuuu

HMnyabe 3aMKHYTO MeXaHHUeCKOfl CHCTeMBl HMEET pasjiM4Hble
B8HAYEHHS IO OTHOIIEHHIO K PasHYHBIM (HHEPUHAJbHBLIM) CHCTEMaM
orcuera. Ecau cucrema orcyera K’ ABHKeTCH OTHOCHTEJIbHO CHCTe-
MB oTcueta K co CKOpPOCTbIO V, TO CKOPOCTH Vi H Vg YacCTHIl IO
OTHOMIEHUIO K 3THM CHCTEMaM CBSI3aHbl COOTHOIICHHEM Vo=V, - V.
TTosToMy cBsi3b Mex/[y 3HaueHusmu P u P’ uMOyanca B 3THX CH-
cTeMax jaercsa (QopMyJion

P= ZmaVa= za:mavl,l_‘—v za:may
HIH
P=P +VYm, @1

B uwacTHOCTH, BCerAa CyIIeCTBYeT Takas cHcTema orcuera K',
B KOTOPO# MOJHEIA UMIYJbc o6paimaerca B uyab, [losoxus B (8,1)
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P’=0, mafijeM, 9TO CKOPOCTb HTOH CHCTEMH OTCUETAa PaBHA

P Z MaVy
V= Rl 8,2
S =S, (8.2)

Ecan nonHbf MMNy/bC MeXaHUYECKOH CHCTeMBl paBeH HYJIO, TO
roBOPAT, YTO OHA NOKOHTCS OTHOCHTEIbHO COOTBETCTBYOUlRH CH-
CTEMB! OTCYETA. DTC ABJSETCH BIOJHE eCTECTBeHHHIM o0oO0IieHHeM
LIOHATHS IOKOSl OTAENBHOH MaTepHaabHOHX Touku. COOTBETCTBEHHO
cKopocts V, naBaemas ¢opmyaoit (8,2), npuobperaer CMBICJI CKO-
pPOCTH <«IBHXKEHUS KaK IEeJOoro» MeXaHHYeCKOH CHCTEeMBl ¢ OTJHY-
HHIM OT HyJf HMOyJbcOM. MB BHAMM, TaKUM 006pasoM, YTO 3aK0oH
COXpaHeHHsS MMIYJbCa [O3BOJISIET €CTeCTBEHHHIM 06pasoM chopmy-
JIMPOBATh IOHSTHA TOKOS M CKOPOCTH MEXaHHUECKOH CHCTEeMHl Kak
nesaoro.

Qopmyna (8,2) mokasuiBaeT, UTO CBsI3b MEXKAY UMIyJabcoM P #
CKOpOCThI0 V CHCTEMHI KaK LEJIOTO TakKas ke, Kakasfd Gbuia 6Ll Me-
XAy HMMIYJbCOM H CKODOCTBIO OZHOH MaTepHaJbHOH TOYKH C Mac-

cot p= ), m, PaBHOR CyMMe MacC BceX YacTHI| B cHCTeMe. DTo
06CTOATENLCTBO MOXKHO COPMYJHPOBATH KakK yTBepiKJeHue o6 ad-
OUTUBHOCTU MACCHL.

IMpaBast cropona ¢opmyasl (8,2) Moxer OHITH NpeacTaB/eHa
KaK IOJIHAs NPOH3BOXHAsS MO BPEMEHH OT BBIpaXKeHHS

R=%"'—“. (8,3)

MoxHO cKa3aTb, UTO CKOPOCTb CHCTEMH KaK LEJOT0 €CTh CKOPOCTh
nepeMeilleHHss B NpPOCTPAaHCTBE TOYKH, DPaAHyC-BEKTOP KOTOPOIt
naerca ¢popmydoit (8,3). Takyo TOUKY HaA3BIBAIOT YEHTPOM UHEPYUU
CHCTEMBI.

3aKOoH COXPaHEHHS HMIyJIbCa 3aMKHYTOH CHCTEMEl MOXKHO c(op-
MyJ4pOBaTh KakK yTBepXKJeHHe O TOM, YTO ee LEHTD HHEepUUH JBH-
XKeTcA MpsIMoJiMHeliHO U paBHOMepHO. B TakoM BHae 3710 ecTb 0606+~
UieHHe 34KOHAa HHEePIHH, KOTOPHA OBl BhiBeleH B § 3 mas oxHoft
CBOGOIHOR MaTepHaJbHOH TOUYKM, «LeHTP HWHEPIUHHU» KOTOPOH coB-
najaer ¢ Hell caMofi.

Iipn ¥3yuyeHHH MeXaHHYECKMX CBOHCTB 3aMKHYTOH CHCTEMH
€CTeCTBEHHO MOJIb30BaTbCA TOH CHCTEMOH OTcYerd, B KOTODO# ee
UeHTP HHepUHUH NOKoHTCA. TeM caMbM HCKAIOUAEeTCs] H3 PaCCMOT-
peHMsl DABHOMEDHOe H NpPAMOJUHeflHOe [BHXKEHHE CHCTEMHB Kak
11eJI0T0.

DHepruio NOKosmelics KaK 1esIoe MeXaHHYeCKOH CHCTeMbl O6HY-
HO Ha3HBAIOT ee gHyTpenHel snepeuell Esy. OHA BKJIOUAET B celst
KHHETHUYECKYIO SHEPrHi0 OTHOCHTENBLHOTrO JBHXKEHHS YacTHIl B CH- .
cTeMe M HNOTEHIHAJbHYIO 2HepPTHIO MX B3auMojelcTsus. IlonHasa xe
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SHEPrHs CHCTEMH!, IBHIKYIIeHCA KaK Lesoe CO CKOPOCThIo V, MOXKeT
OLITh mpejcTaBaEHA B BUIE;

V2
=5 1 E,. (8,4)

Xors ata dopMmysa AOBOJLHO OUEBHIHA, JAAMUM €€ NPSAMON BHIBOM.
Duepruud E n £/ MexaHHUeCKON CHCTEMBl B JBYyX CHCTEMAaX OTCUeTa
K u K’ cBsi3aHBl COOTHOMIEHHEM

E=v Y mu+U=5Y m, (v, -+ V) -+U=

ni? , mau?
= +VYy my,+) ~5=+U
nian ¢
E=E 4+ VP 4 22 (8.5)

Droit dopmysiofi onpelenasercs 3akKoH MNpeoOpa3OBAHHA SHEPTHH
NpH Iepexo/ie OT ONHOH CHCTEMBLI OTCcYeTa K APYrof, mogobHO TOMY
KaK AJs HMIyJbca 3TOT 3aKOH paaerca ¢opmynaoit (8,1). Ecan B
cacreMe K’ LeHTp HHepUHH 1OKOUTCH, TO P’ =0, E’ == Ey,, U Mu
Bo3ppamiaemca K dopmysae (8,4).

3anava

Haiity sakon npeofpasoBanus AeHCTBHs HpH NePeXOAe OT ORHON HHEPUHAIDb-
HOM CHCTEMBI OTCYeTa K IpYrofl. '

Pewenne @yuxuss Jlarpamka, paBHas PAa3HOCTH KHHETHUECKOR H NOTeH-
HHaJbHOH ,5HEPrHH, OuYeBHAHO, Npeobpasyercss COTVIaCHO (GOpMyNe, aHAJOTHUHOH

(8,5):
L=L"4VP 4+ 1/,uV2
VETerpupys 5T0 paBeHCTBO NO BPeMeHH, HalileM HCKOMBIH 3aKOH npecbpasoBaHns
NEHCTBHA:
8=8" 4 uVR’ + 1/,uV,

rie R’ — pauuyc-BeKTOD LERTPA HHepIHH B CHCTeme K.

§ 9. MomeHT UMNyJabca

IlepefizeM X BBHIBOAY 3aKoHa COXpaHeHH#d, BO3HHKHOBEHHE KO-
TOPOro CBS3aHO C u30Tponuell npocTpaHcTsa.

DTa W30TPONHA O3HayaerT, YTO MeXaHHYECKHe CBOACTBAa 3aMKHY-
TOH CHCTEMB! He MEHSITCA Hpu Ji00OM IOBOPOTE CHCTEMH KaK He-
JIOTO B IPOCTPaHCTBE. B COOTBETCTBHH € 5THM DAaCCMOTPHM Gecko-
HEYHO MaJblil [IOBOPOT CHCTeMbl H NOTPebyeM, 4TOOB ee (pyHKUHA
JlarpaHixa npH 3TOM HE H3MEHUAACH.

BBenem BekTOp 8¢ OeckoHedHO MaJjioro NOBOPOTa, abCoJOTHad
BeAUYHHA KOTOPOro paBHa yriy O¢ noBopora, a HanpasJeHde COB-
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majzaer ¢ OChIO OBOPOTa (NpHUEM TaK, YTO HaNpaBjieHHe NOBOPOTA
OTBeuaeT NpaBmiy BHHTA II0 OTHOIUEHHIO K HanpaBjeHHO §¢).
HafineM, npexje Bcero, ueMy paBHO NPH TaKOM NOBOPOTE INpH-
pamienne palnHyc-BeKTOpa, NPOBEJEHHOr0 H3 OOHIero Hadaja Ko-
opanrat (PACIOJOMKEHHOrO Ha OCH BpalleHus) K Kakof-nuGo u3
MaTEPHAJBHBIX TOYEK nosopaanaeMOﬁ CUCTEMBI. 45
Jlunelinoe nepeMelleHHe KOHLA paAMyc-BeKTopa ¢
CBA33HO C YIJIOM COOTHOUIEHHEM

|8r|=rsin0 3¢

r

(puc. 5). Hanpasnenue xe BekTOpa MNepUeHAHKY-
JAPHO K NJOCKOCTH, NpoxoAsiel uepes r u §¢. [lo-
3TOMY fCHO, 4TO

or = [8¢ - r]. O, 4

[Tpu moBopoTe CHCTEMH MeHsIeTCsl HalpaBJeHHe He
TOJbKO PafHyC-BEKTOPOB, HO H CKOpocTell BCcexX ya- Puc. 5
CTHL, OpHYEM BCE BEKTOPHl Npeo6pasyioTcs MO OfH-

HakoBoMy 3sakoHy. [losToMy mnpHpaliedne CKOPOCTH OTHOCHTEJNbHO
HENoABHKHON CHCTEMB KOODAHHAT

Ov =[0¢ - v]. 9,2)

MoxcTaBuB 3TH BHIPAXKEHHS B YCJIOBHE HEH3MEHAEMOCTH (YHK-
uuu Jlarpasxka nps nosopore

6L=Z(—§é—6ra+—g5—a6va)=0,

_3éMeHﬁeM npoussoguue OL/Ov, =7p,, OL[Or,= Pa
2. (0o [ - 7ol + pa [0 - Vo) =0,

H/H, DPOH3BOAA UMK/IHYECKYIO [epecTaHOBKY MHOXKHTeNedl H Bh
Hocsl 8¢ 3a 3HAK CYMMEL:

89 Y. ([rapal + [Vabal ) =80 57 Y. [rapal =0.

Bauay npoussoabHOCTH 8¢ OTCIOAA CAelyeT, 94TO

d
ar Z [rapa] =0,

T. €. MBIl NPHXOAHM K BBIBOLY, 9TO IIpDH JABHXKEHHH 33MKHYTOﬁ CH-
CTEMEBI COXPaHseTCsd BEKTOpHAas BeJHUHHA

M= 2. [ropal, (9,3)

HasblBaeMas MOMEHTOM umnyabCa (HAH TNPOCTO MOMEHTOM) CHUCTEs
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Mbl!), ANMHTUBHOCTL 3TOH BeJNIMUHMHBI OYEBHJAHAZ, NpHYEM, KaK H
y HMIy/bCa, OHA He 3aBHCHT OT HaJH4YHA HJAM OTCYTCTBHS B3aMMO-
ZefCTBHS MeX]y YacTHLAMHU,

STHUM HCUEPNHIBAIOTCA ANJUTHBHbIE HHTErpajbl ABHUKeHHsA. Ta-
KHM 00pa3oM, BCAKasi 3aMKHYTas CHCTeMa HMeeT BCETo CeMb TaKHX
HHTerpaJioB: 3HePrHsA M MO TPH KOMIIOHEHTHl BEKTOPOB HMIYJsCa H
MOMeEHTa.

ITockoibKy B oIpele/neHHe MOMeHTa BXOJAT PaJHyC-BEKTOPH
9acTHI, TO €ro 3HaueHue, BoOOIlle IOBOPS, 3aBUCHT OT BhGOpa Ha-
yanza KOOpAWHAT. Pajguyc-BEeKTOpH I, H s OLHOA H TOH Ke TOUKH
10 OTHOLIEHHI0 K Haya/laM KOOpPAMHAT, CMeUleHHHIM HA BEKTOp a,
CBSI3aHBI COOTHOLIEHHEM Ig==rg-+ a. [TosToMy umeeMm:

M= 2; [tapa] = g [rapa] + [a 2;: Pa]

HJAH
M =M’ -+ [aP]. 9,4)

N3 s10oft hopMyanl BUARO, YTO TOJILKO B TOM CJydyae, KOIAa CHCTEMA
Kak uesoe nokourcda (1. e. P==10), ee MOMeHT He 3aBHCHT OT BHI-
6opa Hayana xoopaunar. Ha 3akoHe coxpaHeHHsi MOMeEHTa 3Ta He-
OMpelesIeHHOCTL €ro 3HAYeHHs, pasyMeeTrcs, He CKAasblBaeTcsd, TaK
KaK Y 3aMKHYTOH CHCTEMBl HMIIYJIbC TOXKe COXPaHsAeTCH.

BriBeneM Takxe GOpMyJy, CBA3HBAIOLIYI0O 3HAUEHHA MOMEHTA
HMIYJIbCa B ABYX Pa3/MYHBIX HHEPUHAJBHBIX CHCTeMax orcdera K
U K’, U3 KOTOpPHIX BTOpasi ABHIKETCS OTHOCHTE/JbHO MepBOft cO CKoO-
pocteio V. ByjaeM cuuTath, YTO Hayasa KoOpAHHAT B cHcreMax K
v K' B naHHbIi MOMEHT BpeMeHH COBNajfaioT. TorAa paauyc-sex-
TOPHI YacTHI B 0GeHX CHCTEMAaX OJHHAKOBLI, CKODOCTH K€ CBfA3aHbI
NOCPelCTBOM Vo=V, -+ V. IToaTomy umeem:

M =Y, m, [r,v.] = D, malravi] + 2 mg [1,V].

IlepBasi cyMMa B HpaBOf CTOPOHe paBeHCTBA eCTh MOMeHT M’ B
cucteMe K’; BBeAsl BO BTOPYIO CyMMY DaJHyC-BEKTOD LEHTPA HHEp-
nvu corjacHo (8,3), noaydaem:

M =M’+ pu[RV]. 9,5)

dta ¢dopMmyaa ompenenseTr 3aKOH NPeoOPa3OBAHHA MOMEHTa HM-
nyJasca IPH Mepexojie OT OJHOH CHCTEMBI OTCYeTa K APYrof, moaos-
HO TOMY, KaK AJIs UMNyJbca H 3HEPruH aHaJOTHUHbBIe 3aKOHH JaloT-
cst popmynamu (8,1) u (8,5).

Ecau cucrema orcuera K’ ecTh Ta, B KOTOpPOH AaHHAS MeXaHH-
yecKasl CHCTeMa MOKOHTCS Kak liesoe, T0 V ecTh CKODOCTb IEHTpa
WHepuuu nocjejHeft, a pV—ee nonnwpit uMnysnsc P (oTHocHTesb-

Ho K).

1) YnorpebasioTcs Takxe HA3BAHHS BPAUATEAOGHbLL MOMEHT HIH YEAQ80d
MOMEHT,
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Torna
M =M+ [RP]. 9,6)

Jlpyrumu cjJ0OBaMH, MOMEHT HMIy/Jbca M MeXaHHYECKOH# CHCTEMB
CKJIaJBIBaeTCl M3 e€e <«COOGCTBEHHOTO MOMEHTa» OTHOCHTEJILHO CH-
CTeMHl OTCUeTa, B KOTOPOil OHa moKOHWTCSl, © MoMenta [RP], cBsi-
33aHHOTO C €€ ABUXKEHHEM KaK LIeJa0ro.

XoTa 3aKOH COXPaHEHHS BCeX TpeX KOMIOHEHT MOMeHTa (OTHO-
CHTEJLHO NMPOU3BOJBHOrO HayajJa KOODAHHAT) HMeEET MECTO TOJIBKO
JUIsl 3aMKHYTOfl cHcTeMBl, B §oJiee OrpaHHYEHHOM BHIAE STOT 3aKOH
MOMeT HMeTb MecTO H JJIsi CHCTeM, HaXOAAIIUXCS BO BHEHIHEM
nosne. I3 mpuBeneHHOro BHIlle BHIBOAA OYEBHJAHO, YTO BCErAa CO-
XpaHseTcss NpPOEKLHS MOMEHTA Ha TaKyl0 OCb, OTHOCHTEJbHO KOTO-
POl RaHHOe T0oJie CHMMETPUYHO, H NMOTOMY MeXaHHMUYeCKHe CBOICTBA
CHCTEME He MEeHSIOTCS NpH JI0GOM NMOBOPOTe BOKDPYT 3TOH OCH; IpH
®TOM, KOHEYHO, MOMEHT JOJ/IXKeH GBiTh ONpeJiesieH OTHOCHTENbHO Ka-
KON-HHOYIb TOYKH (Hauajia KOOPAHHAT), Jexallell Ha 3TOH Ke OCH.

HanGoJsiee BamHBIM cJaydyaeM TaKOTO poja sIBJAsETCS MHoJMe ¢
LEHTPA/IbHOM CUMMeTpHell, T..e. moJie, B KOTOPOM HOTeHUHaJIbHASA
9HEpPrus 3aBHCHT TOJLKO OT PACCTOSIHHS [0 HEeKOTOpOi OmpefeneH-
HOA TOYKH (ueHTpa) B mpoctpaHcrBe. OYeBHAHO, UTO IIPH ABHIKE-
HUM B TAKOM INOJIE COXPaHseTCs NPOeKUHsI MOMeHTa Ha Jo6YIo OCh,
NPOXOAALLYI0 Yepe3 HeHTp. I pYyrUMH CJIOBaMH, COXpaHseTCS BeK-
Top M MoMeHTa, HO ONpejeJeHHOrO HE OTHOCHTEJNBHO IIPOU3BOJIb+
HO# TOYKH IIPOCTPAHCTBA, & OTHOCHUTEAbHO LEHTPA MOJS.

Jpyroft npuMep: OJHOPOAHOE IOJe BAOJb OCH 2, B KOTOPOM CO-=
XpaHsieTcst NpoekuHs M, MOMeHTa, MpHYeM HAYaJO KOODJHHAT MO-
Ker 6bITh BHIOpaHO MPOH3BOJBHHIM 006Pa30oM.

- OrMeTHM, YTO NpOEKUMsl MOMEHTa Ha KaKyl-JH00 och (Ha30-
BeM ee 2) MoxeT OHITh HaljeHa JuddepeHnMposaHHeM GyHKUHA
Jlarpauxka mo ¢opmyte

oL
M,= Z 9a (9:7)
2 .

rje KOOpJAHHATA ¢ €CTb YroJ IIOBOPOTAa BOKPYT OCH 2. DTO fICHO
yXKe H3 Xapakrepa H3J0XKEeHHOTO BbIlIe BHBOJA 3aKOHA COXPaHEHHs
MOMEHTA, HO B TOM K€ MOXKHO YOeIUTbCH H IPAMBIM BBLIUHCJIEHHEM.
B uuAMHApHYECKHX KOOpAMHATaX r, ¢, z HMeeM (MOACTaBJAS
Xg == rgCOS Qg, Ya =14 SiN @a):

Mz = Z—:‘ m’a (xaga - yaxa) = za: mara(ba- (9’8)
C npyroit cToponnl, ¢GyHknusa JlarpaHxa B 9THX TlepeMeHHBIX HMeer
BUI .
1 . .
L= Y m (34 ¢y +2)—U
a

H ee nojcraHoBka B (9,7) NpUBOAHMT K TOMY Xe BhHIpaxeHuwo (9,8).
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3anavu.

1. HafiTu Bmpaxenuss AJs HAEeKapTOBHX KOMEOHEHT H abCOMOTHOHR BejRYHBH
uou%na EMNYJbCa YaCTHLH B HEVMRAPHYECKHX KOOpABHATAX ¥, @, &
TbeT:

My ==m sin ¢ (r2 — 21') — mrz¢ cos g,
My =mcos ¢ (2f = ri) ~ mrz¢ sin @,
M= mr?,

MY == m?r¥q2 (r2 4 25) - m2 (r2 — 2/)%

2. To Ke B chepHuecKux Koopanuarax r, 6, ¢
OtBer:

My s mar? (B sin @ 4~ ¢ sin 6 cos O cos @),
My = mr? (8 cos ¢ — ¢ sin B cos 6 sin @),
Mz==mr?sin20.¢,

M2 we ¥t (02 4 5in® 0. 7).

3. Kagne koMnonenTH mMuyjsca P .a moMmenta M cOXpaHmioTes apm EBmwes
HEA B CJCAYIOLLHX NOJAX:

a) nose GeckoneuHOR OZHOPORHOR MIOCKOCTH.

O1BeTt: Py, Py, Mz (BeckoHeuRaA NAOCKOCTD -~ DAOCKOCTD X, y).

6) ITone GeckOHEIROrO ORHOPORBOrO LHARHAPAE. ’

OtBer: M:, P; (Ocb HuaAHApA — OCh 2).

B) IMone GeckoHedHOR OZHOPOAHOM NMPHAIMEL

Orser: P, (pefpa DpHIMH mapaJesbusl ocH 2),

r) Tlone aByx rouUekK.

Otser: M. (TOUKE HaXOAATCA HA OCH 2).

1) Toae GeckoxeusHo# ONHOPOXHON HOAYIWIOCKOCTH.

Orser: Py (6eckoHeuHad NONYMJOCKOCTb — UACTh MJNOCKOCTH X, §, Orpaui-
geHHas OCLIo ¥). .

¢) Ilone oxnopoasord Kouyca.

OrBer: M; (ocb KoHyca — och 2).

%) Tlose OAHOPOZHOI'O KPYroBOTO TOpa.

OtBet: M. (0ch TOpa — OCb 2).

8) Ilone Geckoseynod ORHOPOAHOH NHUAMHAPHYCCKOA BHHTOBOR JIMHHH.

Pemenne Pynknua Jlarpanka Be MeEHSEICS NIPH NOBODOTE BOKPYr OCH
pEATa (OCH Z) Ha yrosi 8¢ H OXHOBPEeMCHHOM NeDeHoce BJAOJNbL 9TOH OCH Ha pacs

crosnue 5— 8@ (h— mar sunra), TlosTomy

oL aL h y
6L=t--———-62 62+“"—an 50 = (-Pz""‘zn + Mz) 89 =0,
OTKyZa
h
M4 EE Pz =aconst,

§ 10. Mexanmieckoe monobue

Yuuoxenne ¢yHxuny Jlarpamxka Ha moGOH NOCTOAHHBIA MHO-
KHTEJb OYeBHIHEIM 00pa3oM He MeHAeT ypaBHeHUH JBHXKeHHA. DTO
o6cToATeNbCTBO (OTMEUeHHOe yXe B § 2) maeT BO3MOXKHOCTH B
pAfe BAXHHX C/AyYaes CAeNaTh HEKOTODHE CYIIECTBEHHBIE 3aKJIO
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geHis 0 CBOHCTBAX IBHIKECHMS, He IPOH3BOAS KOHKPETHOIO HHTErpu-
POBAHNs YDABHEHHUA [BHIKeHHI.

Cioa oTHOCATCH CJy4YaH, KOrjAa NOTeHLHAJbHAA 3IHEPTHST §iB-
Jasiercst OJHOPOJHOH (GYHKIMEH KOQOPAMHAT, T. ©. ¢ynkiuel, yros-
JeTBODMIONIEH YCAOBAID

U (arl) ar2: o0y 0'rn) = akU (rl’ r2, ety rn)r (10:1)

rie o —Jawobas NOCTOSIHHAS, a YHCAQ K — CTeNeHb OJLHOPOAHOCTH
(pyHRIHUH.

IlpousseneM npealpasoBanye, NpH KOTOPOM HapsAy ¢ H3IMeHe-
HHEeM BCeX KOODAMHAT B o Pa3 OJHOBPEMeHHO usMeHsiercs (B B pas)
BpeMs:

Tg—>ar, {—Bf,

d!’a 4
Bce CKopocTH vaz—dt— H3MeHAKTCA IIpH 3TOM B a/ﬁ pas, a Ku-

Heruueckas 3Heprus-—b ad/f2 pas. INoreHuumanwpHas xe sHeprus
ymuoxaercs Ha a®. Ecnu cBg3ath o H B ycioBHeM

a? k iy 1—%
Ta'f:“ , T. &. f=qa ,

TO B pesyabraTe Takore npeo6pasosanus ¢ynkuus Jlarpamxa ue-
JIMKOM YMHOXHTCS Ha NOCTOSHHBHI MHOXKHTeNb af, T. €. ypaBHeHs
IBHA(EHHT OCTAHYTCH HeHIMEHHLIMH.

Hismerenne BceX KOOPAMHAT YACTHL B OXMHAKOBOE UHCJAO Da3
O3Hayaer nepexoa OT O/IHHX TPREKTOPHH K APYTHM, reoMeTpHYIecKH
NMOOGHBIM TIEPBEIM H OT/IHYAIOIMHMCH OT HHUX JIHIUb CBOUMM JKHCR-
HLIMH pasMepaMH. Takum o6pa3oM, MBI IIDHXORMM K 3aKJHOYSHHIO,
UTO €CHH HOTeHLHalbHasi SHEPrUsl CUCTEMbl ABJIETCH ONHOPOJHOIL
QyHKuHefl k- CTemeHH OT KOOpJAHHAT (REKaPTOBBIX), TO YPaBHeHHs
ABHIK@HHS NTONYCKAKT IeOMeTPUYECKH MOROGHBIE TPaeKTODHH, NpH-
YeM BCe BpeMeHa JBHMIKEHH (MeX/]y COOTBETCTBEHHBLIMH TOTKAMH
TpaekTopufl) oTHOCATCH, KaK

v ry\F
=) (10,2)

rae I'/l — orHolleHve JIHHEAHBIX Pa3sMepPOB ABYX TpaekTopull. Bme-
cTe C BpeMeHaMH onpe/esieHHbIMH CTeNeHAMH oTHomeHus [’/ as-
JISIIOTCSL TaKXKe SHAYEHHs JIOOBIX MeXaHHUYECKHX BEJIUYHH B COOT-
BETCTBEHHBIX TOYKAX TPACKTOPHH B COOTBETCTBEHHBIE MOMEHTHl Bpe-
MenH, Tak, Aad CKOPOCTeH, SHePTHH H MOMEHTa HMeeM:

v (UNT B e\t Nt
=) 7= w=() "+ w3

HpHBe}IEM AJA UAI0CTPany HECKOJILKO IPHMEDPOB,
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Kak Mpl yBUIMM Qnanee, B clydae TaK Ha3HIBAEMBIX MaJHIX KO-
JNebGaHHl TOTEHNUAJbHAs 3HEPIHs SBJAAETCA KBaJpaTH4YHOH (yHK-
uueir Koopaunar (k=2), Us (10,2) naxoaum, 4TO NEPHOA TaKHX
KosieGaHu#l He 3aBHCHT OT HX AMIIHTYIHL.

B o0aHOPOAHOM CHJIOBOM NOJe DOTEHHUAJLHAA 3SHEPTUS — JH-
HefiHas ¢YHKOus koopamHat (cM. (5,8)), 1. e. k=1, U3 (10,2)
HMeeM

t [

T NT
Orciona chaeigyer, HampuMep, YTO NPH NajJeHHH B MOJE THXKECTH
KBaZpaTel BpPeMeHH TNajeHHsi TeJ OTHOCATCH, KaK KX HauajbHHe
BHICOTHL.

[Ipn HbLIOTOHOBCKOM NDPHTSIKEHHH JABYX MacC HJH KYJOHOBCKOM
BS@NMO/JICACTBHM ABYX 3apfJOB NOTEHHHAJbHAsi 3HepPrus 0o0paTHO
HPONOPIHOHAJIbHA DACCTOSIHHIO MeXJy YaCTHIAMH, T. €. ABJSETCH
OIHOPOAHOMN byHKuHeil cTenenn & = —1. B s71ux cayuasax

¥ U2

="
H MB MOXE€M YTBEpPXJAaTb, HANpHMep, 9TO KBajApaThl BpeMeH 06-
pauleHHs 1o op6UTaM NPONOPHHOHANBHEI Ky6aM MX pasMepoB (Tak
HasuiBaeMbulil TpeTul 3axon Kenaepa).

Ecau npuxkeHHe CUCTEMBl, MOTeHLUHAJNbHAs] 9HEPTUs KOTOpod fB-
JeTcd OJHOPOAHON (YHKUMeH KOOPAMHAT, MPOMCXOAHT B OTrpaHmn-
YeHHOH 06J1acTH NPOCTPAHCTBA, CYLIECTBYET BechbMa IIPOCTOE COOT-
HOLIeHHe MEXAy CPeJHHMH II0 BPeMeHH 3HAaUeHHMSIMH KHHEeTHYEeCKOMH
¥ NOTeHNHAaJbHON HEPTUH; OHO H3BECTHO NOJX HA3BAHHEM BUPUAAL-
HOU Teopemst.

IMocko/sbKy KHHeTHUecKas dHeprus T sBasgerTcsl KBaApaTHUHOR
¢yHKUMei ckopoctedl, TO No TeopeMe Oiaepa 06 OAHOPOAHHIX

HKUUAX
by e

aVa
a

Va=2T.

ar
WJH; BBOAS HMAYJBCH e == Py

o=y pva= 7;‘1—(2 pari) = Xt (10,4)
a a a

VYcpeanum 3TO PaBeHCTBO Mo BpeMmeHH. CpenHHM 3HaUEHHEM Kas
KOH-ANGO QYHKUMH BpeMeHH f(f) HasbiBaeTcs BeJHYHHA

F=tim + {f@a.

® o



§ 101 MEXAHHUYECKOE IMOQOBHE a7

Jlerko BHIETB, uTO ecau [(f) sBasieTcst NPOH3BOAHON MO BpEMEHH
f(t) — dF (t)

HEIX 3Haqenuﬁ) ¢yuxuun’ F ({), To ee cpeaHee 3HaueHne obpaiiaercs
B HyJb. Jl€ACTBHTE/bHO,

Fe1

OT OrpaHuyeHHOH (T. e. He mpUHHMalouell OeckoHey-

T
ol F(v) = F(0)
tm ?DS ——df=lim ————~ =0,

> T->00 T

I'Ipe,u.nonomnM, YTOo CHCTeMa coBepuiaeTrT ABHIKCHHE B KOHEYHOH
obaacTu npocTpancTsa U CO CKOPOCTAMH, HE oépamaxoummnca B

GeckoHeyHOCTb. TOra BeNHUMHA ). I,p, OTPaHHUEHA, W CPelHEe
3HayeHHe MepBOro wieHa B mpasoil cropone pasencrsa (10,4) o6-

pamlaeTcss B HYJib. Bo BTOPOM 2Ke 3aMeHsIeEM Dg COTVIACHO ypaBHe-

oU .
nusM Heiorona HA — >~ W noayuaem'):
a

= ou 1
2T=Zl’a-m‘. (.0,5)

Ecan moreHuuasbHas SHepPrus sBASeTCH OAHOPOLHOR QyHKuuel
k- cTemeHH OT BCeX PaAHYC-BEKTOPOB Ig, TO COIVIACHO TeopeMe Dii-
Jepa pasenctBo (10,5) nepexoauT B HCKOMOE COOTHOILEHHE

oT = kU. (10,8)

Hockoasky T -+ U=E =E, cootsomenue (10,6) MoxHO mpes-
CTaBHTb B SKBUBAMCHTHHX (HOPMAx

= k
U_k+2E T———mE, . (10,7)

poipaxkaoiux U u T yepe3 NoJHYIO 2HEPIHIO CHCTEMBL.
B yacTHOCTH, AJst MaJbix KoseGanuit (B =2) umeem:

T=U,
T. €. CpeliHHe 3HAYEHHS] KHHETHYECKOH H NOTeHUHAJbHONR 3Heprui
coBnanaoT. Jlas HbLIOTOHOBCKOrO B3aumodeicTBus (k= —1)
2r=—VU.

Ilpu stoM E=—T B COOTBETCTBHH C Te€M, YTO NpPH TAKOM B3aH-
MO/IefiCTBHH ABHXKeHHe NPOHCXOAHT B KOHEYHOH 06J/1aCTH IPOCTPaH-
CTBA JIMIIb NPX OTPHIATENbHOH MosHOH aHepruu (cM. § 15),

1) Bulpaxenne B mpasofi cropone pasencrBa (10,5) uHOraa HasbBalOT BH-
pHAJOM CHCTEMH,
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3azaan

1. Kak OTHOCATCA BpeMeHa JABHIKCHHS MO OAMHAKOBHM TDAEKTODHAM ToueK C
PasaMIHBIME MaccaMH NPH OJAHHAKOBOH NOTEHIHAJbHOA SHEPTHH?
OtBeT:

tl
T

2. Kak m3meqsioTcs BpemMeHa XBHXKEHHS 1O OAWHAKOBHM TPAaeKTOPHAM NpH
H3MeHeHHH NOTEHUHanbHON SHEPrHH Ba MOCTOAHHHA MHOMXHTENB?

O7rBerT;
v U
t |74



FJAABA Il

HMHTErPUPOBAHHUE YPABHEHHUN N BWXEHUS

§ 11. OnHomMepHOe ABHKEHHE
OaHoMepHBIM Ha3biBAKOT IBHIKEHHE CHCTEMEL C OJHON CTeneHbio

coGoanl., HauGonee ofmuit BHA sarpaHxkeBod QYHKUHMH Takofl cH-
CTeMbl, Haxoisllelicd B NOCTOSHHBLIX BHEIIHHUX YCJOBHSX, €cTh

L=+alg)g—U@), (1L,1)

rie a(g) —HekoTopas GyHKHUA O6GOGLIEHHOA KOOPAMHATH q.
B gacTHOCTH, ec/H ¢ eCTb AeKapTosBa KOOpAHHaTa (Ha3oBeM ee ),

L="2 —y (s, (11,2)

CoOTBETCTBYIOIIHE STHM JIarpaHXKeBhIM (YHKLUHSM ypaBHEHHS
JBUKEHHA HHTErpupylorcs B obuieM BHjie. Ilpu sToM HerT Aaxke
HeOOGXOXUMOCTH BLITHCHLIBATHL CaMoOe ypaBHeHHe NBHIKEHHS, 4 cJae-
JAyeT HCXOAHTH CPa3y H3 ero MepBOro MHTerpalja — ypaBHEHHS, BH-
paxaioero 3aKOH COXpaHeHHs 3Hepruu. Tak, ansa ¢yuxuus Jla-
rpanxa (I1,2) umeem:

m LUW=E

210 ectb AupbepeHUHANbHOS yDaBHEHHE MEPBOr0 MOPAAKA, HHTE-
rpupyiomeecs NyTeM pasac/eHHs nepeMeHHHX, MMeeMm:

%:z\/—i—[B——U(x.)],

t-—u\/ '\/E U( ; -} const. (11,3)

Poap aByxX NPOU3BONILHBIX NOCTOSIHHHIX B pelIeHHH YpaBHEHHS
BBHXXEHHS MIrPaloT 3/eCh NOJIHAs 3Heprus E ¥ NOCTOAHHAs HHTe-
rpuposaHus const.

ITockonbKy KHHeTHUYeCKass SHEepPrHs — BeJIHUMHA CYIECTBEHHO
HOJACXKHUTENbHAS, TO NPH ABHIKEHHH HOJIHAS SHEPrHs Beerha 6ojbume
HOTeHNHAJbHOR, T. €. IBHXKEHHE MOXKeT NPOHCXOAHTh TOJBLKO B TeX
oGanactax npoctpaticrsa, rae U(x) << E,

OTKy/a
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[lycts, nanpumep, saBHcHMocTh U{x) nMeer BuA, u306pakeHs
Hbli Ha puc. 6. IlpoBesss Ha sTOM Xe rpaduke rOpPH3OHTANLHYIO
npAMYI0, COOTBETCTBYIOWLYI0 SaJaHHOMY 3HAUEHHIO NOJHOHK SHep-
FHH, MBl CPasy jKe BLIICHHM BO3MOXHBe 06JacTH IBHXeHus, Tak
B 1300pakeHHOM Ha pHC. 6 cayuae NBHXXeHHe MOXKET NPOHUCXOAHTH
anume B 061actu AB uau 8 o6nactu cnpaga or C,

§ U

Toukd, B KOTOPHIX NOTEHUHAaJbHAs SHEPrHsl paBHa MNOJHOH
U(x)=E, (11,4)

onpeneasiOT TpaHUUB ABHXeHHS. OHH ABNAIOTCA TOYKAMU OCTa-
HOBKU, MOCKOJAbLKY B HHX -CKOPOCTb ofpamaercs B HyJb., Ecau o6-
JIacTh JBUXKEHHS OTpaHWUYeHa ABYMs TAaKUMH TOUKaMH, TO ABHIKE-
HWe NPOHCXOAHT B OrPaHHYEHHOH 06GJacTH HPOCTPAHCTBA, OHO fB-
JIfIeTCA, KaK rOBOPSAT, gunurneim. Ecnu xe ob6sacTh ABHIKEHHN He
OrpaHHYeHa WJH OrpaHuyeHa JHIIb C OAHOM CTOPOHHI, — JBHIKEHUE
UHGUHUTHO, HACTHLIAa YXOAMT HA GECKOHEUHOCTD.

OpnomepHoe (pHHHTHOE [BHXKeHHe SBJSETCS Kone6aTeanbIM—
gacTHlla COBEpLIAeT NMEepPHOAHYECKH IOBTOPSIleecs NBHIKEHHE Me-
oKLy IBYMs rpanunaMu (Ha puc. 6 B norenyuasvrod ame AB wme-«
DKy TOYKaMHu X1 U Xg). [Ipu sTOM corsiacHo obuieMy CBOHCTBY 06-
patumocTy (cTp. 18) BpeMs ABUIKEHHs OT X; [0 Xy PABHO BpeMeHH
o0paTHOro IBHKEHHA OT Xz N0 X1. I'IoaTomy nepuoa kosebGauufi T,
T. €. BpeMsd, 3a KOTOpOe TOUKa MpONZET OT X1 A0 Xz H oépamo,
paBeH YJBOEHHOMY BPEMEHM IPOXOXKIeHHS orpesxa X1Xg WIH CO-
raacuo (11,3) “

x2(E) .

T(E)=427§ S S (11,5)

X (E) VE—UTx)

npuueM Tpefensl ¥y H xp SBASIOTCA KOPHSAMHM ypaBuenus (11,4))
npun AaHHOM 3Hauenns E. Dra ¢opMyna onpelesisieT nepHoj ABHe
OKEHHS B 3aBHCHMOCTH OT NOJIHOH SHEPrHH 9acCTHIH,



$ : ‘OOHOMEPHOE HNBHXEHHUE 1

Banauu

1. Onpenesnts DepHOX KojefaHMii TJAOCKOTG MaTEeMaTHYECKOro MafTHHKA
{TouXa m ¥a KOHlle HWTH LJWHON ! B NOJe TAMKECTH) B 3aBHCHMOCTH OT HX AMIJIH-
TYIH. o

Pewenne 2DHEpras ManTHHKA
mi?¢?

E= 5 mgl cos @ = —mgl cos @,

rae ¢ — Yroj OTKJOHEHHS HHTH OT BepPTHKaJH; (Po— MAKCHMANBLHHA Yros OTKIO-
Henus. BHuuCAfA NEPHOL Kak yueTBepPeHHOE BPeMA NPOXOMKIEHHs HHTepBaja yr-
JI0B OT HyJS A0 o, HAXOAHM!

o To
F—14 ,\/J__S___L_ZQ /IS dy
2g 4/cos ¢ — cos ¢ /Vg .. @ ¢

20 sin?—=-
0 0 sin®—3 sin® =

sin 1/ @ . : :
HMoncranosroh ——y~——==sin§ STOT BUTErpa’ NPHBOAHUTCS K BUALY

sin /3 @o

T=4 /\/LK (sin 5)—0).
g 2
rie
/2 a
) VT —EZsin®E

0

~— Tak Ha3HBaeMbfi NOJHWHA SAIMOTHUECKHHA HNTerpan mneproro popa. Ilpx

%z%"—«l {Manvie koneGanus) pasnoxende Gyskunu K(k) naer:

I 1 5
T =2 /\/?(1—{-?(])0—!-... .

Tleperii ueH STOrO Pas3/OKeHHT OTBEYAeT H3BeCTHON aneMeHTapHOHR dopMyJe.
2, OnpezenuTb NeprHoa KoJeGaHKA B 3aBHCHMOCTH OT SHEPrHH LPH IABHXEHHH
9acTHULE MaccH /M B NOJSX C NOTEHUHAALHON SHeprueii:

sin

ay U=A|x|"
OrBerT:
(E/Aln [ SO S
T =2+/3m dx _ 24/2m E"* 2 dy
AE — Ax™ Al V=g

0

Tloacranopro# y” = u HUTerpas NPHBOAMTCA K Tak HaapBaeMoMy B-nHTerpanty
Diwepa; KOTOphil BLIpamactcT yepes- [»dyuxilnn

1
24/2xm T (1/n) E“,:*T

= AT (/n + 1/2)

3zsucumocts T or E COOTBETCTBYT SakOHy MeXaHNueckoro nomeéms: (16,2),
{10,3).

6) U= —Up/ch?ax, —Uy < E < 0.
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O1BerT:

. T=zn+/2mfa[E]
B) U=U;tg?ax.
O1sen:

T=n+2mfa/EF U,.

§ 12. Onpenenernne NOTEHUHAABHONH SHEPTHHU
0o nepHopy kKoacGanui

PaccMoTpuM BONIPOC O TOM, B KaKOH CTeHEHH MOIKHO BOCCTaHO-
BATH BHA NOTeHUHanbHOR suepruu U(x) moas, B KOTOPOM wacTuua
coBepliaerT KoJebaTesbHOE ABHIKEHHE, NQ H3BECTHOH 3aBHCHMOCTH.
nepioga syoro apuxenus T or sweprunm E. C MaTeMaTHuecKoft TOU«
KH 3DeHYs pedyb MRET O PelleHHH HHTerpa/bHoro ypassenus (11,5),
B kotopoM U(x) .paccMaTtpuBaercss Kak HeusBectHas, a T (E) —
KaK H3BecTHad QyHKIUM.

TIpn sroM MH 6yaeM sapaHee MOpeinosaraTh, YTO HCKOMas
¢yukuug U(x) nMeer B paccMaTpHBaeMoi 0GJacTH IPOCTPaHCTBA
JHIIL OXMH MHHHMYM, OCTaB/fAs B
CTOPOHE BOIIPOC O BO3MOXHOCTH
CYIIeCTBOBAHHSl  pELICHHH  HHTe-
[pAaJbHOrOo YpaBHEHHS, He YAOBJe-
TBOPSIIOIIUX 3TOMY ycjoBuio. Jas
yaoGcTBa BEGepeM HauaJo KOOpAH-
HaT B ROJQMKEHHW MEHHMYMa HO-
TEHUMAJbHOH 3HEPIRH, a 3HaYeHuE
nocnegHel B 3TOH TOUKe MOJOKHM
PaBHHEM HyJIO (pHC. 7).

[Tpeo6pasyem uuTerpan (11,5),

Puc. 7 paccmMarpuBas B HeM KOOpJMHAaTy

x xaK ¢yngumio U. Oyuxuna x(U)

JABY3HauHA — Kax/oe 3HAYCHHe HOTEHIMAJbHOK SHEPLHH OCYLLECTB~
AsieTCsl NPH /ABYX Da3/IHYHBIX 3HaueHHAX X. COOTBETCTBEHHQ aTOMY

nurerpan (11,5), B xoTopom MH 3aMeHdeM dx Ha S—Zd(], nepefjieT

B CyMMy JBYX HHTErPaJoB: OT X=4x; JO ¥x==0 u orT x=0 10
x == xg; OyAeM NHcaTb 3ABHCHMOCTh X OT U B 3THX IBYyX obiacTax
COOTBETCTBEHHO KakK x == x; (U) u x = xo(U).

IMpenenamu uurerpupoBanus mno dU Oynyr, odeBuauo, E u 0,
TaK YTO MOJyYaeM:

E 0

e (dnU)  dU = de (V) dU
T(E)_‘/Z"OS U AJE—=0 +‘/2m§ AU ANE=T

E
5 dx dx dUu
2mg[——2——--—l-]————____.q-.
= Jav "l VE=T
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Paspennm o6e CTOPOHBI 3TOr0 paBEHCTBA HA AVa—E, rae a —
napaMerp, H IPoHHTErpupyeM no E oT HyJas 1o o:

o
SVLEL gE — \om Sg[dx;;U) dx;((jU) ] v@_j%i_g‘m ,

HNH, MEeHAS NOPAAOK MHTerpHpOBaHUS:

S :/LE—)-dE __'\/2 S[dx;[(jU) dx‘;[(jU)]dUlS, 4@:‘%%“:@7 .

Hnrrterpan no dE BhiuucasieTcsl 3JeMeHTADHO M OKa3blBaercsd
pasubiM n. [locae s1Oro HurerpupoBanne no dU craHoBUTCH TpH-
BUAJDbHLIM U jaer.

| DL = n B @) — 2, @)
0

(npu sToM yuTeHO, uTO0 X2(0)= x,(0)=0), 3aMeHHB Temepb 6yk-
By o Ha U, HaXOIHM OKOHYATENbHO:

[
1 S T(E)dE (12,1)

x2(U)—xl(U)=u1/2_m— m'
\]

Takum o6pasoM, no uasectHOH oyuruuu T(E) omnpenensiercs
pasgocts x3(U)— x/(U). Camu xe oymguuu x(U) u x(U)
OCTAIOTCA HEONPeNeJNEeHHEIMU, DTO 3HAUUT, YTO CYHIECTBYeT He OfHa,
a GecuncaeHHoe MHOXKecTBO KpHBBIX U == U(x), npuBOASIINX K 3a-
JaHHOH 3aBHCHMOCTH MNEPHOJA OT IHEPrHMH H OTJAHYAIOUIHXCS APYT
OT JApyra TakKuMH AeDOpMALMAMH, KOTOpHe He MEHSIOT DAa3HOCTH
ABYX 3HauUeHMH X, COOTBETCTBYIOIIHX ONHOMY H TOMY e 3Haue-
auio U.

MHorosnausocTs pemieHMa ucyesaeT, ecad HoTpeGoBaTh, YTOOH
kpuBas U == U(x). 6bl1a CHMMeTPHYIHA OTHOCHTEJABHO OCH ODAHMAT,
T. €. YTOGH OHJIO:

%3 (U) = — x, () = x(0).

B raxkom cayuae @op‘my.na' {12,1) npaer nm x(U) oxmosnauxoe
BLIpaXKeHHe

U
T (E)dE
x(U)= 2m/2m S =%

(12,2)
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§ 13. lpuBenennas macca

ITosnoe peurenne B o6uieM BHJE HONYCKAaeT YPe3BBIYAHHO BaxK-
Hadg 3ajaya O ABHKEHHH CHCTeMBbl, COCTOSIIIEA BCEro M3 JBYX B3aH-
MOJecTBYOIAX yacTHL, (3adaxa 0syx rex).

B kadecTBe npeJBapHTEJBHOrO LIara K peHIeHHIO 3TOH 3ajxaun
MOKajKeM, KakKuM 00pasoM OHa MOXKeT OBITb CYLIECTBEHHO YIpo-
LieHa yTeM PAa3J/OXKEHHs [BHKEHHSI CHCTEMBl Ha JBHXKEHHe LEeHTpa
HHEPUHH K JABHXKEHHS TOYeK OTHOCHTENBHO IMOCJEe/IHEro,

ITorennuanbHas SHeprus B3aUMOJEHCTBHA JABYX YaCTHI, 3aBHCHT
JIHIIb OT PACCTOSHHA MEXAY HHUMH, T. €. OT aGCOJMIOTHON BeJHYHHBI
pPasHOCTH HX pajuyc-BekTOpoB. [losTOMY snarpaHkeBa QyHKOHS Ta-

KOH CHCT.eMbI
t2 o2

mry  myrg
L="10 0 0 (e — ), (13,1)
Baenem BEKTOD B3aHMHOIo pacCTofAHUA o6eux Touex
r=r;—r,

U NOMECTHM HayaJo KOODJUHAT B UEHTPE UHEPUHH, YTO HAET:
myr; + myry=0.
M3 nByx HOC/IeIHHX PaBeHCTB HaXOIHM:

rl=ﬁr, r2=———#n;r. (13,2)
Toacrapass atv BeipaxKeHus B (13,1), noayuum:
L="y ), (13,3)
rjie BBeleHo oGo3HayeHHe
m=—Tr, (13,4)

BeJIMYHHA m HasbiBaercis npugedennod maccod. Pyukuua (13,3)
¢opmaabHO coBmajaer ¢ Qpynkuued Jlarpanxka oaHO# MaTepuasb-
HOH TOYKM € Maccolt m, ABHXKyueHcs Bo BHemHeM node U(r), cum-
MEeTPHYHOM OTHOCHTE/bHO HEMOJABHMKHOrO Hayaja KOOP/JHHAT.

Takum o6pasoM, 3ajaya O [BHIKEHHMH JABYX B3aHMOAEACTBYIO-
HIMX MaTepHaJbHBIX TOYEK CBOJIHTCA K pelIeHWIO 3aJayu O ABHIKe-
HHE OJHOi TOUKM B 3ajaHHOM BHeliHeM noje U{r). ITo pewenuio
r=r(f) 3TOH 3ajauu TPAeKTOPHMHU r| ==T((f) H ry ==ro(f) Kaxuo#
U3 4aCTHL m; H mg B OTAEJBHOCTH (IO OTHOINEHHIO K HX o6uieMy
LeHTPY HHEPLHH) IoJyyaloTca no dpopmyaam (13,2).

3anaua

CHcTeMa COCTOHT H3 OJHO¥M uyacTHIUE ¢ Maccoii M m n vacruy ¢ OLHHAKOBBIMHA
maccaMu m. VICKMOYHTL JBHIKEHHE LeHTPpa HHEDUHH H CBECTH 3ajayy K 3ajaye
O JBUXKCHHH n 4YacCTHL,
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Pemenue. Tlycto R — paauyc-Bektop uactuuul M, a R, {a=1, 2, ..,
«.., N)— PaJHyc-BEKTOPH YACTHI C Maccamz m. BBelem paccrosnus oT uacTH«
ou M no wactan m

Tg= Ra —R
H NOMECTHM Hawvajo KOOPAMHAT B LEHTPE MHEPIHH:
MR+ m Y, Rg=0.
a

W3 stux paBeucTB Haxommm:

___Zl'a: Rg=R -} rq,
a

rae p = M + nm. TloacraBus 2TH Bmpa)xelmﬂ B dynrnuio Jlarpanxa

=——+—Z R: —

—m N2 m Z 2_
L= 2 Zv“ P ( vﬂ)
. a a
rue vasfa.

IloTennnanpnan SHEPTrH# 3aBHCHT JIHIIL OT PACCTOSTHHM MeXAy YacTulaMH o
noToMy MOXeT OLITh npeAcTaBJieHa Kak (byHKLlHﬂ OT BEKTOPOB Tg.

TONYURM:

§ 14. JipuiKeHHe B LEHTPAJIBHOM NOJe

Ceeisi sajayy o [IBMXKEHHH [IBYX TeJd K 3ajaue O JBUKEHHU
OJHOTO TeJa, MHBl NPHULIH K BONpPOCY 06 ONpeje/eHHH IBHKeHHST
YacTHIL BO BHEIIHEM INI0JIE, B KOTOPOM ee NOTCHUHAJIbHAs SHeprust
3aBHCHT TOJIBKO OT DACCTOSHHSA r N0 ONpeLeJeHHOH HeloABHIKHOM
TOYKH; TaKOe T0Jie HA3HBAIOT YeHTpasbvHoim. Cuia

P UG _ _ U x

HeACTBYIONIAsl HA& YaCTHLY, N0 aGCOMIOTHOM BeJIHUMHE 3aBHCHT MpH
'STOM TOXE TOJbKO OT 7 W HalpaBjieHa B KaXJ0H TOYKe BAOJb pPa«
Auyc-BeKTopa.

Kak 6bl10 yXe nokasaHo B § 9, npu ABHXKEHHH B IEHTPAJbHOM
nojie COXPAHAETCS MOMEHT CHCTeMBl OTHOCHTEJBbHO HEHTPa IOJd.
Jng onHOR 4acTHILBI MOMEHT

M =[rp].

[Tockonbky BeKTOPH M M I B3aHMHO IepPHEHIMKYJASPHH, IO-
cTosHcTBO M 03HauaeT, YTO NpPH IBHKEHHH YaCTHUH ee pajuyc-
BEKTOpP BCe BPEMs OCTaeTcs B OAHOM IIOCKOCTH — IJIOCKOCTH, Iiep-
NeHJUKyAApHOR K M.

Takum 00pasoM, TpaekTOPHS ABHMKEHHS YaCTHULI B LEHTPalbs
HOM moJie JIeKHT UEeJMKOM B OJHOH IJIOCKOCTH, BBeias B Hell
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NO/IsipHBIE KOOPAHHATHL r, ¢, HaNKIIEM QYHKLMIO JlarpaHnika B BHAC
(cp- (4,5))
L=—§-(r'2+r2¢2)-—-U(r). (14,1

Drta QyHKUHS HE CONEPKHT B SABHOM BHJAE KOOpPAHHATY ¢. Bes-
Kyl0 O0OGLICHHYIO KOODIHHATY ¢;, He BXOAAIIYI) SIBHRIM 00pasoMm
B JarpaHxkeBy ¢VHKLIHIO, HA3LIBAIOT yuxauyeckod. B cuny ypas-
HeHHust JlarpaH:Ka uUMeeM AJS1 TAKOH KOOPAHHATHI:

T. €. COOTBETCTBYIOUIHH efi 00O6IUEHHHIA MMNyJasc p; == 0L/dg; sin-
JISIETCSl WHTETPajioM [BHXKEHHA. DTO OOCTOSTENBCTBO NPHUBOIHT K
cyn{ecTBeHHOMY YNPONIGHHIO 3aJa4d WHTEPHPOBAHHA YDaBHEHHH
JIBHKeHHsI IPH HaJHUYHH NHKAHYECKHX KOOpDAMHAT.

B pauuoMm cayuae o606IEHHEIH UMITYJIBC

Py =mr*p

copnazaer ¢ momentomM M,=M (cm. (9,6)), TaK ¥ro MH BO3Bpa-
niaeMcsi K M3BECTHOMY yXKe HaM 3aKOHY COXPaHEeHHS MOMEHTa

M == mr’p = consi. (14,2)

3aMmeTuM, WTe AAR IJIOCKOTQ ABUKeBHA OJHON HacTHHH B .LEHT-
PaKBHOM [10JIe 3TOT 3aKOH AORYCKaeT BPOCTY [eOMEeTPHYECKYIO HH-

Tepnperanno. Bupasenne r-rde

npejcraBisieT cofofi H/AOHIaAb CEKTOpa,

06pa30BaHHOIO ABYMSI GECKOHEUHO 6JIH3-

KUMH PaZHyC-BEKTQPAMH H 3JEMEHTOM

ayrn tpaekropum (puc. 8). OGosmauus

\ ee KakK df, HalHIIeM MOMEHT 49acTHUH B
BHIE

r rdp
0 ag

Puc. 8 M =2mf, (14,3)

Iie HPOU3BOLRYIO [ HASHBAIOT CeKTOPUAAbHOU cKopocTsio. [TosTomy
COXpaHeHHe MOMEHTa O03HAYaeT NOCTOSHCTBO CEKTOPHAJBLHOR CKO-
POCTH — 3a paBHBle NIPOMEXYTKH BPEMEHH pPaIMyC-BEKTOD ABHKY-
Hieficsl TOYKH OMHCHLIBAET PaBHME IVIOMAAU (TAaK HA3LIBaeMER 6TO-
pot saxon Kenaepal)).

IMosnoe pemiedde 3axaun O ABMIKEHHH YaCTHIH B HEHTPaJbHOM
node NpPQHIE BCEro NMOJYYHTh, HCXOAA H3 3aKOHOB COXDAaHEHHS 3HEp-
THH i MOMeHTa, He DPHIIHCHBAN NPH 5TOM CAMHX ypaBHeHu# ABU-

') 3akoH CQXpaHeHHS MOMeHTA AJf YaCTHIB, ABHXKYIIeHcH B LEHTPAJBHOM
FOAC, HHOTAA HASHIBAOT uHTezpasom naouaded,
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wennsi, Beipaxkan ¢ wepes M u3 (14,2) u noxgcrasnss B Bbipaxe-
HHe AJIfl SHEPIUH, TOMYIHM:

. R P2 M?
=ZE+rPPA+U ) =T+ 5=+ U 0. (144)
Orcona

P A E—U (- (13,5)

Wiy, pasnensis nepeMeHHble H MHTerpupys:

=S dr

2 M?
A2 1E = U0~ ar
Hanee, nanucas (14,2) B Bune

do =—,—£47 dt,

-+ const. (14.6)

noxcrarus cioaa df us.(14,6) u unTErpHpYS, HAXOAMM:

r
p= S = ~+ const, (14,7)
2m [E

®opmyast (14,6) n (14,7) pewator B obiueM BHAE IIOCTaBJCI-
HY10 3ajady. Bropas u3 HHUX OmpelensieT CBA3b MEXAY r H @, T. €.
ypaBHeHHe Tpaekropuu. PopMmyna ke (14,6) onpenensier B Hesin-
HOM BHJE paccTosiHHe r ABHXylleficd TOYKH OT uesrpa Kax QyHx-
puo BpeMeHd, OTMeTHM, YTO YIOJ @ BCErAa MeHSEeTCH CO BpeMeHeM
MOHOTOHHBRIM o0paszoM — u3 (14,2) BHAHO, 4TO ¢ HHKOI'JA He Me-
HsieT 3HAKa.

Bripaxenne (14,4) noxasmBsaéT, YTO PajNaibHYI0 YacThb ABN-
JKEHHS MOXKHO PaccMarpHBaTh KaK OJNHOMepHOe IBHIKeH#le B NoJie
¢ «3p¢eKTUBHOH» NOTCHUHANLHOA 3HeprHeH

Uspp=U (r) + M*2mr2, (14,8)

Benuuuny M?2/2mr? HaswBaOT HeHTPOGexHON sHeprhefl. 3Haue-
HHA T, TP KOTOPHX :
U(r)+ M*2mr?=E, (14,9)

ONpEeJesIIOT TPAHUIBl 0GAACTH ABHKEHUS RO PACCTOSHHIO OT HEHT«
pa. Ilpu Bunosinenun paBescrsa (14,9) paauanpHas crRopdets 7
obpaiaercss B8 HyJab. DTO He 03HAYALT OCTAHOBKH wacTHut - (Kuk
HPpY HCTHHMOM OXHOMEDHOM ABMKEHHY), TAK KaK yracBas Ckd-
pocTh ¢ He ofpamaercs B HyJb. PaBeHCTBO F ==0 O3HHYAET «TOUKY
[OBOPOTa» TPAEKTOPHH, B KOTOPOR GyHKNmA r(f) nepexofut OT yuds
JIMYEeHUS] K YMEHbIICHHIO HaAY H2000DOT,
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. Ecau o06saéTh [0HYyCTHMOrO H3MeHEHHS r OrpaHHdeHa JIHIIb
OIHUM YCJOBHUEM 7 = fmin, TO ABHMKEHHE YACTHIH HHQHUHUTHO — €
TPAGKTOPHSI NPUXOJUT U3 OECKOHEUHOCTH H YXOJAHT Ha OecKoHed--
HOCTb,

Ecair obsacTh H3MeHEHHs 7 HMeeT ABe IPAHHULL Fmin H Fmax, TO
IBHXeHHe sBasieTcd (GHHHUTHHIM K TDAGKTOPHS MEJHKOM JIEKHT
BHYTPHU KOJIbIla, OTPAHHUYEHHOrO OKPYKHOCTAMH f == rmax U 7 = Fmin
J10, 0JHAKO, He 03HAYAeT, YTO TPAEKTOPHS HEINPEMEHHO SABJsAeTCS
3aMKHYTOl KPHBO#l. 3a BpeMsl, B TeUeHHE KOTOPOIO r H3MeHsSeTcst
OT Fmax AO Fmin H 3aT€M JO fmax, PAJAUYC-BEKTOD NOBEPHETCA Ha
yroa Ag, pasHblft corviacHo (14,7)

r
max % dr

MZ
L N0

Ycnosne 3aMKHYTOCTH TPaeKTODHUH 3aK/IOTAETCS B TOM, YTOGEHI
STOT yros OBLT paBeH PalHOHAJbHOA YacTH OT 27, T. €. HMEJ BHA
A@ = 2nmfn, rae m, n—
geqaoie yucsna. Toraa uepes
n [OBTODEHHH ' 5TOro [e-
pHOAa BpeMeHH paJHyC-
BEKTOD TOYKH, CHeJdaB m
NOJIHEIX O0GOpPOTOB, COBIA-
JeT CO CBOHM [epBOHA-
YaJbHbIM 3HayeHHeM, T. €.
TPacKTOPHS 3aMKHETCH.

OnHako TakHe caydau
HCKIIOUHTEJLHB, H  MpH
npousBoJbHoM BHAe U(r)
yron A¢ He aBidercs pa-
HHOHAJbHOH 4YacThbio OT 2.
IToaTomy B ofmeM cuaydae
TPAeKTOPHUSA ¢dbunATHOrO
IBHXKEHHS He 3aMKHyTa.
Ona GecuuCJEHHOE YHCIO
pa3 NPOXOAHT Yepe3 MHUHH-

Puc. 9 MaJbHOE M MaKCHMaJbHOE

. paccTrosgHHe (Kax, HallpH-

. Mep, Ha pHuC. 9) u 3a OeCKOHeyHOE BPeMs 3aMOJHIET BCE KOJBLO
MexAy ABYMsS PPDaHHUHBIMHE OKPYyKHOCTAMH. i

CyliecTBYIOT JIHIIb JBA THNa HEHTPaJbHLIX MOJEH, B KOTOPLIX

BCe TPAeKTOPDHH (UHATHBIX JBHMMKEHHH 3aMKHYTH. JTO OJS, B KO-

, TOPHIX MOTenuHaJbHAsl 3HePrusi YacTHILI TNpPONOPHHOHAkbHA 1/r

unn r? [lepBHl M3 3THX cJAydYaeB DPacCMOTPEH B CJeAyONleM Ia-

parpade, 2 BTOPOH COOTBETCTBYET TAK HA3HIBAEMOMY NPOCTPaH-

CTBEHHOMY OCLHMJIATOPY (cM, 3ajauy 3 § 23),

Ap=2

. (14,10)
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B TouKe moBopora kBaApatHhil KopeHb (14,5) (a BMecTe ¢ HuM
H TOAbIHTErpanbHble BhpaxeHus B (14,6) u (14,7)) meHser 3Hax.
Ecau orcunTHIBATH YroJ ¢ OT HampaBJIEHHA PajHyC-BEKTOpa, IPO-
BEJIGHHOrO B TOYKY [I0BOPOTA, TO NPUMBIKAIOUHe ¢ ABYX CTOPOH
K 9TOH TOYKE OTPe3KH .TPaeKTOpHU OYAYT OTJIHYATHCA JIMIIb 3HA-
KOM @ IpHM Ka)KAblX OJHHAKOBLIX 3HAUEeHHAX r; 3TO 3HAYHUT, YTO
TPAEKTOPUSA CHMMETPHYHA OTHOCHTEJNBHO YKa3aHHOTO HAaIllpaBJ/eHus.
Hauap, ckaxeM, or KakKOH-IHGO M3 TOYEK f == Pmax, MBI OpOHJAeM
OTPE30K TPAECKTOPUH JO TOYKH C f == fmin, 3aT€M OyIeM HMETh CHM-
MEeTPHYHO DACIIOJIOXKEHHBIH TaKOH Ke OTPe30K A0 CJeAyiolledl Tou-
KH C F'==Ffmax H T. 1., T. €. BCA TPACKTOPHA IOJyuaeTcs HOBTOpE-
HHeM B NPSAMOM H OOPATHOM HaIlpaBJeHUSX OJHHAKOBHIX OTPE3KOB.
ITO OTHOCUTCS ¥ K HHOUHHUTHBIM TPaEKTOPHAM, COCTOSIUHMM H3 ABYX
CHMMETPHUYHBIX BeTBeH, NPOCTHPAOMHUXCA OT TOYKH NOBOPOTA fmin
0 6ECKOHEYHOCTH.

Hannune nentrpoGexkHoi sHepruu (npu aBuxkeHun ¢ M =%0),
ob6pamarmeiics npu r—-0 B GeckoHeuHocTb, Kak 1/r2, mpusoxur
OOLINHO K HEBO3MOXKHOCTH NPOHHKHOBEHHS ABUXYIIHXCA YaCTHL, K
LEHTPY MOJs, Jaxe eC/U mocjelHee caMo no cebe HMeeT xapakrep
NPHTSXeHHA. «[lageHHe» YACTHIB B HEHTP BO3MOXKHO JIHIIb, €CJH
HNOTeHIHabHasl SHEPris JOCTATOYHO GLICTPO CTPEMHTCH K — oo NPH
r—0. M3 HepaBeHcTBa

m#? M?
HJIH 2
r?U{r)+ "2@"7 < Er?

ciaenyer, YTO r MOXKeT NMPHHHUMATb CKOJb YrOgHO MaJjable 3HAYEeHUA

JIKIODb IPH YCJIOBUH .
M
rPU () |50 < — 5 (14,11)

T..e. U(r) lIOJI}KHOVCTpeMHTbCﬁ K —oo Ju60o KaK —a/r: ¢ o>
> M?/2m, nu6o nponopuuoHaabHO — 1/ ¢ n > 2,

3anauwu

1. IponnTerpuposaTh ypaBHeHHs [ABHXKeHHs chepHYECKOro MafATHHKA — Ma-
TepHaJbHOA TOUKH M, ABHXYINEHACA 1O NOBEPXHOCTH chepw paguyca ! B mose
TAXKECTH.

Pemenne B chepuyecknx XKoopzHHATAX C HAayafAoM B UeHTpe cdephl B mo-
JIAPHOR OCHIO, HANPaBAEHHOH BepTHKANLHO BHH3, (yHkuua Jlarpauma MasmTaiKa

mi® e an .
L=T(0 -+ sin? 0+ $2) -+ mgl cos 6.

Koopannata @ -— LHKAMUECKas, NO3TOMY COXpaHsercs O0GOOLIEHHBEA HMUy/ane Py
COBIIafaoiuil ¢ 2-KOMIOHEHTON MOMeHTA:

mi? sin? B+« § = M, = const. 1)
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Sueprus
: 2
L ml’ Ao .9 <9 - m1292 Mz )
E—T (6% + sin?6-¢*) — mgl cos 8 5 S et — mel cos .
, 2
Onpeaecinsn oTciofa O B pasaenns mepeMendble, NOAYYHM!
40

s 3)

t—_-S _
) A B~ Ve O]

rie BaejeHa <«y@exTHBHAsA NOTEHUHAABHAA HEPTHI?
2

M!
Usq,q, (e) ﬂm‘ bl mgl cos 0.

Ilas yraa @, ucnoassys (1}, nafinem
- M _d9
A i 4/2m S $in?0 A/E —~ Uspp (0) “

Hurerpann (3) u (4) npusOAATCH K S/VHNTHUCCKRM HHATETPANaM COOTBETCTBEHRO
NnEePBOro H TPEThEro pojia.

O6azcrs apExenas no yray 8 ompeneserca yenosnem E > Uspe, 2 ee rpa-
HEIH — ypapAecknen E == U,py. Ilocaennee npeacrasaser cobofi  KybHueckoe
ypaBEeHue Aas cos 0, HMelomiee B npoMexyTtke o —1 a0 -1 aBa xopas, ompe-
IensomHxX NOJOXKeHHe ABYX DapallieibHBIX OKDYXHoOCTell Ha tdepe, mexay xo-
TOPHIMH 3aKJIOUEeHa BCs TPAEKTOPHA.

2. TIponHTerpHpPOBaTH YPABHERAN ABHKEHHS MATePHANbHOH TOUKH, ABHXKYMief-
cA Mo IOBEPXHOCTH KoHyca (¢ yrJoM 20t IpH BepiiHHe), PacloJIOXeHHOre BEepTH-
KaJbhO, BepUIHHOH BHH3, B 0OJIE THAKECTH.

" Pemenue B chepHuecKMX KOODAMHATaX ¢ HAyajJloM B BepHIMHe KOHyCa H
NoAAPHOA OCBIO, HANPABJEHNOH BEpTHKAJLHO BBepX, dyskuns Jlarpamka

Ls—rg- (#* + r? sin? &+ ¢%) — mgr cos @

KoopaHHaTa @ — DMEAKYECKAs, TAK UTO CHOBA COXPaHIETCS
My=mr?sin®u«§.

Bueprug
mp? z
E= 5 4 S sinZ G -+ mgreosa,
Tem Ke CHOCO0OM, 4TO ¥ B 3afade 1, HaxoAuM:
fe= S - dr ,
Af 2B = Vs (0]

o= Mz S dr
sin?a4/2m ) P AE — Usge (1)
2
) r
Usgpp (7) o= ST snTa + mgr cosa.

Veaosne E = Us¢o(r) upeactanager coboft (mpu M. 5% 0) xySudeckoe ypas-
Hefde AJIs 7, EMEIONIEe IBA MOJOKHTONBHHX KOPHA; HMH ONPELENSETCA NOJOXKe-
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gHe ABYX TOPH3OHTANbHEIX OKPYIKHOCTeH HA MOBEPXHOCTH KOHYCa, MEXAY KOTO-
PHMA 3aK/JI0YeHA TPAeKTOPHA.

3. I[IponHTErpHPOBATL YpaBHEHHA JBHIKCHHA NJIOCKOTO MasfTHHKA, TOMKA MOJ-
Beca kortoporo (¢ Maccoit m; B Hefi) cnoco0Ha COBepHiaTh ABHKEHHE B TOPHU3OH-
TaABHOM HanpaBaenun (CM. puc. 2).

Pemenue. B naiinenHofl B 3agave 2 § 5 ¢ysxknouu JlarpaHika KoopauHa-
Ta x — LEKJAHYecKas. IlosToMmy coxpansercs o6o0wmenHnif mmnyasc Py, coBma-
AAOWUl ¢ TOPU3OHTAJBHOH KOMNOHEHTOR NOJIHOTO HMIYJbCa CHCTEMBI:

Py = (m, 4 my) £ 4 m3l@ cos ¢ == const. (1
Beerna MOXHO CUHTAaThb CHCTEMY, KaK hejioe, noxosiuefics; toraa const =0, a
AHTerpupoBanye ypasHeHus (1) jAaeT cOOTHOLIeHHE
(m; 4+ ma) x 4 myl sin ¢ = const, 2) -

BLHipaxaioiee coG0# HeNMOABHKHOCTb LIEHTPA HHEPHHH CHCTeMH B TOPH3OHTAJLHOM
nanpasiaenud. Mcmoansys (1), mony4sM 3HepTHIO B BHAE

12'2
E= m22q> (l — mln-:mz cos? (p) — mygl cos . (3)

t—-l/\/ s S m; + mg sin? @ d
= 2 (i + mz) E+ msglcosg ©

BHpa3suB KOODPAMHATH X3 == ¥+ [sin@, y»=1Ilcos¢@ wactuux ms ¢ mo-
mompio (2) uepes @, HafileM, YTO TPAGKTOPHS STOA HaCTHUE NpeACcTaBaseT ¢oGoi
OTPE30K 3JHNCA C TOPH3OHTaABbHON moayocbio Imy/(my-}- mz2) u BepTHKadbHO# I
Ilpu my—> o0 MH Bo3IBpaINaeMcd K OOBYHOMY MaTeMaTHYECKOMY MAaATHHKY, Ka-
YaoueMycsi o Ayre OKPYMKHOCTH.

Qrciona

§ 15. Kenaeposa 3agaua

BaxnedmuM cjydaeM HEHTPaJbHBIX MOJeH SIBAAIOTCH NOAM, B
KOTOPHIX NOTEeHIIH&JbHas 3HepPrus oGpaTHO NPONOPUHOHAJIBHA r U
COOTBETCTBEHHO CHJBI 0GpaTHO mpomopuuoHaabHu r2, Ciofa OTHO-
CATCH HRIOTOHOBCKHME INOJS TANOTEHUSI W KYJOHOBCKHUE 3JIEKTDOCTA-
THYeCKHe NOJSA; NepBble, KaK H3BECTHO, HMEWOT XapakTep NPHUTHXKe-
HAS, a BTOpPhle MOIYT OLITb KakK NOASIMH INPHTAXKEHHs, TakK H OT-
TaJKHBAHHS.

PaccmoTpuM cHayana noJie NPHTSXKEHHsS, B KOTOPOM

a

=2 (15,1)

r

¢ NONOXKHTeNpHOH nocTosiHHOR . [padux «d3ddexrusnof» moren-
IHaJLHOH 3HEPruu :

X M?
Uspp =~ 7+ 5w (15,2)

BMeeT BHJ, u3oOpaxeHHuf Ha puc. 10. Ilpu r—0 ona o6pamaer-
C B |00, a IPH r—-o00 CTPEMHTCH K HYJIO CO CTOPOHH OTpHIa-
TeNbHLIX 3HAYEHHUH; NPH r ==M?/am oHA MMeeT MHHUMYM, PaBHBIX

(Usw)mm =2 e (lzm[QMz. (1 5,3}
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W3 sroro rpaduka cpasy oueBuzHo, 4to npu E > 0 ABHKeHHe ya-
CTHUBI 6yAeT HHQUHHTHLIM, a npd £ < 0 — GUHHTHBIM.

dopMa TPaeKTOPHUHM MOJyUaeTcsd € NOMOUWBI0 obuled (GopMyJanl
(14,7). Monacrasass B Hee U = —o/r 4 NpouU3BOJs 3J1eMEHTApHOE
HHTErpHPOBaHKe, IOJYYHM:

M_ ma
r M
= arccos const.
¢ A/ 2mE + m2a?/M? +
Bnbupass Hagajgo OoTcyera yraa ¢ Tak, 4ro6el const =0, u BBOAS
o603na4eHn
M2 2EM?
=" e_—'/\/l_[-W’ (15,4)

nepenuireM GopMyJy AJIsi TPAEKTOPHH B BU/Ie
p/r=1-}ecosg. (15,5)

310 ecTb ypPaBHeHHe KOHHYECKOTO cedeHHsi ¢ (OKycoM B Hadaje
KOOPAMHAT, p U e— TaK HasLiBaeMHe napamerp N IKCYEHTPUCUTET
opbutsl. Crenanubifi HaMu BHIGOP Hayaja OTCYeTa @ 3aKJOUaercd,

Kak BHaHo u3 (15,6), B TOM, uTro

Usep TOuKa ¢ ¢ ==0 sABasieTca Oanxail-
med K UeHTPY (TaK Ha3bIBaeMHIil
nepuzetd opOUTH).

Y
/0
26 =
ae /
r gy
0 \/ 2z
Puc. 10 Puc. 11

B 3KBUBAJIEHTHOH 3ajaye AByX TeJ, B3aHMOAEHCTBYIOUIHX 10
sakony (15,1), op6HTa Kaxka0H M3 YacTHI{ TOXKe NPEACTABJSET CO-
60/i KOHHUeCKOe CeueHHe ¢ (OKycoM B HX obuleM UHEHTpe HHEpUHH,

WUz (15,4) BHAaHO, uro npH E <C 0 skcuedrpucurer e << I, T. e,
opbuta sBAfAETCA dMIHNCOM (pHC. 11) H nBHXKeHHe QHHHTHO B CO-
OTBeTCTBHH CO CKa3aHHLIM B Havaje naparpada. CorjiacHO usBecT-
HHM GopMyJaM aHAJMTHYECKOH reoMeTpuu Oosibllasg H MaJjas no-
JIYOCH 3JIJIUTICA

P __ e ——pr ___M ,
a“l—e=—2|E|\’ b Al =¢? A2mEl (15,6)
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Hanmesbumiee nonmycTuMoe 3HaueHUe dHepruu cosmanaer ¢ (15,3),
npu atoM e==0, T, e. sJJHNc obpamaercsi B OKpyxkHOCTb. OTMe-
UM, 4TO OOJIbIIAs NOJYOCh 3JIJIHICA 3aBHCHT TOJBKO OT 3HEPTHH
(Ho me or MomeHra) yactHubl. HaumeHbumiee H HaunGoJbilee pac-
CTOAIHHA O LieHTPa noJsg (poKyca aajunca) paBHH

rmm=1—_-l_—e=a(1—e), rmax=T__e=a(l+e)' (15,7

dTu BblpaxeHus (¢ a u e us (156) u (15,4)) MoxHO OnlIO OHI,
KOHEYHO, nonqub H Henocpencraeﬁno KaK KOpHH ypaBHeHHﬂ
Uspo(r)=E

Bpewms o6pameHHﬂ 0 JJHNTHYECKOH opbuTte, T. €. nepnoa IBU-
enus T, yio6HO onpefesUTh C MOMOLILI) 3aKOHA COXpaHEeHHH MO-
MeHTa B QopMe «uHTerpaJja miomazgei» (14,3). I/IHTerpnpyﬂ 3TO
paBEHCTBO HO BpeMeHH OT Hyas 10 T, moaydum:

2mf=1TM,

rae f — naowane opbutel. JHaa saaunca f == nab, ¥ ¢ noMoumo
¢dopmya (15,6) Haxomum:

T = 2mna®? A/mja = nw /m/2 | EP. (15,8)

Tor ¢axr, yTo KBaJpaT IepHOAA JOJIKeH ObITh NPONOPLHOHAJIEH

KyGy nuHeHHBIX pasMepoB OpOHTH], 6bl1 yka3aH yxe B § 10, Ot-

MeTHM TaKXKe, YTO IepUOJ 3aBHCHT TOJBKO

OT HEPTUHM YACTHIIEL y
Ilpu E = 0 pBuxenue uHduauTHO. Ec-

an E > 0, 1o sKcuUeHTpUCHTeT ¢ > 1, T. e

TpaeKkTopHs siBJsercs runep6oJoi, orubaio- Y

me#l ueHtp noJaa (¢okyc), Kak MOKas3aHO

Ha puc. 12. Paccroanne nepuresus ot 2e-n) T

LeHTpa
rmln=:,T€__f=a(e— 1), (15,9 /
rie
p @ /l

4= e?—1 2E Puc. 12

— «MOJYOCh» runep6OoJbL. ~

B cayuae xe E =0 sKxcueHTpHcuter ¢ =1, T. €. yacTHUA /ABH~
KeTcs no mapabose, ¢ PacCTOSIHHEM IepPHredHsl fmin = p/2. 10T
c/lyyall OCYIIeCTBJsieTCH, €CJH YacTHIa HaYHHaeT CBOe JBHIKEHHE
H3 COCTOSHHA NOKOA Ha GECKOHEYHOCTH.

3aBHCUMOCTb KOOPAMHAT YACTHIBI OT BPEMEHH NDH JBUXKEHHH
no op6ure Mmoxer ObiTh HafiileHa ¢ INOMOLb0 O6we# GopMyan
(14,6). Ona moxer GHTb IPejCTaBleHA B YAOGHOM HapaMerphues
CKOM BHJe Cjaelyiium o0pasom.

PaccMoTpuM cHayaja 3JJIHNTHYecKHe opOHTH. BBong a u e co-
raacio (15,4), (15,6), nanumewm uurerpan (14,6), onpesensiomui

(]
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BpeMs, B BHIE

T 2mlE]
C noMOLIbI0 €CTECTBEHHOH TOACTAHOBKH
r—a=—aecos§

STOT MHTErpaj NPHBOIUTCS K BHLY

t='\/ms (1 —ecos%)d§="\/-m—£_:s-—(§-—esin &) + const.

a

BuBnpan nauano orTcueTa BPEMeHH Tax, 9ToBH o6paruth const
B HYJAb, NOJYUHM OKOHUATeJbHO CJAEAYIOHee NapaMeTpHuecKoe
npeacraBJjeHHue 3aBUCHUMOCTH 1 OT [:

r=a(l —ecosk), t= ,\/'"“3 E —esin §) (15,10)

[1]

(B MoMeHnT f = 0 yacTHna HaxoauTcs B mepurenun). Yepes tor xe
napaMerp § MOXHO BBIPA3UTH H AEKAPTOBBH KOOPAHHATH YaCTHLH
xX=rcos@, y=rsing (ocH x H y HanpaBJeHH COOTBETCTBEHHO
no Gosbuiofl H Majofi nojayocsM sisunca). Ms (156.5) u (15.10)
UMeeM:

ex==p——r=a(1-——e"’)—a(l—ecoS§)=ae(cos§—e),
a y HaiizeM, KaKk 4/r®— x?. OKoHuaTeJBHO:
x=a(cost—e), y==a/1—esink. (15,11)

ITonnomy 060OPOTY TO 3JJHICY COOTBETCTBYyeT M3MEHEHHE MapaMeT-
pa g oT HyJas 10 2m. :

COBepmeHHO AHAJOrH4YHble BBLIYHCJACHHS A5 runep6onnqecxnx
TPaeKTOPHH NMPHBOAAT K PE3yJbTaTy

= — = ma’ hEg —
r=a(echf{—1), ¢ p (esh& —E), (15,12)
x=af(e—chg), y=a+/e®—1 shg,

rie mapamerp E npoGeraer sHaueHHs 0T —oo A0 00,
O6paTuMcH K ABUKEHHIO B IONE OTTAJIKMBAHHS, B KOTOPOM

U=q/fr (15,13)

(> 0). B stoM cayvae sddexTHBHAS NOTeHUMA/bHAH SHEPIHA

a M2
Usgo =7+ g7 |

MOHOTOHHO YO6HBaer OoT -}-o00 A0 HyAs NPH HSMEHEHHH 7 OT HyJsA
o 0o, Bueprus wacTHUH MoKeT ObiThb TOJNbKO NOJOXHTE/IbHOH H
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ABHXKeHUe BcerZa MHGUHUTHO. Bce BHIYHCIEGHUS AJF 3TOrO CAydas
§ TOYHOCTM aHAJOTHYHL NPOU3BeXeHHHM BHme. Tpaekropus sB-
AsetTca runepBonoi

LZ=—1+ecoso (15,14)

{p n e onpeneasiorcs npexunmu ¢opmynamu (15,4)). Ona npo-
XOMHT MHMO LEHTpa noJs, KaK NoKa-
3ano Ha puc. 13. Paccroanue mepu- ¥
renus

rom=—"T=afe+1). (15,18)

e—1

3aBuCHMOCTL OT BpeMeHH Aaercd ma- _O
paMeTpHYECKHMH yDaBHEHHAMH a(1+e) z

r=a(echg -} 1),

ma?®
t= A/ shs 4R (15,16)
=a(cht +e),
y==a4/6°—1 sht.
B sakmoyenue naparpaga ykaxeM, UTO NpPH ABHXEHHH B moje
U =ea/r (c B106HM SHAKOM ) MMeeTcsl HHTErpaj ABHXKeHHH, Clie-

uUH(HYECKH MMEHHO AAs 3TOro moJs. JIerko IpOBEepPUTb HENocpen-
CTBEHHLIM BHIYHCJEHHEM, YTO BeJAHYHHA

[vM} 4 ar/r = const. (15,17)
JeficTBHTENBHO, €e NOJHAs NPOH3BOAHAS 1O BPEMEHH paBHa

[vM] + 5 — 20

B

Puc. 13

uay, noactaBuB M= mfrv]:

ar {vr)
——

mr (vv) — mv (rv) + f}_ -

HOJIOXKKB 3[€Ch CONVIACHO YDABHEHWSIM ABHIKEHHS m{(=ozr/r3, MBI
HalileM, 4TO 3TO BhIpaKeHHe 00pAllAeTCst B HYJIb.

Coxpansomuiica sektop (15,17) nanpasaed Broap 6oanwof
ocH OT (OKyCa K HEpHUTre/uio, & 10 BeJHYHHE paBeH oe. B stoMm
Hpolle BCETO MOXKHO yGELHTLCSH, PAaCCMOTPEB ero 3HaucHue B NepH-
TeJHH,

IMonueprnem, uwro uHTerpan asuxenus (15,17), Kak # uHHTe«
rpaiast M u E, sB/asierca ONHO3HAYHOHA (GyHKNUel cOCTOSHUA (moJo-
KeHHsI H CKOPOCTH) yacTHuB. Mu yeuaum B § 50, uTo mosiBaenne
TAKOro JAPNOJHHUTENBHOr0 OJHO3HAUHOrO HHTErpajsa CBA3aHO € Tagk
Ha3piBaeMBIM BLIPOXKIeHHEeM JBHIKEHUM.
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3anaum

1. HailTh 3aBHCHMOCTb KOODAMHAT YaCTHUM OF BDEMEHH 0DH [BHIKEHHH B
none U = —afr ¢ sHeprueli E = 0 (no napatosne).
Pemenue B unrerpane
rdr

=\ —————
S /\/2& M?
e
m m
MZ
2ma

nenaeM TOACTAHOBKY

=

1+ =21+

¥ 8 pe3yabTaTe NOoJAyHaeM CieAyiollee NapaMeTpHueckoe NMpCACTABJICHHE HCKOMOR

3aBUCHMOCTH!
_P 2 _ mp® 1 ( n’)
r=—o-(4+w), ’VT - \I+35)

x=E-(l—m),  y=pn

TapaMerp 7 npoferaer 3HayeHHs OT —oo A0 --oo.

2, TTpoHHTerpHpOBaTh ypaBHeHUsl ABHXKEHHS MATEPHAJLHOA TOYKH B NEHTPaNbe
oM nose U = —a/r?, a > 0.

Pewenune INo popmynam (14,6), (14,7) ¢ coorBercTByIOUHM BHEOPOM HAa-

yana orcyera ¢ W ¢ NaxoanM;
2mE 1 2ma
M= 9ma ‘| ® T
2mE 2ma
2ma — M2 sh [q) /\/ M2 _1?

2m | E| Ima ]
’\/2ma—M2 °h["”\/ !

. M2
a) npH E>0, -2—m—>a

N

Il

M2
6) npn E >0, —Q—m-<a

-

I

Mm? -1
B) nan<0,m—<a -

Bo BCcex TpeX cayuaax

1 m 2 M2
"‘E’\/;’\/E' 5 T %

B caywasx 6) H B) uaCTHUA <«DNajaeT» Ha LEATP MO TPAGKTOPHH, NMPUEMMKaI0-
meiics K Hayajay KOOPIAHHAT IpH @ —>oo. [laftenne ¢ 3aAaHHOrO paccToaHms r
NPOMEXOJHT 32 KOHEUHOE BPEMsi, paBHOE

VW R

3. Ilpu noGapaenun & norenunanbHofi sHeprum U = —afr manoii noGasku
8U(r) Ttpaekropud (UHHTHOrO ABHKEHHS NepecTaloT OHITh SaMKHYTHMH H DPH
KaXaoM o60poTe nepure/inii opGHTH CMeELlaercss Ha Majyio YIJIOBYIO Bemuuuny O¢.
Onpenenuts 6¢ Aas cayvaes a) 8U = Bfr? 6) SU = y/r3.

Pemenne Ilpn H3MEHeBHH I OT Fmin AO Fmax M CHOBA AO Fmin yroa 8¢
MeRseTcA Ha BEJHYHRY, AaBaeMylo ¢opmyaolt (14,10}, KOTOpYO nNpeACTaBEM
B BHAE

M2
2m

"max

3 M
Ap=—2r S /\/2m (E—U)—dr

"min
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(c uenvio E3BexRaTe HAXKe OHKTHBHO paCXOARIIAXCA wuHTerpanion). [lonoxum
U = —afr+ U u pa3noxHM noaunHTerpajbHOe 3HayenHe no crenensm 8U; wuy-
neBON Waes Pa3NOMEHHS HaeT 27, a uUJeH NEPBOrO HOPSIAKA — HCKOMOE CMellies
ane Oq:

s 2mdU - d o (om
m «ar m
bo=r | e oM TS”WW o 0
Tmin r r2 0

Tae OT HHTErpHPOBaHHA RO dr MH MNepellim K HETErDYPOBABXIO N0 dg BAOAL
TPaeKTOPHH «HEBO3MYIEHHOrO» JBHKEHHSI.
B cayuae a) muterpuposasne 8 (1) TPHBHANBLLO ¥ RaeT:

2nfm - 2np
M? ap

{p — napamerp wemoamymennoro sanunca B3 (154)). B caysae 6) 26U =vir,
4, 83saB 1/r u3a (15,5), noayunm:
6naym? —__ Sbay

MH ap? *

dp=—



FTTABA IV

CTOJIKHOBEHHS YACTHI

§ 16. Pacnap uacrui

Yxke camu no cebe 3aKOHH COXPAaHEHHSI HMIOYJbCA M 3HEPrUH
NO3BOJISIIOT CHEIATh BO MHOTHX CJYYadX piAf BaKHBIX 3aKIIOUeHHH
0 CBOHACTBAX pasJIMYHHIX MeXaHHYeCKHX npoteccos. IIpn sToM oco-
6cHHO CyDIeCTBEHHO TO OOCTOATEILCTBO, UTO 3TH CBOHCTBA COBEp-
DIEHHO He 3aBHCAT OT KOHKDETHOrQ poia B3aHMOAEHCTBHA MEXIY
Yy4acTBYIOIIHMH B NPOilecCe YaCTHIIAMHE.

HauneM ¢ npouecca, npeAcTaBASIOMEro coGoil «CaMOIPOH3BO/b«
Buii» (T. e, Ge3 BO3AelCTBHA BHEIIHHX CHJI) pacnaj YacTHIW Ha
JiBe «COCTABHBIE YACTH», T. €. HA JBe APYTHe YacCTHIHL, ABUXYIHECH
moc/ie pacnaja He3aBHCHMO APYT OT Jpyra.

HanGosee mpocro sToT npouecc BHIVISAHT HPH PacCMOTPEHHH
ero B CHCTeMe OTcueTa, B KOTOPOoH wactuna (R0 pacnaga) mokou-
aAach, B cumy 3akoHa COXpaHEHHss MMIOYJabCa CyMMa MMIYJbCOB
o6enx o6pazoBaBIUINXCA B pe3yJibTaTe pacnaja acTHI TOXE paBHa
HYJII0, T. €. YaCTHOH pAa3JIeTalOTCS C PAaBHHIMH H TIPOTHBONOJOXKHO
HanpaBJieHHHIMH HMOyJabcaMH. HMx obGmee aGcomnioTHOe 3HAdeHHe
(0o6o3HauHM ero po) onpeﬂemercx 3aKOHOM COXPaHeHHS SHEPrHu

‘2

EBH _EIBH + + E2xm + sz ’

rie m; U My— MACCHl HacTHL, Elsﬂ u Egeq — MX BHYTPEHHHE 3Hep-
rud, a FEgsy— BHyTpeHHss 3Heprus mNepBoHAaYaabHOH (pacmaja-
miefica) uvacTHobl, OG03HaYHM NOCPEACTBOM & SHEPTHI0 pacmajar,

e. Pa3HOCTb
3=EBE_'ElsH_E2Bx (16,1)

(oueBuiHO, UTO 3Ta BeJHYHHA AOJKHA ObITH NOJOXKHUTEJbHOH AJA
Toro, uToOM pacnajg Op1 BooOuie Bo3MoOxKeH). Torja umeem:
_pm(1 ! P (16,2)

2 \m "V me )T om

‘

uyeM H onpefessiercst po (m — IpHBeJeHHas Macca OGEHX wacTHu);
CKODOCTH XK€ YaCTHIL Ujg == po/Mi, Uzo == Po/Ma.

IlepefimeM Temeph K CHCTEMe OTCUETA, B KOTOPOH mNepBHUHAs
yacTHIla JBUXKETCs N0 pacmazfa co ckopocthio V. 3Ty cucreMy oT-
cuera OOLIYHO HA3LIBAIOT JaGOpPAaTOPHON (WU 4-CHCTEMOH) B Ipo-
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THBONOJOKHOCTb «CHCTeMe HEeHTpa HHepuEH» (MAH y-cucreme), B
KOTOPOH NOJHLI HMOYJAbC paBed Hyai0. PacCMOTPHM OAHY H3 pac«
najHbX YacTHIL H NOYCTb V H Vo — €€ CKOPOCTH COOTBETCTBEHHO B A-
A y-cucteMe, 148 0ueBMAHOro paBeHcTBA V==V 4-vo, HIH Vv — V =
= Vg, UMEEM:

0+ V2 — 20V cos 0 == v}, - - {18y)

rjie O — yroa BBHJIETAa YaCTHULI N0 OTHOMIGHHIO K HAIPaBJSHHIO CKO-
poctH V. JTHM ypaBHEHHEM OlpelessieTcss 3aBHCHMOCTb CKOPOCTH
pacnaauoil YacTHilkl OT HampaBJ/eHus ee BbIeTa B J4-cHcreMe. Ona
MOXeT OBITh HpeicTaB/ieHa rpadHYecKH € IOMOIIbIO JAHATPAMMH,

a V<y & " Yy,
Puc. 14

H3oGpaxennofi Ha puc. 14. CKopocTh v JZaeTcsi BeKTOPOM, npoBe-
JEHHLIM B KakKylo-JHOO TOUKY OKPYXKHOCTH PajHyca Up!) M3 TOYKH
A, orcrosulel Ha paccrosnue V oT ueHTPa OKpyxHocTH. Cayuasm
V << ve u V> vy 0TBEUAIOT COOTBETCTBEHHO puc. 14,4 u 6. B nep-
BOM cCJydae YacTHHa MOMKeT BhJeTeTh NOA Jio6eiM ymviom 8. Bo
BTOPOM e cJydae 9YacTHIla MOXKET BBLIJIETeTb TOJBKO BIEpel, MOJ
yriaoMm 0, He IipeBHILAIOMUM 3HAUEHHN Bmax, JABAEMOTO DPABEHCTBOM

SiN Oppay == Va/V (15,4)

(HanpaB/ieHHe KacaTesqbHOA K OKPYXKHOCTH, NPOBEREHHOA #3 TO4-
Ku A).

Cpazbp MeXAy yriaMu smaera 0 # Oy B 4- H y-cHCTeMaX oye-
BHAHA W3 TOH Xe AMarpaMMul u jgaercd Gopmy.oi

__ tgsin8
tg 0= Teos 0 LV _;: 7 (16,5)

1) Tounee — Jo6y10 TOYKYy cepu pagnyca vo, AHAMETPAJbHBHM CEUCHHEM
Kotopofi sBAsercH usobpamennas Ba pHC. 14 OKPYXKHOCTS,
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Ecan pemnths 310 ypaBHeHHe OTHOCHTENBHO €OS 0y, TO mocne aJe-
MEHTapHBIX npeofpa3oBaHul NOJIYUAM:

€os BO=——Z-sin29icose ,\/1 ——gsiﬁ 0. (16,6)

Yo Y

Ilpu vy > V cBasp mexay 6p H O ofHO3HAYHA, KaK 5TO BHIHO H3
puc. 14,a. B dopmyne (16,6) Hago mpu 3TOM BHIGpaTh 3HAK -+
nepea xopHeM (Tak, 4To8H OO 0o =0 npu 6 =0). Ecau xe
vo << V, 10 cBSi3p MeXAy Oy ¥ O HeOXHO3HAYHA: KaXIOMY 3Hade-
Huw 0O oTBevaloT JABa 3HaueHus: 0Op, COOTBeTCTBYWINHE (Ha
puc. 14,0) BekTOpaM Vo, NPOBELEHHbLIM H3 LeHTPAa OKPYXKHOCTH B
royku B wan C; uM oTBeyalT ABa 3HaKa mepen KopHeMm B (16,6).

B ¢u3uueckux NpHMEHEHHAX NPHXOJUTCA OOBIYHO HMETb HEeJO
¢ pacnajoM He OJHOH, a MHOTHX OJIHHAKOBLIX YacTull, B CBS3H C
yeM BO3HHKAIOT BOMPOCH O pAaCHpeleseHHH pacmagHbiXx YacTHI, HO
HanpaBJIeHHSAM, »HeprusaM u T. n. Ilpu sTom Mmul GyAeM npeamosa-
ratb, YTO NEPBHYHbIC YACTHUBI OPHEHTHPOBAHL B HPOCTPAHCTBE Xa0-
THYECKHM, T. €. B CPe/IHeM H30TPONHLIM 06PasoM. .

B y-cucreMe oTBeT Ha 3TH BONDPOCH TPHBHAJEH: BCe pacnalHble
yacTHUb (OAMHAKOBOIO pOJNa) HMEIOT OJAMHAKOBYIO HEPTHIO, a HX
pacnpefesieHHe [0 HalpaBAeHHAM BblIeTa H30TpomHO. llocieaHee
yTBEepK/IEHHE CBA3aHO CO CAENIaHHBIM INPEANOJIOXKEeHHeM O XaOoTHY-
HOCTH OpMeHTaldii nepBHUHHX uacTdi. OHO o3Hayaer, YTO AOJA
yncJaa YACTHI, JIeTALIMX B 3JeMeHTe TeseCHOro yraa dop, npomnop-
IMOHA/IbHA BEJNHUYHHEe 3TOTO 3JeMeHTa, T. e, paBHa dog/4m. Pacnpe-
JieJleHHe 1O yrjam 0p TOJNyYHM OTCI0a, NOACTAaBHUM dog =
"==2mx sin B dBy, T. €.

1/, sin 6y d6,. (16,7)

Pacnpenesnenus B 4-CHCTEME MOJYYAIOTCH NyTeM COOTBETCTBYIO-
niero npeo6pa3’oBaHHs 3TOrO BbIPaKEHH, Omnpenesum, Hampumep,
pacmpelesieHHe MO KHHETHUECKOM SHepPrud B 4A-cHcTeMe. Bossoad
B KBaApaT PABEHCTBO V == Vy -~ V, HAXOQUM:

v?=10} -+ V?4 20,V cosd,

OTKyJ2
d cos 0y = d (v?)/20,V.

BBoJsi ciola KHHeTHYecKylo sHepruio T ==muv?/2" (rae m ectb my
HUJIH Mg, CMOTPSA IO TOMY, KAKOTO POJA pacHajfHble YaCTHIBI MbI
paccmMaTpHBaeM) H mojicTasiass B (16,7), mosyunM ucKoMoe pac-

npeneseHne

dT[2mu,V. (16,8)
Kuneruueckas 9Heprist MOXKeT npoberaTb 3HaueHHS OT HaHMeHbIUe-
1o T pin = —2”1 (vp— V)? mo HanGosbmero Tpmay = %(vo + V). B stoM
MHTEPBaJle YACTHIB pacnpenesensl coraacuo (16,8) oanopoano,
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Tlpn pacnane gacTuuwl Ha 6oJiee yeM JABe YaCTH 3aKOHHI COXpa-
HEHHsl HMOYJbCa H SHEPTHH OCTABJSIOT, €CTECTBEHHO, 3HAYHTEJBHO
6osbuINA NPOM3BOJ B CKOPOCTAX H HaNpaBJeHMAX pacnaiHHX da-
CTHII, YeM 0OpH pacnaje Ha JBe dYacTH. B uwacTHOCTH, 3Hepruu
pa3neTalomIuXCs YacTHL B Y-CHCTeMe OTHIOAb He HMeT OJHOro
onpefAesNieHHOro 3HaueHusi. CyluecTByeT, OJAHAKO, BepXHHHA Ipeaen
KMHETHYECKOH >HEPrdH, KOTOPYIO MOXKeT NPH 3TOM YHeCTH ¢ coboi
KaxJas H3 pacnajHbIX 4acTHIL

Odna onpenenenus 3Toro npejena GyleM DaccCMaTPHBATH COBO-
KyDHOCTb BC€X pacnajHBIX YacTHI[ 3a HCKJIOYeHHeM OAHOH 3ajaH-
Hoit (c Maccoil m;) Kak OJHY CHCTEMY, €€ «BHYTPEHHIOIO» 3HeprHio
0603HAYHUM TOCPEACTBOM E,',,,- Torpa kunerwieckasi IHeprus %ua-
ctuusl my 6yner corsacuo (16,1), (16,2):

T M
Tm:_p‘_)_.=____ﬁ‘. (E

2”11 M BH -

E ., —Ey)

J§:3:3
(M — macca nepBuuHof uactunsl). OQuesuzno, uto T1p GYAET HUMETH
HauGosbluee BO3MOXKHOe 3HaueHnMe, Korha E., MHHHMaubHa. Jlas
9TOr0 HajJo, YToOLl BCe paclafHble YACTHUL 32 HCKJIOUEHHEM Ya-
CTHIBI m; IBUTFaJHCb C OXHOA M TOR e CKOpOCThO; TOrAa E,.
CBOJHMTCA NPOCTO K CyMMe HX BHYTPEHHHX 3Heprufi, a pasHOCThb
14
‘m—Ean — E_, ectb 3sHeprus pacnana e. Takum oGpasow,
M—m1

. (T10)max = M 8. (16,9)

3anauwu

1. Hajitn ceass mMexay yraamu suiera 0, Oz (8 4-cicTeme) pacmaimbix 4a-
CTHL TPH pacnaje Ha ABe YaCTHUML.

Pewenune B y-cucreme yrian BHJeTa 06eHX YaCTHI CBS3aHH NMOCPEACTBOM
04 == 7 — B20. OGo3nauas Oj0 npocro xak 0o m npuMenas dopmyay (16,5) k
KaX7o# M3 ABYX uacTai, nuinem:

V 4 05 cos 0 = v, sin Oy ctg 0,

V — vgp c08 By == vy sin O, ctg 0,,
Hs sTux ABYX paBeHCTB Haxo HCKaOunTb Bo. JJs 3TOro ompenenseM cHavana u3
Bux cos 0 u sin 8o, nocae uero cocTapaseM cyMmy cos? 8 - sin? @y = 1. Yuuru-

Bajg TaKXe, UTO Ujofvao = mz/my u ucnoawsys (16,2), Haliiem B pesyabrate
cenyiolee ypaBHenue:

2 Gine 0, + I sin? 0, — 2 sin 0, sin 0, cos (6, -} 0,) ==
my ma

2
= W—]-—gu\)_w— sin? (B] + 62).

2. Hafitn pacppeienenue PacnafiHHX uHaCTHI 1O HANpaBACHHAM BHJACTA B
A-CHCTEME,
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Pewenwne IlpH vy > V noacrabasiem (16,6) co 3nakom mroc meper Kop-
Hem B (16,7) u mogyuaem HCKOMOe pacHpejelieHHe B BHIC

V2
l+——2—cos26
i o,
si’—g—‘fﬂ ?—:’:—cose—l— S I 0 <0< )

2
,\/1-—32«311120
Y

Ipu vy << V Hazo yunTeBaTh 0Ge BoaMOxkHue cBazn O, ¢ 6. ITockonsky npu
yBeawdeuny 0 OfHO H3 COOTBETCTBYIOIIHX emy 3HaueHudl Oy pacrer, a npyroe
yOMBAaeT, TO HalLO B34Thb DasHOCTb (4 He CyMMy) Bupaxsenu#t dcos O ¢ ZBYM=R
3HakaMH neped KopHem B (16,6). B pesyanrarte moayyum:

2
! +—I—/,—; cos 20
Y

=
Vl ——VTsinZQ
Y%

3. Onpenennth HHTepBAJ 3HAYeHEH, KOTOpHe MoXKeT HMeThb yroa 0 mexay
HanpasJeHHAMHE BLIJIETa oﬁeuxyacnannux YACTHIL B A-CHCTEME.
~ Pemenge ¥Yrox 0 ects cymma 01 4 02 yruos, onpenenswomuxca dopmynoi
(16,5). (cm. sazauy 1); mpomie BCEro BRMHCIAETCS TaHTeHc sTore yraa. Hccaexo-
BaHHE 9KCTPEMYMOB MNOAYYAOIUETrocqd BHPAXKEHHA NPHBOAHT K CACAYIOHMIHM HHTED-
BaJeM BOSMOXKHMX 3HaueHufi O B 3aBHCHMOCTH OT OTHOCHTENbHON BelHaHHM V u
Vs, 20 (A4S OTPRNeAEHHOCTH NMOJAT3eM BCErJa Uzo > Ugo):
0<O<m, ecmr vo<V <y
X—0,<0<x, ecim V <oy

0<e<&m, [atsi 3 V>Uzo,
nprueM suawenne On maerca dopmyuoft

V (v10 + v2)
V24 vivg0 °

sin 0640

(0 <0< Bman).

sin Oy =

§ 17. ¥npyrue CTOJNKHOBERHS YalTHNL

CTOJKHOBeHHE [ABYX YaCTHI HA3bBAKOT YIPYTEM, €CJAH OHO He
COTIPOBOKAAeTCA H3MEHeHHeM HX BHYTpeHnero coctosiHusa. CooTser-
CTBEHHO 3TOMY IpPH NPHMEHEHHH K TAKOMY CTOJKHOBEHHIO 3aKOHA
COXpaHeHHsd 3HEPIrHH MOXKHO HE YYHTBHIBATb BHYTPeHHeH SHepruu
YaCcTHIL.

[lpome Bcero CTOJIKHOBEHHe BHTSIUT B CHCTEMe OTCYeTa, B
KOTODOH LeHTp HHepuHH o0elX UacTHI HOKOMTCS (y-cucrema); 6y-
JIleM OTJHuYaTh, KaK U B Npenbiaymem naparpade, uujgekcom 0 sHa-
YeHHs1 BEJHYHH B 3To# cucreme, CKOPOCTH YacTHI A0 CTOJKHOBEHHUS
B y-CHCTEMe CBA3AHH C HX CKOPOCTAMH V; H Vg B JabopaTopHOi
cHcTeMe COOTHOIIGHUAMHU

i Ma my

T me—— Vo — —= ————rmrmen Y
.VIO my 4 my AL » my 4 my ?

rae v==vy = vz (cM. (13,2)).
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B cuay 3axosa coxpagesis HMAYABCA MMIYAbCH O6eHX JacTHLL
OCTaTCA NOCJEe CTOJKHOBEHHA DABHHIMH MO Be/IHYHHE W NPOTHBO-
RONOXXHBIMYM MO HANPaBJeHHIO, a B CHAY 8aKOHA COXPaHEHHH 3Hep-
FHH OCTAIOTCA HeH3MEHHBIMH H HMX abCoJIOTHLIE BeAWYHHH. TakuMm
00pa3oM, Pesy/NbTaT CTOJKHOBEHHS CBOJUTCA B l-CHCTEMe K IOBO-
poTy CKOpOCTell OOeHX HacTHIl, OCTAIOUIMXCSI B3aHMHO NPOTHBONG-
JIOXHEIMH U HEH3MeHHBIMH N0 Besinuuue. Ecan 0603HaunTh HOCpeA-
CTBOM Ny €JUHMYALIA BEKTOD B HANPAaBJEHHH CKOPOCTH YACTHUH 1y
nocjie CTONKHOBEHUS!, TO CKOPOCTH QOEHMX YacTHU HOCAe CTOVIKHOBe-
HHA (OTVIKUaeM HX WITPHXOM) GyAYT:

m
Vj,=—"l—on, Vj=-— m v, (17 1)

Utobbl BO3BPAaTHTBCH K J1aGOPATOPHON CHCTeME OTCYeTa, Hajo
J06GaBUTb K 3THM BBIPaXKEHHSIM CKOPOCTb V ULeHTpa HHepuuu.-Ta-
KuM 00pasoM, g CKOpocTell 4acTHil B £-CHCTEME IoCJe CTOJKRO-
BeHHs NOJyUYaeM:

’ sy myvy - myvy

Vl = iy + fig o1y, + 1y + ms ’ (17,2)
’ my myvy + Myvy

Vo Tt m o, + my + niy

OTHM HCUEpNHBAIOTCS CBeJeHHd, KOTODHE MOXHO MONYYHTL O
CTOJNKHOBEHHH, HCXOAA H3 ONHHX TOJbKO 32KOHOB COXpPaHEHHS HM-
nyabca # sHeprun. Uro kacaercs
HafpaBJIeHHA BeKTopa My, TO OH
32BHCHT OT 3aKOHA B3aHMOJEHCTBHI
HaCTHI H HX B3aHMHOrO pacrnoJo-
JKeHHs] BO BPeMsl CTOJKHOBEHHS.

TlonyuenHble pe3ysbTaThl MOXK-
HO HHTEPNPETHPOBATh reoMeTpHue-
cku. Ilpn atoM yaoGHee mepefitn
OT CKOpOCTeH K HMOyAbcaM. YMHO-
xkus pasenctBa (17,2) coorser-
CTBEHHO Ha mM; U My, TNOJYUHM:

py=mun,+ - —r—~ + ,n2 (P +po)s

wp. —= m,
p,= — mon, + m (P, +p,) 0b=mv; AD= g5 (PrePo)i
(17,3 B = it (Pr+P)
(m = mums/(m 4 m;) — mnpuse- Pac. 15

Iennasa macca). IlocTpoum okpyx-
HOCTb C PajgHycOM mu H {IpOH3Be/leM YKa3aHHOe Ha pHC. 15 mo-

CTpOEHHE. Ec.rm ezmnnqnmﬂ BEKTOD Mo, HanpasJeH BAOJb OC TO
BEKTOPH AC u CB AQIOT COOTBETCTBEHHO HMNYJLCH p] H p,. [Ipu
3ajaHHEX Pi H P2 PAAUYC OKPYKHOCTH H IOJOKEHHEe Touek A u B
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HEU3MeHHBI, a Touka C MOXeT MMeThb JI060e NMOJIOKEHHE HA OKPY K-
HOCTH.

Paccmorpum moapoGHee cayuait, korna oiHa M3 4YacTuy (mycThb
310 OyZeT yacTHua my) AO CTOJKHOBEHHsi IIOKOHJach. B 3TOM Cay-

m
yae JJHHA OB—-:’—n—_Fz—m—m:mv COBIajfiaeT ¢ paauycom, T. €,
1 2

—_
TOYKa B sexdT Ha okpyxHocTH. Bekrop xe AB coBnajaer ¢ uM-
NyJIbCOM P; NEPBOH YacTHUB Ao paccesiHusl. Ilpu atom Touka A
JeXKHT BHYTPU (ecau my < mp) HAn BHe (€Caum my >> my) OKPyXK-
soctd, CooTBeTcTBylOLIMe AuarpaMMbl H300pa)keHbl Ha puc. 16,a

AB=py; AQf08=m;/m,
My < 117, my>my

Puc. 16

H 6. YKazaHHble Ha HHX yrael O; u Oy mpeACTaBAfOT COGOR yrinl
OTKJIOHEHHs JacTHI, HocJe CTOJKHOBEHHS IO OTHOLIEHHIO K HAlpas-
Jieuyio yaapa (HanpasJenuo p;). LlertpanpHui#i xe yroJ, o6o3fa-
YeHHBII Ha DHCYHKax TNOCPEeACTBOM ¥ (JaOUMHA Hampas/eHHe ny),
npejacrasiasier co00f yros NoBOPOTa MNEePBOA YaCTHUUE B CHCTEMe
HeHTpa HHepuuHd. VI3 pHCYHKa OYEBHJHO, 4TO YIJH 0; u Oy MOryt
GHTH BHIpaXKeHLl Yepe3 yroa y GopMyJJaaMu

tg0 =2 __ - g _BZX (17,4)

my + mgcosy, ’ 2

BunnmeM Takxe ¢(opMyJbl, ompelensiollHe abCOJMIOTHBE BeNHYU-
HbBl CKOpOCTel o6enx uacTHl, [OCJe CTONKHOBEHHS 4Yepe3 TOT XKe
yroqa y:

,_/\/m?+m§+2mlm2cosxv of = 2m v sinl
e my + mp ’ 27 mitm 2"

v (17,5)

Cymma 0; + 0, ecTb yrou pasJjera 4acTHI TOCJe CTOJKHOBEHHUA,
OueBuano, uto 0; + 0: > n/2 npu my < mg u 0; + 02 << n/2 npu
m; > ms.
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Cayualo, Korjja o6e YacCTHIB NOCJE CTOJIKHOBEHHSI ABUXKYTCA MO
ofgnofi npsaMoi («aoBoBof ygap»), COOTBETCTBYET y = i, T. €. IIO-
JOKEHHE TOUKH C Ha auamerpe ciaeBa oT Toukn A (pwHc. 16 a; npu
3TOM p| H P, B3aHMHO npomsononomﬂm) uiu Mexay A n 0 (Ha

puc. 16,6; mpu 3TOM p; H p; HaNpaBJeHH B OAHY CTOPOHY).
CKOpOCTH 4YacTHL, NOCJe CTOJNKHOBEHHS B 9TOM CJydyae paBHbH
V. (17,6)

vr__mx—mzv ’__ 2m,
1 my--my ° 2 my - ms

3Hauenne v, IpH 3TOM — HanGoJIblllee BO3MOXKHOE; MaKCHMaJbHas

9Heprus, KOTOPYIO MOXKET NOJYUYHTh B pe3yJ/abTaTe CTOJKHOBCHHA
IIepBOHAYaJbHO INIOKOMBUIASACS 4YaCTHIA, paBHa, cJjJeaoBaTe’sbHO,
73
E/ MyUs max . 4mlm2
pmax™ T 2 (m, + mg)? “10

(17,7)

rae E, =mv?/2 —nepBoHaya/bHas 3HEPrUsi HajleTaomed YacTHIH,

[lpu my << m; CKOPOCTh IEPBOH YACTHUH MOCJAe CTOJKHOBEHHUS
MOKeT uMeTb Jil060oe Hanpap/ieHue. Eciu Xe my >> mg, yroa OT-
KJOHEeHHs JieTsllell yacTHubl He MO-
JKeT IpeBHILIATH HEKOTOPOro Mak-
CUMaJIbHOrO 3HauyeHHsl, COOTBET-
CTBYIOLIETO TAKOMY  [OJIOJKEHHIO
touku C (puc. 16, 6), npu KoTopoM
npsamas AC Kacaercs OKPY:KHOCTH.
OueBHJHO, 4TO Sin 0 max=0C/0A,
Hau

$iN 0y max =my/my.  (17,8)

OcofeHHO TOpPOCTO  BHIVISAUT
CTOJIKHOBEHHE 4acTHI (M3 KOTOPHIX .
OJHA INE€PBOHAYAJbLHO MOKOHUTCS) € Puc. 17
OLHHAKOBHIMH MaccaMH, B sToM

cyuae He TONLKO TouKa B, HO ¥ Touka A TEeKAT Ha OKPYXKHOCTH
Ypuc. 17). [pu sTom 5
T—%

91=%, egm P ’ - (17)9)

% PO 4
v—-vcosz, v;=vsm?- (17,10)

OTMeTHM, 4TO YACTHIBI Pa3JIeTAIOTCS MOC/e CTOJNKHOBEHUS IO/ Ips-
MLIM yTJIOM APYT K JApPYTY.

‘3apaua

BepasuTh CKOPOCTH OGeHX YaCTHI[ NOCJAE CTOJNKHOBEHHS IBHXKyuie#ics 4acTH-
el (my) c HEMOABHIKHOH (M3) Hepe3 X yrJsl OTK/JOHEHHA B A-CHCTEME,
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' ’ ) ’ m
Pemenue. Ua puc. 16 nmeem p,=2-0B-cos0; um v, = 2y —— cos Oy,
2 ' 2 ma
Haa mMnyasca xe p; = AC EMeeM ypaBHedme

€= AO? 4 p? — 240 pjcos B,
HJAHA

~— ) ———-co0s 0, + =0.

7\ 2 ’
( Yy 2m 9 my = My
v my v m; 4+ ms
Orciona

4
v 1 —_—
1 n, . ,\/ 9 2 .2
— R e —_— —
" T m, cosﬁlj: R my — my sin 91

(upu my > m; nmepeX KOpHEM RONYCTHMb 00a 3HaKa, OPH Mz > My — SHAKR +).

§ 18. Pacceanne yacTun

Kak 6b10 yxke ykasaHo B npeibaylneM naparpade, nosanoe
onpejesieHHe pPe3yabTaTa CTOJKHOBEHHS ABYX udacTHl (onpejnene-
HHe yrja jx) Tpefyer pellleHUS YPaBHeHHH JBHXKEHHS C YJeTOM
KOHKPETHOTO 3aKOHA B3auMmomei-
CTBHA HaCTHIL

B cootBeTcTBHH ¢ OOHIEM
npaBuJIOM OyJeM paccMaTpUBATh
CHAYaJa YKBHBAJICHTHYIO 32124y
06 OTKJIOHEHHH OJHOM YaCTHUHI
¢ maccoft m B noae U(r) memno-
JIBUKHOTO CHJIOBOrO IeHTpa (pac-
HOJIOKEHHOI'0 B uempe HHEP-
WM YaCTHI).

Kax 6»l10 yKasaHo B § 14,
TPAaeKTOPHA 4YacTHUH B LEHT-
paJbHOM nOJIE CHMMETPHYHA 1O
OTHONIEHHIO K MpAMOR, MpOBe-
IeHAQH B 6nuKalmyio K MEHTPYy
Touky op6utsl (OA ma puc. 18). ITosroMy ofe acHMNTOTH OpPGHTH
nepeceKaloT YKas3aHHYIO NPSMYI0 NOJ OJHHAKOBEIMH yriamd. Ecau
00603HaYHTb 5TH YIJIH NOCPEACTBOM @, TO YTOJ % OTKJIOHEHHA 4a-
CTHIH TPH ee NpoJieTe MHMO UEHTPa eCTh, KAK BHAHO M3 DHCYHKa,

x={m— 2q,1. (18,1)

Yroa xe @q onpenensercs cornacHo (14,7) uurerpajom

[

—erf
(p0= S M2 N (18,2)
/\/2m E~U @Ol -

Tmin
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B3ATHM MeXAy OAHXAHIIHM K HEHTPY H OeCKOHEUHO YyHaJeHHHM
ROJIOKEHUSIMH YacTHIH. HanoMHHM, 4TO fmia ABJAAETCA KOpHEM Bbl-
paxKeHHs, CTOSIIErO NOJ 3HAKOM PajaHKala.

- Ilpn uHOHMHATHOM JABHIKEHHH, C KOTODBIM Mbl HMeeM 3/eCh fedo,
ya06HO BBeCTH BMecTO MOCTOSIHHHIX E u M npyrue — CKOPOCTb Vo
yacTHIBI Ha GeCKOHEUHOCTH H TAaK HA3HBaeMoe npuyesbxoe pac-
croanue p. locnenHee npejcTaBasier co0ofi AJAHHY HepleHIHKYJ/Id-
pa, ONYILIEHHOrO H3 LEHTPAa HA HaNpaBJIEeHHE Vo, T. €. PACCTOSIHHE,
Ha KOTOPOM HacTHLa mpousia 66l MHMO HeHTpa, ecan OBl CHUJIOBOE
noJjie OTCyTcTBOBaJso (puc. 18). DHeprus m MOMEHT BHIPaXKalOTCH
yepes 3TH BeJIHUHHB COIVIACHO

E=mv?[2, M=mpu,, (18,3)
a dopmynaa (18,2) npunumaer BUA
r2
(Doj—-rS /\/x_pz_;_._z_u_ . (18,4)
min r omd

Bwumecre ¢ (18,1) ona onpepensier 3aBHCHMOCTD 9, OT p.

B ¢$usHuecKHX NpUMEHEHHSX NPHXOAHTCHA OOHYHO HMEThb [eJN0
He ¢ HHIHBHAYaJbLHHM OTKJOHEHHEM YacTHUM, &, KaK roBOpPAT, C
paccesnuem HeNOro MyYKa OAHHAKOBLIX YacTHil, NaZaolIUX Ha pac-
CeHBAIOIIHHA LEHTP C OAHHAKOBOH CKOPOCTHIO Ve. PasiHuHblie Ya-
CTHUB B nyyYke 00JajalOT pa3/HUYHBMH NpPHHEJbHHIMH Daccrod-
HHSIMH H COOTBETCTBEHHO DPacCEHBAlOTCH MOJ PA3JHYHBLIMH YryIaMH
%. O6o3HauyuM nocpeicrBoM dN UHCAO YacTHil, PacCEHBAaEMHIX B
eJAMHNULYy BpeMeHH Ha YIJIBL, Jiexalllle B HHTepBajke MEXAYy % H
% + dy. CaMo no ceGe 3TO YHCJO HeyJOOHO I XapaKTeDPHCTHKH
npoiecca paccesiHHs, TAK KaK OHO 3aBHCHT OT IJIOTHOCTH Najaio-
mero myuka (mpomopuxoHasbHO eff). ITosToMy BBeAeM OTHOLUeHHe

do =dNjn, (18,5)

Fie 7 — YHCJO YacTHIl, NPOXOJSAUIHX B eAHHHIY BpeMeHH 4epe3 elu-
HHHY MJOLIaJH IIONEePEeYHOro cedeHHUs INyuka (MBI NpeAnoJiarae,
eCTeCTBEHHO, UTO NYYOK OXHODOAEH IO BCEMY CBOEMY CeUeHHIO).
DTO OTHOLIEHHe HMeeT Pa3MepHOCTb IIOIIAAH H HasblBaercs 3gh-
thexTusnoim cetenuem pacceanus. OHO Bceueso omnpejnensiercs BH-
JIOM pacceHBaloOllero OOJA H ABJSeTCA BaXKHelilleft XapakTepUCTH-
KOi mpouecca paccesHHs.

Bynem cuHutath, 4TO CBSI3b MEXAY % H P — B32aHMHO OJHO3Hay-
Ha; 5TO TaK, eCJW yroJ paccesHHS SIBJASETCS MOHOTOHHO yOHIBaio-
wefi QyHKnHe# NpUIENBHOTO paccTosHUs. B TakoM cayyae pac-
CeHBalOTCA B 3aJlaHHBIA HHTepBaJ YIVIOB MeXIYy y H ¥ -} dy aumb
Te YacTHilbl, KOTOpHle JIETAT C NpHIleJbHHIM pAacCCTOfIHHEM B Oflpe-
AeJeHHOM HHTepBajte Mexiay p(x) u p(x)+ dp(yx). Hucao takux
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9aCTHI PaBHO NPOH3BEIEHHUIO # Ha MJOMIAAb KOJbIA MEXIY OKPYXK+
HOCTIMM ¢ pajuycaMu ¢ H p - dp, T. €. dN = 2np dp+n. Tlostomy
9¢(eKTUBHOE ceueHHe

do = 2ﬂp dp. (18:6)

Yrto6H HaliTH 3aBHCHMOCTb 3G (PEKTHBHOrO CeYeHns OT yraa pacs
CesHNSA, NOCTATOYHO NEePEeNHCaTh 3TO BHpaKeHHe B BUe

do = 2mp (1) | 252 | ay, (18,7)

Mu numem 3fech aGcoMOTHOE 3HAYeHHe TpousBonHon dp/dy, uMes
B BHJAY, YTO OHa MOXeT OHITh OTPHIATEJIbHOH (KaK 3TO OOGLIUHO
6viBaer) '). Yacto oTHOCAT do He K 3JieMeHTY IIJIOCKOro yriaa dy,
2 K 3JIeMEeHTY TeJIeCHOro yraa do. TenecHBbIH yroa Mexay KOHyCaMH
¢ yruaMmu pacteBopa g H x - dy ectb do =2x sin y dy. Ilostomy
nMeeM H3 (18,7):

o) | de
do = £ |20 | o, (18,8)

Bosspamasice k ¢dakTnueckoit 3ajaue O paccesiHUH Nydyka yas
CTHIl He Ha HENOABHXKHOM CHJIOBOM LEHTDe, a Ha JAPYTHX NepBOHA-
YaJIbHO NMOKOMBINHXCA YaCTHIIAX, MBI MOXXEM CKas3aTb, 4TO (opMyJa
(18,7) ompenenser sddexTHBHOE CeUeHHe B 3aBUCHMOCTH OT Yraa
paccesindsl B cHCTeMe LeHTpa HHepuud. [ns HaxoxnaeHus xe 3¢-
GexTUBHOro CeueHHA B 3aBHCHMOCTH OT yrJa paccesiHus 0 B sa6o-
patopHo#l cHcTeMe HAaAO BHIPasuTb B 3roll dHopMmyse y depes € co-
raacuo ¢opmyaam (17,4). Ilpu stom moaydaioTcst BHIpaXKEeHHS Kaw
Jis CedeHHsl paccedHUs NajaloUero Nydka HacTHil (i BHIpaXKeHO
gepes 0;), Tak H JAJs YacTHI,
NepBOHAYaJbHO  NOKOUBLUHXCH
(y BblpaxkeHo uepes 0q).

3anaun

1. Onpenenutey sdpdexTHBHOE Ceue-
HHE PpacCesiHHS YacTHL OT abCcoMoT-
HO TBepAOTO WapHKa pazmyca af(T.e.
npu sakoHe B3aumoneHctBus U = oo
npu r <au U=0 npr r > a).

Pemenne Tak kKak BHe lIapHKA

Puc. 19 YyacTHIa ABHXKeTCA cBOGOAHO, 8 BHYTPb

Hero mNPOHMKHYTb BoOGlle HE MOXKET,

TO TPaeKTOPHA CKJAaJHBaeTcsi H3 JABYX NpPAMHX, PacHoJOXKeHHHX CHMMETpHU-

HO OTHOCHTEJBbHO pajMyca, NDOBELEHHOTO B TOUYKY HX NepeceueHHs C LapHKOM
(puc. 19). Kak BiiHO M3 pHCYHKa,

T—% 4 eos X
p) =@ C0S 2.

p == a sin @p == a sin

t) Ecam ¢yukuua p{x) MHOrosHayHa, TO HaRO, OYEBMIAHO, B3ATh CYMMY,
TaKHX BHPaXXeHHMH MO BceM BETBAM 9TOA QYHKUHH, ’
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Moacrasass 8 (18,7) wme (18,8), monyuums

na?

a2
) sin xdx=Tdo, (1)

do=
T.e. B Y4-CHCTeMe paccesHue usorponHo. Murerpupys do no scem yraam, Hafizem,
4TO NOJHOE CeUeHHe ¢ == Jtg? B COOTBETCTBHH C Te€M, YTO NPUYEALHAR nAOWads,
B KOTOPYIO JOJIKHA NOMACTh 4YacTHUA AJS TOro, 4ToOH BOOOIE paccedThCsd, ecTh
TJIOWIah CeUeHHs MIapHKa.

Jas mepexola K 4-CHCTeMe Hajo BbIpasHTh ¥ 4epes Oy cormacao (174).
Bplunc/IeHHS MOJHOCTBIO aHAJOrHYHH NpPOH3BeAeHHHIM B 3afate 2 § 16 (BBuAy
tdopmanbroro cxoiacrsa dopmyn (17,4) u (16,5)). Hpu my < ms (my— macca
9ACTHI, Mz — MacCa WAPHKOB) MOJYUHM:

mif
1 4 —5 cos 20,
my

mi
1l —— sin? 0,
my

{do, = 25 sin 0,d0,). Ecan xe mgy < m,, TO
2

ml'
14 —5 ¢os 20,
a® my

2 m
1— — sin? 0,
iy

do, =a?|cos 0, | do,,

do, =21 2™ osp
g, =—] 2— cos
= 2t coseu +

dOl

d(’l = dOp

ITpu my = m, umeem:

MTO MOXHO NONY4HTb H NPAMOA MOACTaHOBKOR y == 20, (cormacuo (17,9)) B (1).

Jas nepBoHAuaNbHO MOKOMBLIMXCH LIADHKOB HMeeM Bcersa x = & — 202, H
noxcraioska B (1) paer: :
doy == a?|cos 8, | do,.

2. Jaa toro xe caydas Bbpa3uth 3dpdeKrTHBHOe cedeHHe KaK (DYHKUHIO SHep<
THH &, TepsieMOH pacceHBaeMBIMH YaCTHIAMH.

Pemenne Dueprus, TepaeMmas uactuueft my, coBmagaer ¢ 3Hepruedl, fpH
obperaemoil uactuueil ma. Cornacuo (17,5) u (17,7) umeem:

2
’ 2m1m2

e=E2 2 2 X 202

2 X
= ——— U~ _sin‘* -2~ =¢g sl —s—-
(my + mg)2 2 max 2"

OTKyZa
de == fyenax sin o dy,
H, noicrasasa B dopmyay (1) samaun 1, noayumm:

do == qa?

max

Pacnpenenenye pacCesHHHX 4YacTHII HO 3HAYeHHHM € OKa3nlBAaeTCs ONHOPORHBIM
BO BCeM HHTepBaJe & OT HyAs A0 €max.
3. Kak s3aBucHT 3¢dekTHBHOE CedeHHE OT CKOPOCTH Uw 4ACTHL, OpH pacceds

gEd B pone U cor™®?
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Pemenne Cornacio (10,3), ecan noreHUHaABHAs SHEPTHS €CTH OXHOPOA-
Has QYHKUUS NOPFAKA k == —n, TO A1 NOAOGHHIX TpaekTopuii @ o0 v~ 4" pmn

p=02" (3)

{yran OTRROHEHHS X AN WOAOORMX TpaexTOpHil onmmaxosn), [loacTasass B
(18,6), nafizem, uro

dg o vZ¥" do,

U 4, Or;p2ez1e.nmb sbderTuBHOE CceyeHHe AAA <«UAaZeHUN» YACTHI HA HEHTP 0OJA
] = —afr2

Pemenwue, ;I}aua;m» Ha LEeHTP Te YACTHLH, [/ KOTOPHIX BHINOJHAETCS
yeagsue 2a > mp-vy, {(cM. (14,11)), T.e. y ROTOPHX npHIeNbHOE PacCTOSHHE HE

u NPEBLHNAET SHAYCHHA Ppay = Vza/mvi,.
5p
IMosTomy  uckomoe  abdekTuBHOE  Ces
YeHHe
o= ﬂpg 2nto
= Wmax =37
b mol,
' 5. To e Bnone U = —a/r"(n>2,

rooa>0).
Pewenne, 3asucumocts spdeKTHB-
H0fl NOTEHNHAJBHOR SHEPIHH

v mp’v?, a
Puc. 20 AT "

OT 7 HMeeT BHA, #n300pamen#nsi Ha puc. 20 € MaKCHMa/JbHHM SHaUYCHHEM

n

2.2 n-2
—2)a [ MU
(Uspphmax = Up= LB T ) .

«Ilanaors Ba HeHTp Te 9acTHuUH, Yy KOTOPHX Us << E. Oupeaensii pmsx B3 yoJIO=
B Us = E, nosyuum:
9—n 2

o n
o=an{n—2) (mv2 ) .

6. Onpenenurs sbdexTHBROE CedeHne ANA NajeHus gactun (¢ Maccamu m;)
Ha NOBEDXHOCTb Cepuueckoro Tesa (C Maccoil ma B pamxuycoM R), K KOTOpoi
OHH TIPHTATHB2IOTCA To sakoHy Heioroua.

Pemenne YcioBHe nalesus SdK/IIOYAETCH B HEPABEHCTBE Fmin << R, Iie
rmin— OMuxafimas K UeHTpy cdepn TOYKa TpaekTopuu dacTHUH. HauGombmee
JONYCTHMOE 3HauyeHHe P ONPeNeNseTCs YCJAOBHEM Fmin = R, YTO CBOAHTCS K pe-
meHuIo ypaBHeHAsl Usgy(R) = E nan

2 .2 2
M0 max a myu,

2R? R 2 !
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[pHIEM o == ymMp (y — PABHTAIHOHHAs NOCTOREEAH), H MH NOJOXHIR
m 2 my, cunras, 910 m, > m,. Haxoas orciopa pfmx, TOJIYYHM;

6=Mz(,+m

5 )
Ru,

Ilpr ve —> oo 3bdeKkTHBHOE CeUeHHEe CTPEMHTCS, €CTECTBEHHO, K IeOMeTPHYeCKOft
nJolasu ceueHHs cdepH.

7. BoccranoButh BHX pacceuBalomiero moas U(r) no sazaHHoR 3aBHCHMOCTH
othhEeKTUBHOrO CEYEHHs OT yraa PAcCCesiHHs HpH 3afaHHol sHepruu E; mpexmona-
raercss, uto U(r) — MOBOTOHHO YOHBalomas GYHKUHS r (nofe OTTAJKHBAHHS),
npruem U(0) > E, U(o0) = 0. (0. B. dupcos, 1953.)
¢ Pewenne HarerpupoBanue do mo yray paccesHHs Ompefenser COrJacHQ

opMmyJe

n
Sﬂanpz 0
% %

KBaJlpaT NPHUEABHOIO paccrosHus, Tak dro ¢ysxuuio p(y) (a ¢ meit u y4{p))
TOXe MOMKHO CUHTATh 3aXaHHOM.
BronuM 0603HaueHHS:

s=1/r, x=1/p% w = +/T—= UJE. 2)
Torna ¢opmyan (18,1), (18,2) sankuiyrcs B BHAe
So

n-—x(x)___S ds
) - @ — st |

3)

0
rae So{x) — Kopenb ypaBHeHUS.
xw? (89) — sg=0.

VYpasuenne (3) — uuTerpajibHOe ypaBHeHHe A GYHKNMH w(S); €ro MOKHO
peLIiTh METOAOM, aHAJOrHYHHM Hcnoab3oBanHoMy B § 12, Paspennn oGe cro-

poun (3) Ha AVa—=% u NPOHHTErPHPOBaB N0 dX¥ B npejesax OT HyAs RO O,
HaRxeM:

a a so (%)
Sn—x(x) dx S dsdx -
P 2 Va—x P AV (xw? — 5% (a — x)
se{a) a so (@) -
S dx ds S ds
=5 —
A (xw? — s?) (@ — x) ) w

0 x (s0)

HJIH, HHTErpUpys MO 4acTsM B JieBOH CTOpPOHEe paBeHCTBa:
a 8 (@)

n'\/&--—S'\/a—x %dx——-:n: S Es—
0

w
0

Tlonyuennoe cooTHOWenne AuddepennupyeM HO G, AOCIE Yero BMecTo So(ct) nH-
meM nPOCTO S, COOTBETCTBEHHO UeMy 3aMeHseM ¢ Ha $%/w?, HamHCaB DaBEHCTBO
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B auddepennnanax, noayuRM:

s’
s 1 s2 % (x)dx _
a(3)-7e(a) | =L
¢ T
HaB
Flwr -
-ndlnw_—_d(s—) S X (x)de
w 52 *
0 —15?—3

Dr10 ypaBHeHHe MHTETPHPYeTCR HENOCPEACTEEHHO, NIPHUEM B NpaBofi CTOPOHE Cles
AYeT H3MEHHTb NOPAJOK HHTErpHpPOBaHHA nNo dx H d(s/w). YunThBas, 4TO NpH

=0 (T.e. r—>00) foMXKHO OuTh w =1 (r.e. U ==0), ¥ BO3Bpamasch K HC-
XOLHHM NEPEMEHHHM 7 H P, NONYYHM OKOHHATEAbHHHA pe3yabTaT (B ABYX SKBH-
BajleHTHHIX opmax):

w = exp L S Arch—P—-—‘-l-x—dp == exp —LS——%—} 4
n J rw dp U ) A/p? = rtw?

Ortoft dopMysnol onpenenseTcs B HEABHOM BHIAE 3aBHCHMOCTb @ (r) (a TeM caMuM
u U(r)) npH BCeX 7 = Fmin, T.€. B TOH O0OJaCTH 3HAYeRH® 7, KOTOpas (akTHie-
CKHM TIPOXOJMTCA paccenBaeMOR wacTHUeH c 3ajfaHHOI sHepruei E.

§ 19. dopmyaa Pesepdopaa

OnHO ¥3 BaxKHeAIHX NPHUMEHEHHH NOJyYeHHHX BbHiue ¢op-
MyJ — paccesiHHe 3apsiK€HHHIX YacTHI, B KYJIOHOBCKOM MoOJe.

Nonoxus B (18,4) U=a/r 0 NPOU3BOAs 3JEeMEHTapHOE HH-
TerpHPOBaHHE, NOJYYHM:

2
(Po == arccos 01/—”’”009‘— 3
N+ (afmiey
OTKyaa
P =—_ig?q,
mu

HJY, BBOIS COTJ1aCHO (18,1) Po —(Jl', X)/2.
9 o 2 X . 1
pr= _—"—204 Ctg 9 ( 91 1)

Huddepenunpys 10 BHpa)keHHe mo % u nojctasass B (187)
uan B (18,8), momyunm;

a 2 cos —2-
do=n (——2—) - dy, (19,2)
MUo sin3-§-
RN
a 2  do
do = (mi) —=. (19,3)}

¢ L
sin D)
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D10 Tak HasniBaeMas (opmysa Peseppopda. Otmerum, d4TO 30-
(exTHBHOe ceyeHHe He 3aBHCHT OT 3HaKa o, TAK YTO NOJYYeHHbIH
Pe3ysbTaT OTHOCHTC B PaBHOH CTelleHH K KYJOHOBCKOMY IOJIIO
OTTAJKHBAHHAA ¥ TPUTSIKEHUSA.

(Dopmy.na (19,3) naer adpdekTHBHOE ceyeHHe B CUCTEME OTCUETa,
B KOTODOH# MOKOHTCSI LEHTD HHepUMM CTAJTKHUBAIOMIMXCH YAaCTHL,
ITpeo6pasoBanne X saGopaTopHOl cHCTeMe NPOM3BOJAMTCH C MO-
Moubie- popMya (17,4). das vacTuu, nepBoHAYaJ bHO MOKOMBHIHX-
cfl, NOACTaBAAA ¥ ==n —20; B (19,2), noayuum:

o 2 sin 92 dOg
— 19,4
doy =2 ( mu?, ) cos 92 ( mo? ) cos’ 0, ( : )

Hng napawomux ke uacTHi npeo6pasoBaHHe NPHBOAHT B o6ieM
clyuae K BecbMa rpoMo3zikoil dopmyne, OTMETUM JIHIIbL [BA YaCT-
HBIX CcJyvas.

Ecnu macca my pacceHBajolleli YACTHIH BE/HKA N0 CPaBHEHHIO
€ Maccoi m; paccenBaeMoil yacTHUH, TO ¥ = 0;,'a m = m;, Tak
uTo

() dor -
doy=(57) o (19,5)
2.

rie E,==muv? [2 — sneprus nagamomel YacTHIEH.
ECJIH MaccH 00eHX 9acTHl, OAMHAKOBH (my = me, m = m;/2),
TO coraacho (17,9) x =26;, u noxcranoexka B (19,2) naer:

o \2 cos O 2 cosB,
do,=2n(E‘) g d 1—‘(3,) e Do (19,6)

Ecan Be TonpKO Macch O0GeHX YacTHI PaBHbI, HO OTH YaCTHIHI .BO-
ofuie TOXKIECTBEHHB], TO He HMeeT CMBICJIa Pa3juyaTh MHOCje pac-
CesiHHsl NePBOHAYAJbHO JBHraBIUNECH YacTHUB OT NepBOHAYAJbHO
noxkouBmuxcsA. Obuiee s3¢deKTHBHOE ceueHHe IJisi BCEX YACTHI, MH
NOJIyYHM, CKAajabiBas do; H dop, U 3aMeHsis 0; u O, 06umM 3Haue-
HueM 0:

do= (%)2 ('sTExl*_e + -cosl—49) cos 0 do, (19,7)

BepueMca cnosa k ob6meflt ¢opmysae (19,2) u ompenenum ¢ ee
NIOMOIUIBIO paclpejeNieHHe PAacCesHHEIX HaCTHIL N0 OTHOLIEHHI0 K
TepseMOii HMHM B pe3yJbTaTe CTOJKHOBEHHS SHepruH. Tlpu mpowns-
BOJILHOM COOTHOLIEHHH MEX]y MacCaMH pacceHBaeMod (mi) u pac-
censawomen (m,) wacTuu, npuoGperaeMasi NocaeAHed CKOPOCTb Bhl-
paxaercs 4epes yroJ paccesiHHs B y-CHCTeMe IIOCPeICTBOM

v, =—M__ 4 sin %
2 m;-l-mg * 2
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(em. (17,5)). CootmercrBenHo, npHoGperaemas 5Tofl gacTHuefl, a
TEM CaMbiM H TepseMas YacTHHeN m; SHEPras paBHa
2

’ 2
_ myu, 2m” . g %
e == 3 == —n;;' Um Sin 'i‘.
Bupasus otciona sin% yepe3s & M noAacrasHs B (19,2), moayuaem:
ot 4 -
do =2 — 2. (19,8)
myv,, €

St1a dopMysna OTBeqaer Ha NOCTaBAEHHHI BONPOC, onpefenss 3d-
(ekTHBHOe ceyeHHe KaK (YHKIUIO OT MOTEPU SHEPLUH &) MOCAEeAHAA
npoGeraer DPH 3TOM SHAUEHHA OT HYJAS AO 8 ax =2mzv§o/m2.

3anaun

I. Hafite sddexTrBHOE cevennme pacceshus B noxe U == a/r? (o > 0).
Pemenne Yroll OTKAOHCHHSN:

1
= lew—w —— 4 — — — |,
* n[ '\/1+2a/mp203a]

2nfc nm—y do
dU = 5 3 .
mu_, ©(@n — %) siny
2. HafiTn sopdexTHBHOE CceueHHe paccessHHs ChepPHUSCKOR <«NOTEHIHANLHOR

sMofi» paznyca a W «raybumni» U (r.e morem U =0 mpu r>a, U=-—-U,
npu r < a),

S dexTHBHOE CceueHHe

Puc. 21

Pemenne [Ipsmominefinas TPAGKTOPHA WaCTHHH <NPEJIOMISETCA® TPH
BXOLe B MYy H NpH Boixoxe H3 Hee. CornacHo 3anade k¥ § 7 yram naleHus o H
nperomacHns P (pHc. 21) cBA3aHH COOTHOLICHHEM

sina/sinf==n, n=f\/l -}-2[10/”103° .
Vroa oTkacHenns y = 2{(o — B). MosTomy umeem:

sin@—=%/2) _ o5k —cigasint =
sin & 2

o2
8|~
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HCcKMOuNB o M3 3TOrO PaBeHCTBA M OYEBHAHOTO H3 PHCYHKA COOTHOMEHHH
a sin ¢ = p,

NOJIYInM CBA3b MEXIY P H % B BHAE

n? sin? %
P*=a? 2 .
n? 31 —2ncos X

2

Haxonen, anpdepennupys 5T0 paBencTBo, moayudM >(eKTHBHOE CEYeHHE

% X
2 (ncos-——-—l) (n—cos-—)
do = a’n 2 2 do

x 2 l.)z
4 cos B) (I +n 2n cos )

¥Yron ¥ wmeHsercs B npeleaax or Hyas (npm p = 0) Ko 3Ha4CHHA Ymax (UPH
p == @), onpenesseMoro u3

Ymax
2

1
cos =
n

TTonnoe sdexTuBAOR CeueHne, MOAYUAIOMESCH HATErpHpOBaHHeM dG NO BceM

YIIa@M BHYTPH KOHYCA % << Ymax, PABHO, pasyMeercs, NSOWAA# FEOMETPHYECKOrO
CEueHHd nas,

§ 20. Paccesnue noa Maanimd yriamu

Buouncaenne 3¢ ¢heKTHBHOrO cedeHHsi 3HAYUTENbHO YIpOLLAeTcs,
€CJIN PacCMAaTPUBaTh JIHAIL Te CTOJKHOBEHHH, KOTOPHe NPOUCXOAAT
Ha GOJIbIINX NPHIENbHBIX DPacCTORHHAX, I'le nojte U sBiasercsd caa-
6bIM, TaK YTO YrJbl OTKJIOHEHHUS COOTBETCTBEHHO Manwul [Ipu stom
BHIIHCNIEHHE MOXKHO INPOM3BOAMTH cpa3y B JalopaTOpHOH cHCTeMe
OTCYeTa, He BBOAA CHCTEMY LEHTPa HHEepLHH.

Bri6epem ocb x ne HanpaBJEHHI0 NMEPBOHAYAJNBHOTO HMMIYJbCA
pacceMBaeMbiX YacTHN, (9ACTHIH /M), @ TAOCKOCTh Xy — B ILIOCKO-
cth paccesnus. OGO3HaUHB MOCPEACTBOM P HMIYJbC YacTHIH

noc/e paccesiHusi, HMeeM OUeBHIHOE PABEHCTRO
s o ’
sin 8, = p{ /.

HOasi Manpix ortkjoHeHUS MOMRHO NpuUOAMIXKEHHO 3aMeHMTb sin Oy
Ha 0;, a B 3HaMeHaTe/e — 3aMEHHTb p| NEPBOHAYAJIBHHIM HMIYJbe
COM P = M| Vc;} ,

6, =~ p\,/mu,. (20,1)

Hanee, nockosvky py=F,, TO NOAHOE NDHpAINEHHE HMNYJbCA
BAOJBL OCH Yy ’

Py = S F,dt., (20,2)

—_—a0



76 CTOJIKHOBEHUS YACTUL( ria v

Ilpu atom cuna:

[Tockonbky HHTerpan (20,2) yxe COMEpXHT MaJyil0 BeJHUHHY
U, 10 npu ero BBIYHC/IEHAH MOXKHO B TOM XK€ MNPHOIHNKEHHH CUH~
Tarth, YTO 4ACTHUA BOBCE HE OTK/IOHACTCH OT CBOErO MePBOHAYAlbe
HOrO NYTH, T. €. ABHXKeTcs NMPAMOJHHeHHO (BAOJIb NPSIMOH y = p)
¥ paBHOMepHO (co CKOPOCTBIO Ux). COOTBETCTBEHHO 3TOMY IOJa~
raem B (20,2)

dU p _ dx
Fy__—r—T' dl———vcn
U foJsydaem:
f_ P S dU dx
Py= Voo dr r °

-—00

Haxkone, oT WHTerpHpoBaHus no dx MNepefifeM K HHTETPHPO-
BaHuio no dr. [TockoabKy AJsi mpsAMOJHHENRHOro nyTH r2 = x% - p?,
TO NPH H3MEHEHHH X OT —o00 A0 00 r H3MeHAeTCs OT oo A0 p H
saTeM CHOBa J0 oo. [loaToMy mHTerpas nmo dx nepefier B yABOEH-
Hbl HHTerpaJ mo dr oT p O oo, NpHYeM dx 3aMeHAeTcA Ha

rdr

OxoHuaTe/IbHO MOJMYUHM A yraa paccesnus (20,1) caeayro-
Ilee BhIpaxkeHue!):

dx =

—_——20_ S 4u __ _dr
o mu%, dr A/F=g? ' (20,3)

yeM W omnpedenasieTcss HCKOMasi 3aBHCHMOCTb O OT p mpd caabom
OTK/JIOHEeHHH., D¢ (PEeKTHBHOE cedeHHe paccefiHHA (B .2-CHCTEMe) To-
Jydaercsi mo Takoi xe ¢opmynae, kak (18,8) (c 0, Bmecro ¥),
npuueM sin 0; MOXKHO 4 3JeCb 3aMeHHTb Ha 0!

d 0
dc=l 20 |28 do, (20,4)

1) Ecau nmpou3BeCTH BeChb H3JIOXKEHHBbIA BHIBOA B (-CHCTEME, TO Mbl NOJYYHM
JJs ¥ Taxoe JKe BHIPaXeHHe C /MM BMEeCTO My B COOTBETCTBHH C TeM, YTO MaJbie
yrast 03 7 % AOJIKHBL OLITh CBA3AHB COMVIACHO (17,4) coorHoweHHeM

mg
0 =—-—1
my 4 ms
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3anaun

1. Toayunts dopmyay (20,3) us dopmyan (18,4).
Pemenue C yeipio Habexarb HEXKe QUKTHBHO PAaCXORAWMXCA MHTErpasios,
HpejCTaBHM q)ogmy.ny (18,4) B Buge

3 S p?  2U
- 1=t 0 ar,
Fo 0, o omod

Tmin

TpHYEM B KayecTBE BEPXHEro npejeia nHleM GOMBHIYI0 KOHEYHYIO BelWumHy R,
HMes B BHRY NepefiTH saTeM K npejgeny R —oo. Beuay manocta U pasnaraem
Kopenb 1o crenensiM U, a rmin 3aMensieM npuGaHKeHHO HA O:

R oo
%_;__S p dr + i S U(r)dr
2

52 | 0p Pl
pr/\/l——%— pa mvﬁoz\/l—-%

Ilepufi muTerpan nocie mepexosa K npemeay R—» oo naer m/2. Bropolt ke HE-
Terpaj NpeABapHTENbHO npeolpasyeM IO YacTAM H NOJYYaeM BHpaXKeHHe

co 00
A= o
x=n—2(p0=2_?;s__r__2i.-—d—(.{dr=———2~p.2_s.£g_ dr N
a mvs,  dr mos, dr r?—p?

9KBHBAJIeHTHOE (hopMyJe (20,3). -
2. Onpenennth 50¢deKTHBHO® CeUEHHE pACCESHHS HA MaNHe Yraw B noné
U=ajr (n>0). :
Pemenne Cornacio (20,3) nmeem:

00

0, — 200 S dr
1 mlvgo ; r"+1’\/f2—92

TloacTanoBKof p2/r? == u HHTErpaj IPUBOLHTCH X B-puterpany Biinepa u BHpa-
XKaerca yepes I'-pynkunu

n+1
0 2a4\/17 P( 2
l=

m 5 (5)
2
Bupaxas orciona p uepes 0; n noacrasaaa B (20,4), noayunm:

—_ +1 k2
2'\/512 I‘(i———) B -9 ]+_!.
d0'=—l- 2 o 61 ( n)d01o

n P(—;—) mv?,




FrTABA V

MAJIBIE KOJIEBAHUS

§ 21. CsoGonnbie oxHOMepHBIE KOJeGaHug

Ouenb pacnpocTpaHeRHBHI TUI ABHXKEHHUS MeXaHHYECKHX CHe
CTeM NpeiACTaBJAAIOT co00Ofi Tak Ha3LiBaeMBle MaAble KOAeOAHUA,
KOTOpble CHCTeMa coBepllaeT BOJIH3H CBOETO MOJIOXKEHHS yCTOHYH-
BOro paBHOBecHs. ‘PaccMoTpeHHe 3THX ABHXKeHHH ML HauHeM C
HanboJlee MPOCTOTO CAYyYas, KOTAa CHCTEMa HMEET BCEro OJIHy CTe-
IleHb CBOGOBI.

YcTOHUHBOMY PaBHOBECHIO COOTBETCTBYET TAKOE IOJIOKeHHe CH-
CTEMBl, B KOTODOM ¢e NOTeHIHaJbHasA sHeprua U(g) mmeer MUHH-
MYM; OTKJOHEHHEe OT TAKOro IMOJIOXKeHHS NPHBOAMT K BO3HHKHOBe-
Huio cuanl —dU/dq, crpemsiuefics BepHYTH CHCTeMY O6paTHO.
OGo3HaTuM COOTBETCTBYIOLlee 3HaueHHe O6OGIEHHOH KOOPAMHATH
nocpeAcTsoM go. [Ipn MasbIX OTKJIOHEHHSIX OT TMOJOXKEHHS paBHO-
Becus B paasoxenud pasHoctu U(q)— U(ge) mo cremenaM ¢ — g
IOCTATOYHO COXPAHHTL NePBHI HeHcue3alouui uneH. B obuiem cay-
Yae TAKOBHIM fABJSETCS WIEH BTOPOro NMOpAAKa

Ul)—Ulge) ~ +(q— a0,

rie % — nonoxutensHul KosbduureHT (3HaYeHHe BTOPOH mpoH3-
BogHot U”(q) npm ¢ = q¢). Byzem B paJjbHefimeM OTCUHTLIBATH
TIOTEHIHAJAbHYIO 3HEPTHIO OT €e MHHHMAaJbHOTO 3HaueHHs (T. e. 1o-
noxuM U(go)==0) u BBeneM o603HaUYCHHE

x=q— 4o @L1)

ISl OTKJOHEHHS KOODJAWHATHL OT €€ DAaBHOBeCHOro 3HayeHusd, Ta-
KuM obpa3om,

U (x) = kx?2, (21,2)

Kuneruyeckass sHeprus CHCTeMHl C OJHOH CTeNeHbIO CBOGOALI
HMeeT B o6LleM caydae BUX

'f2a(q) §°="ra(q) %%
B rToM e NpuOAHKEHHH [OCTAaTOYHO 3aMeHuTb (yHKUMIO a(g)
nPOCTO e 3HAauYeHHeM NPH ¢ = go. BBoaa ans KpatkocTH o6o3Ha-
yepne !)
a(qy) =m,

1) TloauepkHeM, OLHAKO, UTO BRJIMUHHA MM COBNAAACT C MACCOR TOMBKO, €C/in
X eCTh A€KapTOBA KOOPAHHATA 4acTHUH!
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MOJYUHM OKOHYATEJNBbHO CJAEAYIOIiee BLIPAXKEHHE AJs JarpaHmeBod
GyHKUMH CHCTEMBl, cOBepinawllleli OZHOMepHble MaJible KoJeba-
HHA ') !

mi? bx?
L= b2 L3
CooTBeTcTBYOLIee 3TOl (DYHKIMM ypaBHeHHe ABHIKEHHS TJIACHT:
mi -+ kx =0, (21,4)
HIIH
i+ o®x=0, (21,5)

rje BBejeHo ob03HayeHHe
o= kjm. (21,6)

JBa He3aBUCHMEIX pelienus JjuHelinoro auddepeHnuasLHOTO ypas-
nenns (21,5): cos of W sin f, Tak uTO ero oblee pelieHHe

x=rc, cos & + ¢, sin of, 21,7

310 BLIpameHHe MOXeT GbITh HANHCAHO TaK¥kKe H B BHIE
x=acos(af | a). (21,8)

Iockoabky cos(wf + a)==cos of cos & — sin of sina, TO cpasHe-
HHe ¢ (21,7) nokasHBaer, YTO NPOH3BOJIbHLIE IOCTOSHHHE a H O
CBA3AHH ¢ NOCTOAHHLIMHA C] H C2 COOTHOMICHAAMHU

a=AcCtca, tga=—cye, @1,9)

Takum 06pasoM, BOJH3H [OJOXKEHHS YCTORYHBOTO DaBHOBECHS
CHCTeMa coBeplllaeT rapMoHHYecKoe KoseGaTenbHoe aBuxkenue, Ko-
sQ¢uLKenT g NpH NepuoAuvYeckoM MHOXKHTesle B (21,8) HasniBaercs
amnasurydorl xoneGanufi, a apryMeHT KOCHHyca — HX (pas30il; o, €CTb
HayaJbHOe 3HaYeHHe (pa3bl, 3aBHcAllEe, OYEBUAHO, OT BHGOpa Ha-
Yajjia OTCYeTa BpeMeHH. BennudHa w Ha3nBaeTCs YuKAUHECKOU 4q+
croroli xoJiebGaHufi; B TEOPETHUECKOH (H3HKE, BIPQYeM, ee Hashl-
BalOT OOGBLIYHO NPOCTO 4ACTOTOL, UTO MBI H GyneM fiénaTb B Lafb-
HeHIIeM.

YacroTa #BAAETCA OCHOBHOH XapakTepHCTHKOH KoJieGaHWH, He
3aBHCAllefl OT Haya/JbHBIX yCcJOBHH aBuxkenHs. CoraacHo dopmyae
(21,6) oma Bcenesno onpeneAnerTcd CBOHCTBAMH MeXaHHYeCKOHR CH-
cTeMbl Kak TakoBo#l. [loguepxueM, ofHAKO, YTO 3TO CBOACTBO YacTo-
Thl CBf3aHO € IpejHosaraeMoil MasjoCThi0 KoJeDaHHM U HCYye3aer
npu nepexofe K OoJiee BbicokMM mpubamxenusm. C MareMaTHYe-
CKOH TOYKH 3DeHHS OHO CBSI33HO € KBaJAPaTHYHOH 3aBHCHMOCTBIO
HOTEHIHAJJbHOR HEPrHH OT KOOPAHMHATHI 2).

1) Takyio CHCTEMY 4YacTO Ha3LIBRIOT OJAHOMEDHHM OCYUAAATOPOM.
2) OHO He HMeeT NOITOMY Mecra, ecid y Gynxkund U(x) npu x = 0 MHHH-
MyM OoJsiee BHICOKOTo mopsimka, T.e Ucox™ n > 2 (cM, sapauy 2a, § 11),
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- JHeprusi CUCTEMEI, COBeplaioulefi MaJjble KosebGaHUs, ecTh
m

mxi2 kx? .
=5+ =g @+’

uJH, noacrasus cojga (21,8);
E = ,ma’a?, (21,10)
Ona nponopunoHa/ibHa KBaApATy aMIJIHTYAH KOJeGaHU.
3aBHCHMOCTb KOODPAHHATH KOJeGJMIOmelca CHCTEMBl OT BPEMeHH

YaCTO OKa3blBaeTCs leO6HbIM NpeACTaBJATE B BUIE BellleCTBEHHOMH
YacTH KOMIJIEKCHOIO BBIpAXKEHHS

x=Re {Aelmt}’ . (21,11)
rae A — KOMTIJIeKCHAaA NOCTOSAHHAA, HANHCAB €¢ B BHAC
A=agets, 21,12)

Mbl BepHeMcsi K Boipaxenuio (21,8). ITocrosuuyio A HasbBaoT
KomniexcHol amnautydod;, ee MOJAyNL coBnajaer ¢ OOLIYHOH aM-
ATy 108, a apTyMeHT — ¢ HadaJabHOH (pa3oi.

OnepupoBanie C 3KCIOHEHUHAJbHBIMM MHOXHUTEJAAMH B MaTe«
MaTHYeCKOM OTHOIUEHHH IIpolle, YeM C TPHTOHOMETPHYECKHMH, TaK
Kak nuddepeHnupopanie He MeHsieT WX BuAa. [Ipu 3TOM, MOKa Mbl
NPOU3BOJUM JIUIIbL JHHeAHble onepaunu (caoXkKeHHe, YMHOXKeHHE Ha
MOCTOsIHHBle Koad¢puuHeHTH, AHb(epeHUHPOBAHME, HHTErpHPOBa-
HHE), MOXHO BOOGIle ONMycKaTh 3HAK B3ATHS BellleCTBEHHON YacTH,
nepexois K NocJejHel JHIIb B OKOHYATeJbHOM De3yJbTaTe BHYHC-
JeHu#t.

3agaun

1. Bulpasuth aMIAHTYAY H HadyadbHyio (asy KojeGanuil depe3 HAYaJbHbIE 3HA<
UEHHS Xo H Uo KOODAHHATH H CKOPOCTH.

OrperT:
9
A / 24 Y% Yy
a == X +—— t Q= =~ =,
0T GE g WXy

9. Haiitd oTHOUIeHMe 9aCTOT ® H ®’ KoaeGaHHA ABYX ABYXaTOMHBIX MoJe-
KyJI, COCTOSNAX 3 aTOMOB Pa3NHUMLIX H3OTONOB; MACCHl aTOMOB DaBHbI COOTBeT-
CTBEHHO My, My W MMy, M.

Pemenue. TIoCKOJbKY aroMbl H30TOTOB B3aHMOACHCTBYIOT OAMHAKOBBIM
o0pasom, T0 & = k’. Poab Ke K03D(DHUHEHTOB M B KMHETHUECKHX 3JHEPrHAX MO-
JIEKYS HIPAlOT HX NpHBefeHHHe Macch. CorsacHo (21,6) HaxomuM MO3TOMY:

o mmy (m; + m;)
Y i 1 StV
0y mimy (m, -+ my)

3. Hafity wactoty KoJseGauuii TOYKH € Maccofi m, cnocoGHOft ABHraThCsi 1o
upAMOHl H NpUKpelyieHHOH K NpYXHHe, APYFOH KOHel KOTOPOf 3aKpemyieH B TOU
ke A (puc. 22) ‘aZpaccrosnuy [ or npsimolt, TlpyxuHa, umes paugy I, Harauyra
¢ canoi F, :
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Pewenue [loTeHunanbHass 3HEPrEs NPYXKHHH (C TOUHOCTBIO A0 MAJBIX
BeJIMUHH BLICIIEro NOpsAKa) paBHa NpouaBefeHHio cuanl F uHa yamusenue 8 mpy-
wKaupl, Tlpn x < | umeem:

8l = A/IF - 2% — = %32,

Tak 4to U == Fx2/2l, [TocKONbKY KHHeTHYecKas 3HeprHs eCTb miZ/2, To

o = +/FJml.
4, To Xe, ecii TOUKA M JABHXKETCA [O OKPY¥KHOCTH pasuyca r (pme. 23),
A
..A .
7.
m x
Puc. 22 Puc. 23

Peweunne B srom cayvae yaaunedne npyxuuel {(npun ¢ < 1)

Sle=qrtd-(I+r2—2r(l+r)ycosp — I~ ————¢

Kunernueckas sueprus T = ![/;mr?¢3 Orciopa uacrora

m=,\/F_(f_ﬂ,
rim

5. Haiitu yacrory KojeGaHH#i H300paKeHHOrO Ha pPHC. 2 MafTHUKA, TOYKE
mojBeca KOoToporo (C Maccoit my B HeHf) cmocoGHA COBepHIATH [BHXKEHHE B Tro-
PHSOHTAJILHOM HanpaBJeHHH.

Pemenue. Ilps @ <1 us noayduensoit B samavye 3 § 14 dopmynn Ha-
XORHM:

_ mmgl? . g _ magl .
BTG T N AN

o= A &Lt m)
mll

6. Onpexenuts Gopmy Kpupof, HpH Kauawuk BAOJb KOTOPOH (B mose Tsaxe-
CTH) 9acTOTa KOJIeGaHH! He 3aBHCHT OT AMILIHTYALL.

Pemenue. IlocrapienHoMy yc/oBHIO GyAeT YAOBJIETBOPATb Takas Kpusasi,
NpH JBHMKEHHH BXOJb KOTOPOH NOTEHUHaJbHAS 3Heprdsa YacTHOsl OyRer U=£As2/2,
rie §— AJuHa AYTH, OTCUHTBIBaeMas OT IOJOXKEHHS pPaBHOBECHA; NPH 3TOM

T

Otciona
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KnHeTHYecKas SHepraa T = ms?2 (m-—Macca "aCTHUH) H uacToTa Kojebammit

6yaeT © == 4/E/m BHe 3aBHCHMOCTH OT HAYAJLHOTO SHAUCHHS .
Ho B none taxecrn U = mgy, rae y — BepTHKa/IbHAA KOOpAMHATA. [losToMy

HmeeM: ks?/2 = mgy nau )

=B 2
y——2gs.

C npyroit cropennl, ds? = dx? + dy?, oTkyza

IV o= o e

Warerpaposanne yaofHo NPOM3BECTH, CAENAB NOACTAHOBKY

y=
Torra nonyqnm:

x=—E @ +sing)

OTu IBa PaBeHCTBAa ONPENE]AOT B NAPAMETPHUECKOM BUAe ypaBHEHHE HCKOMOA
KpHBOii; OHa mpejcTaBasieT cO00H LHKNOHLY.

§ 22. BunyxaenHsie Koaebanus

Tlepefinem x paccMoTpenunio KoneGaHHiA B cHCTeMe, HA KOTODYIO
AEACTBYET HEKOTOpOE NepeMeHHOe BHellHee MoJie; Takhe KoJeba-
HHSl Ha3LIBAIOT BbIHYMOEHHbIMU B OTJUYHE OT PACCMOTPEHHBIX B
npebZyIieM naparpade TaK Ha3HBaeMBIX €80600HbIX KoneOaHHH.
Tockonbky KoneGanHs NpeAnONATAIOTCA HO-NPEXHEMY MaJbIMH, TO
TeM CaMHIM MOJpasyMeBaercd, 4TO BHeINHee NOJe JOCTAaTOYHO CJjia-
60e, B IPOTUBHOM CJiyiae OHO MOIVIO OBl BHI3BATh CJAHIIKOM §OJb-
LI0e CMelIeHHE X.

B stoM ciyuae Hapany ¢ co6CTBEHHOH MOTEHNHANBLHOR aHepruei
1/,kx? cucteMa oGaajaer eme noTeHuuansHoit suepruelt U.(x, f),
cBsi3aHHOH ¢ AeficTBUeM BHemHero noJs. Passnaras 370T AONOJHH-
TeJbHBIE WIEH B PAA NO CTENEHAM MAJNOH BENUUHHB ¥, NMOJYYHM:

6U,

U(x = U0, )+ x o’

Tlepeniii unen spasierca ¢GyHKuHeli TOJBLKO OT BPeMeHH H HOTOMY
MoKeT OBITH ONyIIeH B JarpaHxkeBoH ¢YHKUHH (KaK IOJHAS Ipo-
H3BOAHASA MO ¢ OT HEKOTOPOH Apyro# ¢dyukuuu BpeMenu). BoBropom
uyjene —AU,./0x ecTb BHEIUHsS1 «CHJIa», JeHCTBYOUWAs HA CHCTEMY
B IOJIOXKEHHH DAaBHOBECHI W HABJIAIOIAACA 3alaHHOH (YHKUHeH
Bpemenn; o6osnauum ee kak F(¢). Takum o6pasoM, B NOTEHIHA/b-
HOH 3HepPTHH nosiBAsterca uiaeH —xF(f), Tak uto Qynkuus Jlarpas-
JKa CUCTeMBl OyaAeT:

L= _ By 5F (@), 22,1)
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CoOTBeTCTBYIOIIEE YPABHEHHE ABIXEHHS €CTh

mi -+ kx=F(1),
HJTH

F+ ot = F(f), (22,2)

rfie MBI CHOBA BBeJIH YacTOTY @ CBOGOIHEIX KoseGaHui.

Kak usBecTHO, ofilee pemieHne HEOAHOPOJHOTO JHHeAHOro Aud-
(epeHIHAJBHOrO ypaBHEHHS ¢ HOCTOSHHBIMH Ko3(pHIHEeHTAMH NO-
Jiyuaercsi B BHJAe CYMMBl ABYX BbIpameHHH: x == Xp -} X1, rae xp—
oflllee peleHHe OXHOPOJHOTO YPaBHEHHUSA, a x| — HaCTHHIA HHTErpan
HEOJHOPOJHOrO ypaBHeHHs. B naHHOM cayuae X, NMpeAcTaBAAET CO-
6ot paccMoTpeHHBle B NIpeablaylneM naparpade cBoGoaHble KoJje-
6anus.

Pacecmorpum npeacraBaaomuit ocobwil mHTepec ciayualt, xoraa
BHHYXJaollasl CHJAa TOXKe SIBASETCS NPOCTOfl nepueanyeckol ¢yHk-
LHel BpeMeHH ¢ HEKOTOpO#l wacToToii y:

F (fy=7[ cos (vt + B). (22,3)

Yacrublt uHTErpan ypaBHeHus (22,2) wuimeM B BHIE X ==
= bcos(yt 4 B) c Tem e nepuoanHdeckuM MHoxurenem. Iloxcra-
HOBKa B ypaBHeHHe JaeT: b = f/m(w? — y?); npubasass pelleHue
OJHOPOJHOrO YpaBHEHHs, NOJyuUHM OGINuf HHTerpaj B BHAE

x=acos (o + o)+ — (mzf 7 o8 (vt + B). (22,4)

IponsBosibHBIE MOCTOAHHBIE @ H O ONPEAGIAIOTCS H3 HAYaJbHbLIX
yCJ0BHUR.

Takum o6pasoM, nox JeiicTBHEM NePHOJHUYECKOf BHIHYKAAMOMedR
CHJIBI CHCTEMa COBEpILIaeT ABHIKEHHe, IpeicTaBJ/slomee coGoR co-
BOKYNHOCTh ABYX KoJeGauhii —c co6CcTBEHHOH dYacTOTOM cncrebe
® ¥ ¢ 4acTOoTOH BHIHyX)Aaoulel CHJAH y.

Peumrenne (22,4) HenpumeHHMO B clyiae TakK Ha3elBaeMoro pe-
80HAHCA, KOTAA YacTOTa BHHYXKAAIOMEA CHJBl COBHazaer ¢ Co6-
CTBEHHO! 4aCTOTOd CHCTeMH. [Ind HaxoxkzeHus ofmero pelleHus
YPaBHeHHs JBMXEHHA B 3TOM cJydae NepemunieM BHpPaXeHHE
(22,4) ¢ cooTBeTCTBYIOINM nepeoﬁosﬂaquHeM NIOCTOSHHEIX B BHJE

x=aqacos (0! + a) —|—m [cos (vt + B) — cos (of 4 P)]-

Ipu y - @ BTOpO# useH naer HeompedeaeHHocTb BHga 0/0. Pac-
KpLIBag ee IO npaBuay Jlomuransd, HONyyuM:

x=acos (o +a)+ -,mim { sin (0! 4 B). (22,5)

Takum o6pasoM, B cJayyae pe3oHaHca aMIJHTyAa KoJebGanui
pacreT JiMHefiHO CO BpeMeHeM (A0 TeXx mop, Hoka KojeGaHua He
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nepecTanyT OHTb MAJNLIMH H BCS H3JaraeMasl TEOPUSl mepecTaHer
OHTh NpUMEHHMON).

BhisicHEM ellte, KaK BHIVIANAT MaJjble Kone6aHus BOIH3M pe3o«
HaHCa, Koria y = o -} &, rle e — Manas BeauunHa. [Ipencrasum
oflllee peleHne B KOMIJIEKCHOM BHUIE, Kak

x = Ae't 4 Bel0te)t — (4 | Betet) giot, (22,6)

Tax xar Bennunna A - Be'®* Mano MeHseTcs B TeueHHe TepHOAA
2n/@ MHOXUTeas €®!, TO NBHXKeHHe BOJIHM3H Pe30HaHca MOXHO pac-
CMaTpPHBaTh KaK MaJjbie KoJeGaHHs, HO ¢ TepeMeHHOH aMIINATY-
noit ),

OGosnayus nocieanon yepes C, nMeeM:

C=| A+ Be#|,

Ilpencrarus A u B cooTBeTcTBeHHO B BuAE ae* u be®, no-
JYUHM:

C?=a? 4 b+ 2ab cos (et + p — a). (22,7)

Takum o6pasoM, amniuTyna kose6JeTcs NEPHOAMUECKH € YacTO-
TOH €, MEHASCH MEXAY ABYMsl IpefeJaMH

la—b|<C<<a—+b.

ITo ABNEHNE HOCHT HasBaHHe GueHudl.
YpaBHenHe aBuKeHHs (22,2) MoxeT OBITb MPOMHTErPHPOBAHO
H B ofueM BHIe NpPH NPOU3BOJNBHOA BHHYXKpawomed cune F(f),
2TO JierKo chesaTh, MepeNHcaB ero IpeABapPHTENbHO B BHIE
. . N . 1
%(x+zmx)——tco(x+mx)=-;1-F(t)
Hu
e, 1
a uox=7 F (f), ‘ (22,8)
rle BBEJCHA KOMIIJIEKCHAs BeJHYHHA
E=x -+ iox. (22,9)

Ypapuenue (22,8) yxXe He BTOpOro, a mepBoro nopsaka. Bes mpa-
BOj1 yacTH ero peureHHeM 6blio GH & == Ae'®! ¢ nocroanuoii A. Cae-
Ays ofuieMy npasuJy, HIIeM pelleHHe HEeOJHOPOJHOTO ypaBHEHHS
B BUAe E=A({)ei®* n pna ¢yskuuu A(f) nonyuaeMm ypaBHeHue

Al)y=—F(t)e~ot,
Hnrerpupys ero, nosyuyum peumieHde ypaBHenus (22,8) B Buze

4
§=eim‘{8—’;-F(t)e—"°' dt+§o}, (22,10)

0

1) Menserca taxxe «NOCTOSHEWA» 4ieH B ¢dase KoneGaHuA,



§ 2} BLIHY)KJEHHBIE KOJEBAHUS 85

rae IOCTOSSHHAS WHTETPUPOBaHHA Eo INpeacTraBiaser coGofi 3Hade-
HHe E B MomeHT BpeMend ¢ = 0. D10 u ecTb HCKOMOe obuiee pelle«
HHe; (QYHKUHS x(t) ZaeTcsi MHHMOM 4YacTblO BEIpaKeHHs (22,10)
’(.ue.nenﬂou Ha ®)').

DHeprusa CHCTEMBI, COBEpIIAOIleH BbIHYXKAEHHble KoJeOaHHd,
pasyMeeTcsd, He COXPaHfeTCs; CHCTeMa IpHOOpeTaeT SHEPTHIO 32
cYeT HCTOYHUKA BHelHe# cHibl OmnpejejauM MOJMHYI0 SHEPTHIO, Ne-
pelaBaeMyi0 CHCTeMe 3a BCe BpeMs JefCTBHS CHJIH (OT —oo [0
--00), mpeanoJaras Hava/JbHYI0 SHeprHi0 paBHOH Hy/o. CorsacHo
tdopmyse (22,10) (c HIKHUM TpPeReJOM HHTEDHPOBAHHA — o0 BMe-
CTO Hy/a U ¢ E(—o0)==0) umeeM npu {— oo:

oo 2
I8() Fmmir| | FO et

C 1pyroit cTOpOHBI, 9HEPrHs CHCTEMbl KaK TaKQBOH naeTcs Bblpa-
HKeHHUeM

=5 (2 + 0% =3 |E . (22,11)

IToncraBuB ciona |E(o0) |2, moayuHM HCKOMYyi0 mepejady 3Hepruu
B BHJE
oo 2

E=-— SF(t)e"‘”‘dt : (22,12)

-t

OHa oOllpeJensieTCss KBaApaTOM MOJAYJsi KOMIIOHeHTH ®ypbe CHAR
F (t) c gacroroii, paBHOf COGCTBEHHON YaCTOTE CHCTEMBI.

B yacTHOCTH, ec/iM BHeLIHSIsi CHJa AefCTBYyeT JHIIb B TeueHue
KOPOTKOrO NDOMEXYTKa BpeMeHH (MaJioro mo cpasHeHHw ¢ l/w),
TO MOXKHO MOJOXKHUTb e~®! =~ |, Torna

oo 2
E=ﬁ( S F(t)dt) .
—_— 00
DT10T pe3y/bTaT 3apaHee OYeBHIEH: OH Bhlpaxaer coGoff ToT dakr,
YTO KPaTKOBPeMeHHasi Cu/a COOOILAaeT CHCTeMe HUMIYJ/IbC S F df, He
yCIleB 3a 3TO BPeMs NPOHU3BECTH 3aMETHOr'0 CMEMIeHHs,

3apgauu

1. Onpepensth BbIHYKIEHHbIE KOJeGaHHS CHCTEMBI NOJ BJAHSHHeM cHAM F(f),
eCc/H B HavaiabHEA MoMmeHT £ = 0 cuCTeMa NOKOUTCH B INOJOXKEHHH pPaBHOBECHS
(x =20, x =0) pan cayyaes

a) F = const = F,.

1) Tlpu sToM, pasyMeercs, CHJa F (¢) mo/xHa ObITb HANHCAHA B BEILECTBEH»
HOM BH/e.
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] F
OrseT x= mu“}, {1 —cos ®f); neficTeHe NOCTOAHHOA CHAN NPHBOXMT K

cuem%nmo DOJICXKeHHS PABHOBECHS, BOKPYF KOTOPOTO NPOHCXOAAT KoAeGanmud,
6) F = at,

a .
OtBeT: x= prve (®@f — sin wf),

B) F=Foe~%,

oy Fa { ,~—at
waaew. ‘x———————-——m(mz_‘_az) e
1) Fe==Fye~%cosft.
OrseT:

— ¢0s ©f +-Z'—)— sin mi‘).

Fo
m[(w® -l- a? — B?)? 4 4a?p?

+ % (@ + a? + B) sin af + =% [(6° + o — B?) cos Bt — 20 sin Bi] }

X =

— (@2 + a% — B?) cos ot 4-

lnpﬂ pelnensA yno6HO NMHCaTh CHAY B KOMIVIEKCHOM Bune F = F et et
2. OnpefenuTs KOHEUHYI0 AMIIHTYALY KoMeGaHmii cucTeMH mocjie ReRCTBHS
Bﬂemneﬁ CHJIbl, MeHsiowleficA no 3akoHy F =0 mpu ¢t << 0, F= Fol/T npu
0<t«T, F=F, npu ¢t > T (puc. 24);

F A0 momeHTa ! ==0 cucTeMa NOKOHICA B
OOJIGKEHHY DaBHOBECHS.
(e —————eemsae F
A £
0 T ' ot ,
) T +
Pac. 24 ) Prc. 25

Pewenne. B uurepsaie spemenu 0 <! << T koneGatus, yAOBJETBOPAIOs
IlHe RAYaJBHOMY YCJOBHIO, HMEIOT BHA

mI;‘O 5 (0f — sin ot}
Ilpn { > T uuem pelenHe B Baje
x=g o0s0{{—

X ==

Yis yenosuf menpepuseorTd x @ & npn ! = T maxoxum:

pu—— Fo i — Fo —
€= 5 sin oT, 0= {1 —cos o).

ITpn sToM aMma¥TyAa konebanui
2F, ol
2 = 0 H i
a=Afct 4 ¢l = To? S0 —g

OTMeTHM, UTO OHA TeM MeHblle, YeM MelJieHHee «BKJiodaercs» chia Fo (1.e. ueM

Goabme T).
3. To ®e B cayuae nocrosiHHOA cuAn Fo, XeficTBywiled & redenHe Orpanms
yegnoro Bpemenn T (puc. 25),
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PeunieHHe MOXEO HaliTH Kak B 3ajaue 2, HO ellle Mpomle BOCIOAB3OBATHCA
Gopuynoir (22,10). Ilpu § > T umeen cBOGORMKE KoveGaHHs BOKPYT NOJQXKeHHA
% = 0; opu atom

o imt S ~ ot dt = .Fo (l —io)T) etmt;
0

KBaRpar ke MOLyMs § AaeT ammumtyRy coraacko tdopmyne [E|2 = ale?, B pe-
S8yAbTaTe HAaXOLEM:
2F, @l

sin ——

me?® 2"

a=

4, To ke B cmyyae cusH, ReACTBYIOUleil B TeueHHe BpeMeHH OT Hyad zo T
no 3akoHy F = Fot/T (puc. 26).

F

Fa
T

a T + v} \/ t

Puc. 26 Puc. 27

Pewmenue, Tem xe cnocoboM nomyuum:

a= A/ 0?T? — 26T sin ol - 2 (1 — cos wT).

Tmw®

5. To ke B cayuyae CHJH, MEHsOWEHCS B TeYeHHe BPEeMeHH OT HYAA JO
T = 2n/e no sarouy F = Fysin of (prc. 27).
Pewmeunne INogcrasus B (22,10)

F (f)==Fqsin of = 5> (et“" g~ lot)

H NPOHHTErpHpOBaB OT HyAs Ao T, nonydam:
a == Fon/met.

§ 23. KoaeGanug cucreM o0 MHOTMMH CTeNEHSMH CBOGOAL

Teopusa cBOGOAHBIX KOJMeGaHHi CHCTEM C HECKOJILKMMH (S) cTes
NneHsiMu cBOOOJLI CTPOHICA aHAJOTHYHO TOMY, KaK OLiiH PaccMOT-
pern B § 21 oaHoMepHbie KosaebaHHEs.

[Tycte noTeHunanbHasg aneprus cucteMu U Kak bynrnus 0606-
MeHHHX KoopauHaT ¢; (i==1, 2, ..., §) uUMeer MHHUMYM HpH
i = g, BBoAA Manble cMenieHus

X1=q;—dqp (23,1)
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¥ pasnarag no HuM U C TOYHOCTBIO A0 UJIEHOB BTOPOTO TOPSAKA,
TOJIYYMM TOTEHIHA/ILHYIO SHEPIHIO B BHJE NOJOKHTENBHO Onpeses
JIEHHOfi KBaJPaTHUHOH (POPMBI

U= > kutixs, (23,2)

i,k
rje MH CHOBAa OTCYMTHBAaeM INOTEHIHAJbHYI0O SHEPTHIO OT €e MHHH-
MaJNbHOTrO 3HauyeHHs. ITockonbKY KO3QQHUUEHTH Kip M Kp BXOAAT

B (23,2) yMHOXEHHBIMH Ha OJHY M Ty XK€ BEJHYHHY XiXz, TO SICHO,
YTO HX MOXKHO BCerfla CYHTaTb CHMMETPHUHBIMH TIO CBOHM HH-

ZeKcaM
kin= k.

B KuHeTHUecKofi 3Ke 3HEPrHH, KOTOpash HMeeT B obLIeM cayyae
BHA
1 .
5 2 (9) dudn
i, k

(cM. (5,5)), monaraeM B Ko3bdHUHEHTaX ¢; == qiy W, 06o3uavas
NOCTOSIHHBE @z (go) NOCPEACTBOM M, NOJYy4YaeM ee B BHAE II0JO-
XKUTEJBHO ONpeJe]eHHOR KBaApaTHYHOR (OPMEL

% Zmikxii'k. (2313)
i, k '

KospdumuenTsl mi, TOKe MOXKHO BCEria CYMTaTb CHMMETPHIHBIMH
10 HHJEeKCaM

My == Mg,

Takum o6pa3oM, JnarpaHxeBa (YHKIHS CHCTEMEH], COBeplIaiomed
cBo0oanble Maskle KoJleGanug:

1 . s
=7 Z (munkike — Rypxixs). (23,4)
i, k
CocTaBuM Teleph ypaBHeHHS ABHXeHuda. [las onpenenenus

BXOAAII¥X B HHX NPOM3BOAHLIX HaNUIIeM NOJHHIA AHGQepenunan
¢yukuuu Jlarpanxa

1 s g o g
dL= 53 Z (m,kx, dxk - MipXe dx, -_— k,kx, dxk -_ k,kxk dxi).
i k
TlockoabKy BesiMdHHA CYMMBI He 3aBHCHT, pasyMeercst, oT o6o3Ha-
4YeHHs HHAEKCOB CYMMHDOBAHHS, MEHsIeM B NePBOM H TPeTbeM Ujie-

Hax B cKOGKax [ Ha k, a k Ha [; yUuTHIBad NPH STOM CHMMeTpHY-
HOCTb KO3 (QHLHEHTOB My H Rip, HOJYIHM:

dL = Z (m;kfck dx‘ — k‘kxk dx;).
i B
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Orcioa BUAHO, 9TO

oL’ . oL -
T L Mk o= '—'Z RirXe
% t P

ITosToMy ypaBHeHusa Jlarpauxa
% Myeie + ; kipx,=0. ' (23,5)

Onn npeacrasasiior coGoiét cucreMy s(i=1, 2, ..,, §) AuHEAHbIX
OLHOPOAHBIX JAu(pdepeHuHaNbHHIX YPaBHEHHA € INOCTOSIHHBLIMH KO-
o puuHeHTaMH.

Ilo o6muM npaBmiam peureHHst TAKHX ypaBHeHHH HILEM § He«
U3BECTHHIX QYHKUUA Xx,(f) B BUEe

Xy == Ageiet, A (23,6)

rie Ap— HEKOTOpHE, NOKa HeoNpejeNeHHbe, mNocrosHHBe., [loa-
craBaas (23,6) B cucremy (23,5), mosyuaeM 1O COKpalleHHH HA
€' cucreMy JIHHeHHBIX OXHOPOAHBIX ajre6paHyecKHX ypaBHEHR,
KOTOPLIM JOJIJKHBH YIOBJIETBOPATh NOCTOSTHHBIE Ag:

2 (— Py + kug) Ay =0. (23,7)

Hdast toro 4ro6H sTa CcHCTeMa HMena OTJIHYHHE OT HyJasa pe-
WIeHHsA, BONKEH o6pama1‘bc;{ B HYJb €€ ONpPCACJUTENDb

| by — 02y, | =0, (23,8)

¥Ypapnenne (23,8) — Tak HasblBaeMOe XAPAKTEPUCTUYECKOE YPaB-
HeHHe — npeAcTasaser co00H ypaBHeHHe CTENeHH S OTHOCHTENBHO
®?, OHO HMeer B o6uieM Ciyyae § PasiHYHbIX BEHIECTBEHHBIX NO-
JIOKHTE/IbHBIX KOPHelt o2, a==1, 2, .,., s(B YacTHHX cJyYasx He-
KOTOpLIe M3 3THX KODHeH MoryT cosnanath). OnpefesenHble TaKUM
006pasoM BEJHYHHH g HA3LIBAIOTCS COOCTBEHHLIMU 4ACTOTAMU CH-
CTEMHI,

BeinecTBeHHOCTb H NOJIOXKHTENBHOCTb KOPHEH ypasHeHusi (23,8)
8apaHee OYEBHAHH yxke H3 (u3NYecKUX coobpaxkennil. [eficreu-
TeJIbHO, HAa/MWYHE Y @ MHHMMON YaCTH 03Haya/jo Gbl HaJHYue BO Bpe-
MeHHOH# 3aBHCHMOCTH KOOpAHHAT xp (23,6) (a ¢ HEMH H CKOpo-
CT€H X;) 9KCNOHEHHIHAJbHO YOHIBAIOLIETO MJHM SKCIOHEHHIHAJbHO
BO3pacTalomero MHoOXHTeasd, Ho Haauyue Takoro MHOXKHTeNAs B
JaHHOM cl/lyyde HeNONyCTHMO, TaK KaK OHO NPHBENO G K H3MeHe-
HRI0 co BpeMeHeM noaHoi sHepruv E = U- T cucreMb B npoTH-
BOpEUHH € 3aKOHOM €€ COXPaHeHHH.,

B ToM xe caMoM MOXHO yGEIMTbCH M YHCTO MaTeMaTHYECKUM
nyTeM. YMHOXHB ypaBHenue (23,7) Ha A} M IPOCYMMHDOBAaB 3aTeM
10 §, nosy4YuM:;

,_z;; (— o®my, + k) 434, =0,
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OTKyAa
s Y kipALA,
Ym AL A,

KBagparuunbsle GOpMbI B YHCAUTENE U 3HAMEHATe]e 3TOTO BHpaxe-
HHSl BeILEeCTBEHHLl B CHJ/Y BELIECTBEHHOCTH H CHMMETPHUHOCTH KO-
9ODUNUEHTOB kix U Mik; AEHCTBHTENLHO,

(Zk,AAA) Ek‘kAA -Zkk‘AA, Zk,kAA

OHH TaKXKe CYyLIeCTBEHHO NOJIOMKHTENbHE, 2 [I0TOMY HOIOKHTEJIBHO
Ha’l),

[Tocne TOro Kak 4acTOTH @y HafiZeHHl, NOACTABANS KaXJAoe HI
HUX B ypaBHeHds (23,7), MOKHO HalTH COOTBETCTBYIOLHe 3Haye-
HHA KO3 dunuedToB A, Eciu Bce KOPHH ©q XapaKTePHUCTHUECKOTO
YpaBHEHHA Pa3AHYHBL, TO, KaK H3BecTHO, KoapduuueHrn A, npo-
NOpLHOHANbEN MHHOPaAM onpejearrens (23,8), B koTopoM a 3a-
MeHeHa COOTBETCTBYIOINHM 3HAYEHHEM 0; OGO3HAUHM STH MUHOPH
yepes Axe. UYacTHoe pemenne cucreMH gu¢ipepeHUHANbRHX ypaB-
Henuft (23,5) umeer, ciefoBaTENbHO, BHJ,

o ¢
Xp =07y Coe w“

rie Co— HPOU3BOJIbHAS (Komnnexcnax) NOCTOSTHHAS,
OO6mee xe pewreHHe xaerés CyMMOR BCeX § YaCTHBIX pemermﬂ
[lepexons k BelmecTBeHHOQ# YacTH, BanHlIEM €ro B BHAE

Xy = Re{ 2, Al c;«e‘“"m‘} = X, A% (23,9)
rje Mul BBesH ©0G0O3HAUeHHe
8, = Re {C,e'*'}. (23,10)

TaxnM of6pa3oM, H3MeHeHHe KamAOR H3 KOODAMHAT CHCTEMBI
€O BpeMeHeM INpeAcTaB/asieT co60fi HaJOXKeHHe § MPOCTHIX MEePHO-
AHYEeCKHX KoJgebaunuii 6y, Oy, ..., ©; c MPOHU3BOJNBHLIMH AMIJIHTY-
JaMd ¥ (asaMu, HO HMEIOIIHWX BIOGJHe ONpele/eHHLIE YacTOTH.

EcTecTBeHHO BO3HHKaeT BONPOC, HeJb3fl Ju BHOpaTh 0606IIEeH-
Hble KOOpPAMHATHl TakuM o6pasoM, uToOB Kaxkiasg U3 HHX coBep-
mana TOMbKO OXHO npocroe Kose6Ganne? Camaa dopma obilero
uurerpasa (23,9) yxasmiBaeT NyTh K DeMIeHHIO 3TOH 3ajaui.

1) TlonoxuTenbEas OIpeAe/EHHOCTh KBaApaTHYHON (OPMH, NOCTPOCHHOR Ha
xoa@&buunemax kir, OUEBHIHA U3 HX ompeAeleHus B (23,2) Ans BeULeCTBEHHHX
sHaueHnt nepemenubix. Ho ecan manmears KoOMnlexkcHHe BedHdiHHH Ax B sBHOM
BHIE KaK Qr - ibk, TO MH TNOJY4YHM (CHOBA B CHJY CHMMETDHUHOCTA Ri):

El:z kipAiA, = 12; by (a;— b)) (8, + ib) = z;akikaiak + X kybiby,
i ; £ 7

T, e, CyMMy ABYX HOOJIOXKHTC/bHO ONPEAS/ICHHBIX qupM,
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B camom gene, paccmaTtpusas s cootHomenufi {23,9) kak cu-
CTE€My YPaBHEHHH C S HEM3BECTHLIMH BEeJIHUHHAMH O, MH MOXKeM,
Paspewsns 3Ty CHCTEMY, BLIpa3HuTh BeJHUHHH O, O, ..., O, uepe3
KOOPAHHATH X1, X3, ..., Xs. Cyef0BaTE/NBbEO, BENIAUHEL O, MOKHO
paccMaTpuBaTh KaK HOBHe o0OOILeHEHIE KOOPAWHATH. DTH KOOP-
ZAHATH HAa3HIBAOT HOpMAAbAbimu (MAW I'AABHHIMH), a coBepuiaes
MBle HMH TPOCTHle IepHOAMIeCKHe KoJebGaHusa — HOPMAaAbHEIMH
ROAe6aHHAMI CHCTEMH.

Hopmaabubie xoopiuuathl Oy yAOBAETBOPHIOT, KaK 3TO H8-
CTBYET M3 HX ONpele/eHus], ypABHEHHAM

64 + 08z =0. (23,11

DTO 3HAUHT, UTO B HOPMAJLHHEX KOODAMHATAX YDAaBHEHHS HBUKE-
HHUfi pacnajaloTCs Ha § HE3aBHCHMEIX JADYr OT APyra ypabBHeHHA.
YcropeHHe KaX[IOH HOPMAJbHOM KOOPAHHATH 3ABHCHT TOJBKO OT
3HAYEHHA 3TOH Ke KOOPAHMHATH, M AJAA MOJHOTO ONpelesieHUd ee
BpPeMEHHON 3aBUCUMOCTH HAaAO 3HATh HadajbHble 3HAYEHHS TOJbKO
ee Xe caMofi W cooTBeTcTBYIOHIeH eft ckopocTH. Jlpyruma cnosamy,
HOpManbHble KONeGaHHA CHCTEMbl MOJHOCTBIO HE3aBHCHMHEL.

H3 ckazamHOro owerHAHO, 4T0 GyHKIHA JlarpaHxa, BHIpaXKeH-
Haq Yepe3 WOPMaAbHHE KOOPAHHATH, pacHajaeTcd Ha CYMMY BH-
PaXxeHul, KaXpoe H3 KOTOPHIX COOTBETCTBYET OAHOMEDHOMY KoJje-
6agnio ¢ 04HOH H3 YaCTOT Wq, T. €. HMEET BHJ

L=7} 75 (6: — wz60), (23,12)

TAe mg— NOJOXKUTENbHble mocTosHHEe, C MaTEeMaTHUECKOA TOUKH
3peHAsA 3TO ©O3Hauaer, YTo npeoBpasosanHnem (23,9) obe kBagpa-
THuHble (OPMHBI — KuHeTHYeckas aHeprus (23,3) u noreHnuasbHas
{23,2) — onHOBpEMEeHHO NPHBOAATCH K AHATOHAALHOMY BHIY.
OGHYHO HOpMaZbHLIE KOOPAMHATH BHOUPAIOT TAKHM 0GPasoM,
4YTOOH KO3 QHUHEHTH NPH KBajpatax cKopocTeil B ¢pyHRuu# Jia-
rpanxa GHau paBuu 1/2. HAs 5TONO EOCTATOUHD DUPLEEANTDL HOp-
MajibHHe KoOopAHHarH {(00o3Hadv#M HX Temeph () pABEHCTBAMHE

' Qa = A/ tiig Oy - {23.13)
Torpa

L=g Y (& —02Q2).

Bce nanoxxenHoe MaJo MeHsieTCs B cJydae, KOrAa CPefdl KOp-
Hefi XapaKTepHCTHYECKOro ypaBHEHHS HMeEIOTCS KpaTHhEe KOpHH.
O6wni Bux (23,9), (23,10) uuTerpana ypaBHEHHE JBHKeHHT
ocTaercs TaKHM XKe (¢ TeM 3Ke 4JHUCAOM § UAGHOB) ¢ TOH
JHIIb pa3HHUEH, YTO COOTBETCTBYIOUIHE KpaTHHM 4acToTaM
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K03GGUIMEHTH Agy YIKE He ABAAIOTCH MHHOPAMH ONpERETUTENS, KOs
TOpHle, KAK H3BECTHO, o0pallaloTcs B 5TOM CJydae B HyJab l),

Kaxmoft kpatHOfi (W/H, KaK TOBODAT, 86ipoKcOennoil) dacToTe
OTBEYAET CTOJbKO pAa3JHUHBIX HODMAJbHBIX KOODPAMHAT, KaKOBa
CTelleHb KPATHOCTH, HO BHIOOP 3THX HOPMAaJbHEIX KOODJAHHAT He
oaHosnaueH. ITocKONbKY B KHHETHYECKYI0 M MOTEHUHANbHYIO 3Hep-
THH HOpMaJIbHble KOODAHHATH (C OJMHAKOBHIM ©g) BXONST B BHAE
OZHHAKOBO NMPeoGPasylouiuxcs CyMM 2, Q: u ZQ@, TO HX MOXKHO
NOABEPTHYTH JIIOGOMY JHHEHHOMY Npeo6pa3oBaHHIO, OCTaBJAAOLIE-
My MHBapHAHTHOM CyMMy KBaJpaTOB.

Becbma mpocto Haxomx/eHHe HOPMAJbHBIX KOOPAHHAT /S TpeX«
MepHBIX KoJeGaHHH oJAHOH MaTepHaJNbHOH TOUKH, Haxojsmefics B
IOCTOSIHHOM BHelIHeM mnoJe, IloMelnast Haua/ao JeKapTOBOH CHCTE-
MH KOOPAHHAT B TOYKY MHHHMyMa IIOTEHIHaJbHOH SHEPIruu
U(x, y, 2), Mbl NOJAYYHM NOC/TEIHIOI B BHAE KBaAPaTUYHOH (POPMBL
NepeMeHHBIX X, ¥, 2, @ KHHeTHYeCKas SHePrHsd

=5 @+ +2)

(m — macca wacTHI)) He 3aBHCHT OT BbLIGOpA HampaBJ/eHHS KOOpP-
AuHaTHHIX oced. [ToaToMy cooTBeTCTBYIOLIMM MOBOPOTOM Ocell HAJO
TOJNIBKO NPUBECTH K [IHArOHa/JbHOMY BHAY NOTEHLHAaJbHYI0 3HEp-
ruto. Toraa '

L= (84 i+ £) — 5 e + ko + k), (23,14)

H KoJeOGaHUS BAOJDb Ocell X, y, 2z ABJSAITCA IVMIABHBIMH C 9acTOTaMH

0 =k /m, @;=4/ I?z/m, O3 == A/Rs/m.

B yacTHOM c¢/yd9ae UEHTPaJbHO-CHMMETPHUYHOro mond (k) = ky ==
=Rg=k, U=Fkr’/2) atu Tpu 4YacTtoT®l coBmajamoTt (CM. 3ajxa-
uy 3). .
Hcnons3opanne HOPMAJbHEIX KOODIHHAT JaeT BO3MOXKHOCTH
NPHBECTH 3alayy O BBIHYXKIEeHHHIX KoJeGaHUSIX CHCTEMH ¢ He-
CKOJIBKHMH CTeMeHsSMH CBOOOXH K 3afadaM 00 OXHOMEPHEIX BHIHY-
KIeHHBIX KojJeGanuax. Pyskums Jlarpanxka cuHCTEMH € yueToM
JefCTBYIOHMINX HAa Hee NEePEMEHHBLIX BHEIIHUX CHJI HMeeT BHUJ

L=Ly+ Zkl Fy () %4 (23,15)

1) HeBO3MOXHOCTh BOSHHKHOBEHMsl B OOLIEM HHTerpale WIEHOB, COASPKALIHX
HapsAy C SKCHOHEHIHAJbHLIMH TAKXKe H CTeNcHHHE BPeMeHHHE MHOXKHTENH, Ode-
BHAHA H3 TeX Xe (H3HYeCKHX COoOGpaXKeHHH, KOTOpPhle HCK/IOYAIOT CYIECTBOBAHHE
KOMIIJIEKCHHIX <YacTOT»: Ha/JHYHE TaKMX UY/IEHOB DPOTHBOPEYHJO OH 3aKOHY CO-
XpaHeHHs 3HEDPTHH,
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rhe Lo— narpanxeBa OyHKuusi cBOGOAHHX KoaeGanuit. Bsoas
BMECTO KOODAHHAT Xp HOPMAaJbHble KOOPAMHATH, NOJYYHM:

L=5 Y (&—o@)+ ) f,()Q, (23,16)

Tle BBeJIeHO 0003HauYeHHe

)= Fult) St
2 k mg

COOTBETCTBEHHO ypaBHEHHS IBUKEHHS
Q, + @2Q,=Ff. () (23,17)
Gyayr coﬁepma'rb JHIb 1O OAHOH HewsBecTHOR OyHKIMH Qu(f).

Banaun

1. Onpenennts KoneGanHsl CHCTEMH C JABYMS CTeNeHSMH CBOGOJIH, eClH ee

¢dynkuus Jlarpanxa )

v on
=7 @ +§) — 5 (*+ 7)) +oxy

(nBe opuHaKOBHe o@HOMEPHHE CHCTEMH € COGCTBEHHON YacTOTOf @y, CBS3aHHBIE
B3anMOZelCTBHEM — a.xy).
Pewmenye Ypabuenus ABHKEHHA

itopx=ay, §+oly=ar.
Ioncranoska (23,6) naer:
A (of— oY) =ad, A,(o}—o?)=qaAd, (1)

XapaxtepucTuueckoe ypasuenne (of — 0°)% ==’ orxyna

2
ol=0i—a oi=o0;+a
Ilpn ® = @y ypaBuenns (1) pawor A, = A, a 1py ©® = 02 A, = —A,. [Tostony

x=——1§—(Ql+Qz), y=;/%(Q|—Qz)

(ko> drumentar 1/4/2 COOTBETCTBYIOT YKa3aHHOM B TeKCTe HODMHPOBKE HOPMaJb-
HEIX KOODIHHAT).

Ipr a<m§ (cnaGan cBsiap) HMeeM:

- Mg X Oy -} '—L-
2w, ’ 2(00

(D, e (ﬂo hand

Wsmenenne x u y mpexcraaser co6oft B 9TOM Cyuae HaJNQiKeHHe JABYX KojeGanmit

¢ 6MH3KHMH JaCTOTaMH, T. €. HMeeT XapakTep GHeHHIl ¢ YaCTOTOH Wz — @1 == o/wo

(cm. § 22). llpu sToM B MOMEHT, KOrAa aMIJMTYLa KOOPAHHATH % NPOXCAMT ge-
pe3 MaKCHMYM, aMIIUTy2 Y BPOXOAHT Yepe3 MUHHMYM H HaoGopor.

2. Onpenennts Maanle KosieGanHsA JBOHHOTO DJIOCKOTO Masrtudka (pHC, 1),
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Pewenune Jaa manux xoneGamuil {g¢ <€ 1, ¢a € 1) vafzesnaa » 3agas
ue 1 § 5 dynkuus Jlarpanxka NpHHHMaeT BHJ

L= ml+m2

. m . .. m+m
p) 1} + '52— 1393 + mol 1§y — —+ P —

m
2191 ~ 5= elw}

YpaBHeHHS ABUKEHHSA:
(my + ma) Ly + mala®e 3 (my 4 me) gy =0,
5Ly L2+ goe = 0.
IMocne nmoacramosku (23,6): .
Ay (my 4 my) (g — L,0%) — Ay0®myl, =0,
— A,0% 4+ A3 (g — 1,0%) =0.

KopHH XxapaxTepHCTHYECKOrO YpaBHEHHSA:

o} = Trﬁ%ﬁ? {(m+m) (4, + 1) =

== ’\/(mx 4 mo) [(my + ma) (I, 4 1)* —'4m1f112]}-

TIpy m, > 00 YacTOTH CTpeMATCH X HpejenaMm «\/g/l, H «\/ gllas CQOTBETCTBYWO-
LHM He3aBHCHMBIM KOJeOaHHsIM ABYX MasfTHHKOB.

3. Hafitn TpaekTOpHIO ABHXKEHHS YacTHUH B UeHTpasbHOM mnose U = kr2/2
{TaK HasHBaeMHB RPOCTPANCTEEHHLLE OCYUAAATOP),

Pemenue. Kak 0 BO BCAKOM LEHTPaJbHOM M0J€, IBUMKEHHE MDPOUCXOAUT B
OXHOR NJAOCKOCTH, KOTOPYI0 BHOHpaeM B KauecTBe WJOCKOCTE X, y. HMsmeuenne
KaX/ofi H3 KOOPAMHAT X, Yy — MPOCTOE KoJeGaHue C OJAMHAKOBHMH WYaCTOTaMH
o == '\/ kim:

x=xacos(of +a), y=bcos(otf}p)
HJH
x=acosq, y=bcos(p+d) =bcosdcosp—bsindsing,

FHe BBeleHnl oGo3naueHua @ = &f -} @, § = P — . Onpegenus orcioxa cosqQ u
Sifl @ ¥ COCTaBHB CYMMY HX KBaJPaTOB, HOJYYHM YpaBHEHUE TPASKTODHH -
x? y? 2xy

—a—,-—[- X 2b cos & = sin? 4.

910 — sJIMNC ¢ LEHTPOM B Hadane xoopiuHat'). Ilpu 6 = 0 uam m Tpaextopng
BHPOXAAETCS B OTPe3KH NPaMoH.

§ 24. KoaeGauuss momexya

Ecnu MBI HMeeM Ae0 ¢ CHCTEMOH YacTHI, B3aHMOJEHCTBYIOHIHX
ApYr ¢ IpyroM, HO He HAaXOASIMUXCA BO BHELIHeM IIOJie, TO He Bce
€e CTeleHH ¢BOOOAEI HMelOT KoseGaTefdbHEIH xapakrep. THIHYHLIM
NPHMepOM TAKHX CHCTEM SIBJSIOTCH MOJeKyabl. [ToMuMO XBHKeHHH,
NpeJCTaB/IsIOMmMUX cO60M KoJieGaHHS aTOMOB OKOJIO HX IIOJIOKEHHS
‘paBHOBecHst BHYTPH MOJEKYJIB, MOJEKyJa KakK IieJoe MOXeT co-
BepulaTh NOCTyHaTe/bHOE H BpalliaTesbHOe JABHIKEHUS.

1) Tor ¢akt, wro B nose ¢ NOTeHUHUANbHOH auepruel U = kr2/2 pBuKeHHE
NPOHCXOAUT IO 3aMKHYTOH KpHBOH, OmJ yXe ynomsHyT B § 14,
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HocrynarenbHOMY nepeMelleHHI0 COOTBETCTBYIOT TPH, CTeNeHH
cBoGojel. CToNbKO Ke HMeeTcsl B OGHIEM CJydYae BpauaTedbHbX
cTemeHel ¢BOOOJM, TaK 4T0 H3 3n CcTeHeHe#t CBOGOAM 71-aTOMHOH
MOJIEKYAH BCEro 37 — 6 OTBeHAalOT KOJAe6aTENbHOMY JABUXKEHHIO,
Hcraouerne OpeACTaBAsioT MOJAEKYJAH, B KOTOPHIX BCe aTOMH pac-
‘HOJIOXKEHB! BAOMDb OAHOK npamofi. Ilockosbky rosopuTh O Bpaimie-
HHH BOKDYT STOH NPAMOX He HMeeT CMHICJA, TO BpaIiaTe/bHBIX
cTedeHed CBOGOJAH B 3TOM CJyuae BCEro JBe, TaK 4TO KojeGaTesb-
HBIX uMeeTtcs 3n — B,

[Ipu pemieHns MeXaHUYeCKOH 3aJa4H O KOJeGAHHSX MOJEKYIH
11e/1ec006pasHo C CaMOro Haua/ja HCKJUNTb M3 PACCMOTPEHHS IO-
CTyllaTeNbHble U BpalllaTeJbHEE CTEleHH CBOGOALL.

YT10o6Bl HCKIIOUHTH HOCTYNATE/NbHOE NBHKEHHE, HAJO CYHTATh
PaBHBIM HYJIO NOAHHHA UMODyAbc Modekyad. [lockosabKy sto ycao-
BHE O3HAYAeT HENOJABHXKHOCTb HEHTPA HHEPIHH MOAEKYJH, TO €ro
MOXKHO BHIPA3HTh B BHAE IOCTOSHCTBA TPEX KOOPAHHAT IIOCHen-
Hero. TToJIOKHB rg = rao + s (TAe Tqp — pajgHyC-BEKTOp Hemo-
JIBMKHOTO NOJIOXERUS DPaBHOBECHS @-TO aToOMa, a Uz — €r0 OTKJO-
HEHHE OT 31070 TIQNIOXKERHN), NPeJCTABUM YCAOBHE

Z Mty ==const== Z Mgt
>, mgau, =0, (24,1)

UTo6B HCKIIOUHTH BpamleHHE MOJEKYAH, CJAelyeT I0JO0XKHTh
PaBHBIM HyJIIO €€ HOJIHHH MOMEHT HMIyJbca. Tak Kak MOMEHT He
SIBJIsIeTCs MOJTHOH NMPOWU3BOAHOHN IO BPEMeHH OT Kako#-nu6o ¢yHk-
IHH KOOPAMHAT, TO YCJOBHE ero HCUe3HOBEHUs He MOXKeT GhITb, BO-
ofule roBopsi, BLIPAXKEHO B BHIE PaBEHCTBA HYJIO TakKOH (YHKIHH.
Onnako ciyyall ManbiX KosMeGaHH#l KAk pas OPeACTABASET HCKJIIO«
ueHde., B caMoM jesie, cCHOBa ROMOXHB Ty ==Tg -+ U, H IpeHeGpe-
rasg MaJiMH BeJHYHHAMH BTOPOr0 NOPANKA NO CMEIIEHHAM g,
OpefCcTABHM MOMEHT HMIY/IbCca MOJIEKYJL B BHAE

M= Z m, [rava] =~ Z my [raoda] = _ddT Z my [raoua]-

YcloBHE €r0 HCYE3HOBEHHS B 3TOM HpI/IﬁJIH}KeHI/II/I MOXKHO, CaAeAo-
BaTeJIbHO, IPEACTABUTb B BHAE

Z g [rgot1,] =0 (24,2)

(Hayano KOODJAMHAT MOXeT GHTbL NPH 3TOM BHGPAHO NPOH3BOJbe
HbIM 06pasoM).

Hopmanbnbie KomeGaHHsi MOJIEKYJAB MOTYT ObITb KJAaCCH(ULH«
POBaHH 10 XapaKTepy ABHKEHHA aTOMOB B HHX HAa OCHOBAHHH CO-
ofpaxkenuil, CBA3AHHBIX C CHMMeETDHEH DACHOJOXKEHHS aTOMOB
(B moJIOXKeHHAX paBHOBecHs) B MojekyJqe. s 3Tofl menm cye-
CTByer OOLIMH METOX, OCHOBAHHHIH Ha HCIOAL30BAHHH TEOPHH

B BHJE
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TPYNI; OH H3JOXeH B JAPYyroM ToMe STOro Kypca'). 3xech ke MH
PacCMOTPHM JIMIUb HEKOTOpHIE 3JIeMeHTapHble NPUMEPHL.

Ecan Bce n aToMOB MOJIERYJH JieXKaT B OJHOH IJIOCKOCTH, TO
MOXHO pas/ivyaTb HOpPMaJbHble KOJeGaHHs, OCTaBJSAIONINE ATOMBI
B 3TOH ILJIOCKOCTH, U HOPMaJbHble KoJeGaHUs, MPU KOTOPHIX aTOMBI
BHIBOJAATCA M3 IJOCKOCTH. Jlerko olpelesHTh YHCJAO TeX M APYIHX,
Tak Kak Bcero A/ IJIOCKOTO JABHXKEHHS MMeeTcs 2 cTeleHefl CBO-
604bl, ¥3 KOTOPHIX [Be NOCTYNAaTeJbHble W OJHA BpamlaTenabHasd,
TO YHCJO HOpMAaJbHHX KoJeGaHUfi, He BBLIBOASAIINX aTOMBl U3 IJO-
CKOCTH, paBHO 21 — 3. Ocraabsnble xe (3n—6)—(2n—3)=
=n —3 xosebaTeqbHBIX CTemneHell cBoOOAB OTBeyalT KoaeGa-
HHAM, BBIBOJAAIIUM aTOMBl H3 IJIOCKOCTH. ,

B cayuyae nuHeHHOK MOJIEKYJabl MOXHO pasJjiHdaTb NPOJOJb-
Hble KoJieGaHHS, COXpaHAKIHe ee NPAMOJHHEHHYIO (OpMy, H KO-
JAeGaHus, BEIBOASILHE aTOMH ¢ npsamMofl, Tak kak Bcero ABHIKEHHUIO
n 4acTHL, o JHHUM OTBeyaeT n creneHeffl c¢BOGOALI, H3 KOTOPBIX
OJHa MOCTyIlaTe/JbHass, TO YUCJAO KOJeOaHH#, He BHIBOASIIUX aTOMBI
¢ npamofi, paBHo n — 1. Tlockonbky ke mosaHOe YHcaO KoJseba-
TeJbHBIX CTeneHedl cBOGOABI JIHHEHHOH MOJeKyJab ecThb 3n — 5, TO
uMmeercsi 2n — 4 xojeGaHuli, BLIBOAAUIMX aTOMBI C NPSAMOA. DTHM
KoJie6aHusAM, OJHAaKO, OTBEYAIOT BCEro n — 2 pa3JjIduyHbie 4acTOTH,
TAK KaK KaxJA0e H3 TaKHX KoJieGaHHH MOXKET OCYUIeCTBJAATHCH
IBYMsA HE3aBHCHMBIMH CIOcO6aMH — B JBYX B3aHMHO NepPHIeHIUKY-
JIADHBIX NJIOCKOCTSIX (IIPOXOJAINUX Yepe3 OCb MOJeKyJbl); H3 CO-
o6paieHUHl CHMMETDHH OYEBHAHO, UTO KaXjasf TakKas mapa HOp-
MaJIbHBIX KOJIeGaHHN HMeeT OJMHAKOBLIE YaCTOTHL.

3anaun ?)

1. Onpepenurb wacToThl KosneGaHUA JMHEHHOR TPEXaTOMHOA CHMMETPHUHON
monekynsi ABA (puc. 28). Ilpennonaraercs, 4TO NOTEHUHAJbHAST IHEPLHS MoJe-
KyJaB 3aBHCHT TOJBKO OT paccrosiunii A—B n B— A u or yrna ABA.

Pewenune. [IpogonbHnie cMelleHHs: ATOMOB X;, Xz, X3 CBSI3aHH B CHJIY
(24,1) coorHoweHUeM

My (%) + %5) + mpx,=0.

C ero noMompl0 HCK/MOYaeM xp u3 ¢ynkuun Jlarparka nNpoJoJibHOrO ABHMKEHH:A
MOJIEKY 1B

m m k ‘
L=~ (4 £) + % 5~ 5+ [0 = %) + (55— 2)°],

noc/se yero BBOAUM HOBHIC KOODJAHHATH

Qa=1x,+x;5, Qs==x,—xa

1) Cm. «KBanTtoBas MexaHuka», 3-e uax., § 100.

2) Pacuersl KoJeGaHuil Gojee CHAOMHBIX MOJEKYJ MOMHO HAaHTH B KHUrax:
M. B, Boabkenmreitis, M. A, Ensamesuy, B. U. Crenanos. Koae-
Ganusi Mosiekya1.—M.: TCoctexuspar, 1949; T'. Tepu 6 e pr, KoneGatenbHble HBpa-
ImaTeAbHElE CIIEKTPH MHOTOATOMHBIX MoJsieKyJa. — M.: MJI, 1949,
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B pesyabrarte noayyum: -

Mp oy Ma oy BB R
L=—->202 4 492 2_ T
4my +* 7 JF amj L%

(m = 2ma 4 mp — macca Mmoaekynw). Orcioma BuaHO, uT0 Q u Qs ABITIOTCS
¢ TOYHOCTbIO 0 HOPMHDOBKH) HOPMajbHBIMH KoopAHHaTamd. KoopausaTta Qa

Yy
A 1 . A
T~
3 1 2 l 1
G 9 -
A ) ) 8 X

\X/a
T T
B /\1/\

Puc. 28 Puc. 29

g
)

ey
-

OTBedaeT AHTHCHMMETPHYHOMY OTHOCHTEJIBHO CepeldHb MOJEeKYJAH KoJaeGanuio
(%1 = xs; puc. 28,a) ¢ wactoroi

o= A [ FB
¢ mmg

Koopaunara Q, coorBercTByer cuMMeTpHUHOMY (X = —x,, puc. 28,6) koxe6a-
HHIO ¢ 4acTOTOH -

0)31=,\/k1/mA.

Ionepeusbie cMelleHus aTOMOB Y1, Y2, Ys B cuny (24,1) u (24,2) ceszaam
COOTHOLLICHUAMH

Moy +Yg) +mpyy =0, y =y,

{cummerpnuHoe xoneGanue u3ruGa; puc. 28,6). TloTeHUHANBHYIO SHEPrHI0 HIrHOA
MOJIeKYJIH MHLIEM B BHAe R2020%/2, roe 8 — oTksoHenne yriia ABA ot sunavenus x;
OHO BHIpaXKaeTcs Yepe3 CMELICHHs] COrJIacHO

8= [(y1 — 92) + (43 = )]

‘Buipaxas Bce CMeUIeHHS Y1, Yo, Ys Yepes 8, nosyunm QyHxmmo Jlarpamxa momes
peunorc koneGaHus B BHLE _
2
L= DA ) + R - = T B g
OTKyla 44CTOTa '
(‘032 = '\/W
2. To xe ana Monekyn ABA Tpeyroabholi dopmui (pHc. 29),
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Pemenne. B cany (24,1), (24,2) cocTaBasiomine CMelleHH @ aTOMOB HO
nanpasjesusM X H Y (puc. 29) cBsisaHH COOTHOWIEHUAMH

A(x +x3)+m *q =,
m 4 (4, + ¥3) + mpy, =0,
sin & (g1 — y3) — cos o (¥; 4 x3) = 0.

Hamenenus 6!y u 8l paccrossuit A—Bu B— A NOMYYAIOTCS NYTEM NPOSKTHPO+
BaHHs BEKTOPOB Wy — Uz H Uz — Uz Ha HanpasJeHds Junuil AB u BA:

8l = (¥, — x3) sin @ + (g, — ys) cos ¢,
8l == — (x5 — X3) sin a 4 (ys — y3) cos a.

Usmenenne xe yrna ABA nonydaeTcs NPOEKTHPOBAaHHEM TeX Ke BEKTOPOB Ha
Hanpame}mﬂ NepHeHAHKYAAPHHE K orpesxaM AB u BA:

8= T [(# — x3) cos & — (g, — y2) sin o] + T T (s — %3) cos a—(gs—y2) sin o,
OQynxuns JlarpaHxa MoaekyaH
Ryl
1.=—(ul +u3)+——-— u2—— (az2+az2)-——62

BBoauM HOBHE KOOpAKHATH
Qa=xi+x5 ga=x1—x3 Gaa=y:+y

KoMnoHeATH BE€KTOPOB U BBHIPAXKAIOTCA Yepe3 HHX COrJacHo

1 1 m ,
xl=="2"(Qa+q$|), xa=7(Qa"4s1), XQ==—-TQa,
’ B

1 1
h=5@sn+Qclga) y=7@n—Qclga), g=——4g,

a aan GYHKIHH Jlarpamxa [OJIYUHM TOCJe BHYHC/ICHAS:

2’",4 2 my
L—T + sm2 )Q 4 q“+ q32

2m
—Q?z_ZL( mA + sin2a)(1+ mA sin’a)—-

._._..L(k sin® & 4 2k, cos® o) — qs2 (k cos® @ + 2k, sin’ )+

+ ¢s1Gs2 QmB (2k3 — k) sin a cos o,

O'ECIOA& BHAHO, 4YTO KOOpJAHHATaA Qa OTBEUAaeT HOPMaJbHOMY KoneGaHuio ¢ 4qa-

Sroroit
A sin?a )

AHTHCHMMETDHYHOMY OTHOCHTEABHO OCH Y (X = x,, y1 = —ys; puc, 29,a),

it (1422
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KOOpAHHATH e fs1, fsz COBMECTHO COOTBETCTBYIT ABYM KoJeGaHHAM (cum-
METPHUHEM OTHOCHTE/NBHO OCH Yi X3 == —Xs, y1 = Us; puC. 29,6 u g), yacToTH
KOTOPHIX ®s1, ®s2 OMPEAENAIOTCS KaK KOPHH KBafpatHoro (mo @?) xapaxTepHCTH-
9eCKOTC ypaBuenus

k 2m 2k 2m uk.k
o)‘—o)’[—-‘—-(l-i— Acosza)+———2-(l+——isln2a)]+ 122 =0,
m

my mp A mg mpit 4

Tpu 2 == ;m Bce STH YaCTOTH COBNAJAOT € HARACHHHIMH B 3ajade 1.

3. To Xe AJs auHefiHof Hecummerpuunolt monexyam ABC (pue. 30).

Pewenne [IporoasHbe (¥) M nonepeynbie (Y) CMeELLEHHS ATOMOB CBS3aHB
COOTHODICHASIMHI ‘ . .

m x, + mgxy + mpx, =0, z 1y 2 1y ;
m ay, + mpyy + mey; =0, c B A
maliyy = melyys Puc. 30

Torennuanbsylo  SHEPTHIO pacrsixxends W Husruba  nHmem B BHAE
.Iil_.(él ) +_k;_ (0l,)2 + Elibz
2 ! 2 2

{2l = I; - I;). Buunc/ienHs, aHa/JOTAYHbIC NPOK3BEJCHHLIM B 3ajaue 1, upusozst

K 3HA4YCHHIO 2 2 ° o
ki? (1 2 ar

et (L)
iz \mg ~ mg  mpg

IS 4ACTOTH TONEPEeYHOro KosebaHusd H K KBagpaTHomy (no ©?) ypasHERHI

1 1 1 1 wk &
t_ g2 e —+— MR
e - [k, ('"A + mB)+ kl(”’a + ’”c)]+ mymgiig 0
AJ 9ACTOT @1, @2 ABYX NPOJAOJbLHBIX KOJMeOaHuUA.

§ 25. 3aryxawomue KoreGanus

Jdo cux mop Msl BCcerja moJpasyMeBany, YTO JBHXKeHHE TeJ
NPOHUCXOAMT B MHYCTOTE WM YTO BJHSHHEM CPelbl Ha ABHIKeHHE
MOxKHO IpeHeGpeub. B AeACTBUTEJNbHOCTH NpPH JABHXKEHHH Tesla B
cpele MOCJENHAA OKA3LIBAET CONDOTHB/IEHHE, CTPeMsuleecs 3aMen-
JUTH ABHXeHHe, DHePrus IBHXKYILErocs Tejla IPH 3TOM B KOHIeE
KOHIIOB HEePEXOAHT B TEIJIO WIH, KaK FOBODSAT, AHCCHIMPYETCS.

[Tpouecc ABHXKEHHS B 3THX YCJIOBHAX yXKe He SIBJASETCS YHCTO
MexaHHYeCKHM MPOLECCOM, @ €ro pacCMOTpeHHe tpebyer yuera
JABUXKEHHUS caMoii cpeibl U BHYTPEHHErO TEIIOBOIO COCTOSIHHA Kak
cpeibl, TakK W TeJa. B yacTHOCTH, yiKe Heslb3sl yTBepKAaTb B 06-
HleM CJyyae, 4TO YCKOpPeHHe JABHKYyWErocs tesna siBasercs (yHk-
HHefl JUIIb OT €r0 KOOPAMHAT H CKODOCTH B JNAHHBIA MOMEHT Bpe-
MeHH, T. €. He CYyLIeCTByeT YPaBHEHHMH [ABHKeHHs B TOM CMEICIe,
Kakoii OHH HMeIOT B Mexanuke. Takum o0pasom, sajaya O ABH«
gKeHnu Tesa B CPelie yXKe He ABJAACTCA 3ajaueil MeXaHHKH,
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CyuiecTByeT, 0JiHAKO, ONpejedeHHAass KAaTeropus sBJCHHA, KOria
JIBHXKEHHE B Cpelie MOXeT OLITh NPHOJHIKEHHO ONMCAHO € NOMOLIbIO
MeXaHHYECKHX YpaBHEHHH JBHXKeHHS T1yTeM BBeIA€HHA B HHX
HEKOTOPHIX JoNoNHUTENbHEX uiaeHoB. Cloga orHocsTess Koseba-
HHS C 4aCTOTAMH, MaJbIMH IO CPaBHEHHIO € YacTOTaMH, XapaKTep-
HBIMH /Il BHYTPEHHHX AHMCCHNIAaTHBHBIX nOpoueccoB B cpene. [lpu
BHIMOJIHEHHH 2TOrO YCJOBHSI MOXKHO CYHTaTh, YTO Ha Teao JHeil-
CTBYET CuAQ TPeHus, 3aBucslias (A8 3aJaHHOH OAHOPOAHOH cpe-
JAbI) TOJIBKO OT €r0 CKOPOCTH.

Ecnd K TOMy Xe 3Ta CKOPOCTb AOCTATOYHO MaJja, TO MOXKHO
pPasfioXHTb CHJY TpeHHs] mo ee creneHaM. Hysepo#i 4jen pasno-
JKEeHHS paBeH HYJI0, NOCKOJbKY Ha HENOABUIXKHOE TeJI0 He JeH-
CTBYeT HMKAaKO# CHJbl TPeHHsi, W IePBblli HeHCUe3alOWHR 4YJeH
nponopunoHajed cKopocTH, TakuMm o6pa3oM, 06OOHIEHHYI0 CHJIY
TPeHUsl frp, AEHCTBYIOUIYI0 HA CHCTEMY, COEePIIAIOULYI0 OLHOMEp-
Hble MaJjble KojeGaHus ¢ 0O6OOIIEeHHOH KOOPAWMHATOH X, MOMKHO Ha-
MHUCaTh B BUJIE

f1p='—a-’-€:

rie o — IOJIOKUTENbHHE Ko3pdHUHEeHT, a 3HAK 'MHHYC IOKAa3H«
BaeT, YTO €HJa AeHCTBYET B CTOPOHY, NPOTHBONOJOXHYI CKOpO-
cti. Jo6GaBasist 3Ty cUJAY B OPaByl0 CTOPOHY YpaBHEHHS ABHIXKEHHS,
noayuuMm (cp. (21,4)):

mi=—kx—ax. (25,1)
PasgenuM ero Ha m W BBeleM 0603HAUeHHS
kim=«}, ofm=24, (25,2)

@ €CTh HYACTOTa CBOGOAHHIX KoJeGaHHA CHCTEMH B OTCYTCTBHe
Tpenns, Benwunna A HasbiBaeTcs kodppuyuentom satyxanusl),
Takum o6pa3oM, UMeeM ypaBHeHHE

P4 20k + a2x =0. - (25,3)
Cnenys oOmIMM TPaBUIaM pelIeHHS JHHEAHHX YpaBHeHHA C MO«

CTOSIHHBIMH KO3 dHIueHTaMH, NoNaraeM X == €' u HaXOAuM AJS 0
XapaKTepHCTHUECKOe ypaBHeHHe '

rt42Ar 4 ol =0.
O6uiee peirenne ypaBsenus (25,3) ects
x=cet o™, ra=—AENAN— @5 .

3zech caelyeT pasiHuaTh ABa cAyuas.
Ecag A < @0, TO MB HMeeM JBa KOMIJIEKCHO COTpPSXKEHHHIX
snauenus r. OGliee pelleHAe YDaBHEHHs ABHXKEHHS MOXeT OHTb

1) BespaaMepuoe npoussexerue AT (rme T = 27t/® — NEepHOA) HKa3HBAIOT
norapu(GMMIECKHM JICKPEMEATOM 3aTyXaHud,
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peacTraBJ/ieHO B 3TOM CJyHae, Kak

x=Re{A exp(—)\,t-i-it'\/(og—lz)}.

rine A‘—HpOHSBOJIbHaﬁ KOMIIJIEKCHAsi MOCTOsiHHasA, MHaue MOXHO
HaAIMHCATh:

x=aeMcos(ot+a), o=r/0]—2% {25,4)

rie a W oo — BelleCTBEHHble MOCTOsIHHbLIE, Bhipaxkaemoe atumu dop-
MyJaMH [BHMKeHHe MpejcTaB/sier coGoil Tak HasniBaeMble 3aTY-
xarowjue kosebanus, Ero MOXKHO paccMaTpHBATh KaK TapMOHHYe-
ckue KoJaebaHUSl C SKCIOHEHUMAJbHO YOHBaloUle aMIIHTYZOH.
Cxopocts yOBIBaHHSl aMIJAUTYAL ONpejefsieTcs I[0KasaTeJeM A,
a «4acToTa» o KoJebGaHHI MeHblIe YacTOTH CBOOOJHBIX KOJeGaHHH
B OTCYTCTBHe TPeHHs; NPH A < wy PasHHUA MeXAYy ® H ®¢— BTO-
poro mnopsiika MajOCTH. YMeHbLIeHHEe YacTOTHl OPH TPEHHH CJelo-
BaJI0O OXHUAATb 3apaHee, NOCKOJLKY TpeHHe BoOOIle 3aJepiKHBAeT
JBHIKeHHE,

Ecin M <€ wo, TO 32 BpeMs OAHOrO nepuHoza 2n/w aMIIUTYAa
3aTyxaiomero KoJeGaHHMA IOYTH He MeHsAeTcd. B 3TOM chaydae
HMeeT CMBICJA paccMaTpuBaTh CpeAHHe (32 NEpPHOA) 3HAUEHHS
KBaJpaTOB KOOPAHHATH H CKOPOCTH, NpeHeGperas IpH ycpelHe-
HMY M3MEHEHHeM MHOXHTens e M., DTH cpe/lHUe KBajpaThl, oYe-
BUANHO, NPOHNOPUHOHANBbHH e—2M, [lo3TOMYy U 3Heprus CHCTEMH B
cpeHeM yGLIBaeT N0 3aKOHY

E = Eje—, (25,5)

rae Ep,— HavaJibHOe 3HAYeHHe DHEPrHu.
[lycte Temépp A > wo. Toraa o6a 3HauyeHHMs 7 BeU[ECTBEHHH,
npw{eM o6a orpunarenstbl. OGuiuil BUA pelleHHs

¢ oy exp[— (b= ATFZT) ]+ cyexp[— (1 A/TF=T) 1]

(25,6)

Mul BHAHM, YTO B 3TOM cJydae, BO3HHKAIOLieM OPH JIOCTAaTOUHO
GOJNIbIIOM TPEHHH, HBHIKEHHE COCTOMT B yObiBaHHH |[x|, T. e. B
acUMOTOTHYECKOM (IpH f— 00) NPHGJIHMKEHUH K TOJIOKEHHIO PaB-
HOBecHSl. DTOT THN ABHXKEHHS HAa3bIBAIOT QnepuoduxecKum 3aTy-
xauuem.

Hakonen, B ocofom ciaydae, KOrja A =y, XapaKTepHUCTUYe-
CKOe ypaBHeHHe HMeeT Bcero OAHH (JABOHHO#) Kopeub r= —A.
Kax ussectHo, ofmiee peileHHe auddepeHIHANBHOIO YpaBHEHUsA
HUMeEeT B 3TOM CJydae BHJ,

x=(c; + cof) e~ M, (25,7)

D10 — ocobulit cayuahi anepuoauueckoro zaryxanus, OHO Toxe He
HMeeT kosieGaTe/IbHOTO Xapakrepa,
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Hlns cHCTEMBl €O MHOTHMH CTeNeHSIMH CBOGOIH 0606mieHHNe
CHJbl TDCHHMS, COOTBETCTBYIOLIHE KOODAMHATAM X;, MABJSIOTCH JiH«
HeRHEIMH QYHKUHMAMH CKOPOCTEH BHIa

fimp=— Ek (178 79 (25,8)

M3 uncTo MexaHHYeCKHX COOGpa)KeHHA Hesb3s CAeSaTh HHKAKHR
3aK/IOYEHHHA O CBOACTBAX CHMMeETPHH KOI()(DHLHEHTOB cisx MO HHe
ZekcaM i u k. MeTonaMu Ke CTaTHCTHYECKOH (USHKH MOIKHO MO+
Kasatb !), uTO Bceraa :

Qg = Q. (25,9)

IMostomy BHpaxenna (25.8) moryr GuiTh HanucaHn B BHAE NP0«

$13BOAHBIX
dF

| frap=— 5%, (25,10)
OT KBaAPaTHYHOHR GOPMH _
F=- Y apkits (25,11)

i, k

HasbiBaeMOR QuccunarusHoll ynxyuei.
Cuant (25,10) nonxHu 6biTh 10GaBNeHH K NPaBOR CTOpoHe
ypaBHeHHH JlarpaHxka

T TE, T ox, 9%, (25,12)

HuccunatuBnas QyHKUHMA HMeeT caMa IO ceGe BaXKHHA (H3H-
YecKuif CMHICJ — €l0  OnpefessieTcss HHTEHCHBHOCTh HAHCCHIAIIHH
SHePrHH B cucTeMe. B 9ToM Jerko yGeAHTbCS, BHYHCIHB NPOH3<
BOAHYIO MO BpEeMeHH OT MeXaHHYeCKOf 3Hepruum cHcTeMbl. MMeem:

dE _ d . oL . rd oL 3L . OF
ar = at (inax,"'L)"“in(dt 3%, ~ax,)——sz 3%, *
i i

Mockonrky F — KkBanpatuunast QyHKUWsi CKOPOCTef,, T0O B CHAY
TeopeMBl Dilepa 00 OZHOPOAHBX (QYHKUHAX CyMMa B IpPaBoil CTO-
poHe paBeHcTBa paBHa 2F. Takum obGpasom,
dE

T e, CKOPOCTb H3MEHEeHHs1 SHEPTHH CHCTEMH JaeTcs YABOEHHOM
puccunaTuBHOi QyHKRuHed. Tak Kak JuMCCHIAaTHBHLIE NpoONecCH
OPHBOAST K YMEHbUICHHIO 3HEPrHH, TO HOJIKKO OnITh Bceraa F > 0,
T. . KBaapatuuyHast ¢opma (25,11) cymecTBeHHO NOJOXKHUTENbHA,

3) Cum. «Crartucruveckan ¢usuxa», 3-¢ uan., § 121,
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YpaBHeHHst MaablX KosieOaHHA NPH HAJHYHH TPEHUS MOJYYarOT-
cs no6assiennem cua (25,8) B mpaBywo cTopoHy ypaBHeHuil (23,5):

; My, -+ ; Rypky = — ; Qs (25,14)

I[MTonoxus B 3TUX YpPaBHEHUAX
Xp = Ake”,

MOJAyYHM TO COKDAleHHH Ha e’ cucreMy JHHeHHHX aare6paunye-
CKHX YPaBHEHHH [JIsl OCTOSHHBIX A

2 (mur® - ouyr + k) A =0. (25,15)

IMpupaBHSAB HY/MIO ONpeleNHTeNb 3TOH CHCTEMH, HafjeM Xapakre-
PHCTHYECKOe YDaBHEHHE, Olpelensioniee 3HaUeHUs 7y

| mpr? + ar -+ Ry | =0. (25,16)

310 — ypaBHeHHe CTelleHd 2s OTHOCHTENbHO r. IIocKoJbKY BCe
ero ko3dQHUHEHTH BeleCTBEHHbl, TO ero KOPHH JHOO BellleCTBEH-
Hbl, JuU60 NONAapHO KOMILIEKCHO comnpsixerbl. Ilpu stToM Bemle-
CTBeHHEIe KODHH HelpeMeHHO OTpHIlaTelbHbl, a8 KOMILJIEKCHbIEe
HMeIOT OTPHUIIATENbHYI0 BelleCTBeHHYI0 4acTb. B HpOTHBHOM cays«
Yae KOOPAHMHATH H CKODOCTH, 4 C HUMH M JHEPTHUs CHCTeMBl 3KCHO-
HEHIWANbLHO BO3pacTain Obl CO BpeMeHeM, MexAy TeM KaK Halu-
YHe [MCCHNATHBHBIX CHJI ,lIOJI}KHO NPUBOJUTL K YMEeHBIUIEHHIO
9HEPIHHU,

§ 26. Buiny:xaeHHble KONeGaHHsl NPH HANNUKHH TPEHHSA

HccaenoBanye BHIHYXKAEHHHIX KoJeGaHHA NPH HAJAHYHA TPEHHS
BrOJIHE QHAJOTHYHO NPOH3BeJeHHOMY B § 22 paccMoTpeHHIO KoJe-
Gannii Ges Tpenud. Mel ocraHOBHMCS 34ech NOAPOGHO Ha mnpej-
CTaB/AONIEM CaMOCTOATENbHEIH HHTepec clyuae NepPHOAHYECKON
BHHYXAAOUe# CUJIHL.

[Ipu6asuB B mnpaBof cropoHe ypasHenus (25,1) BHewH00
cuay fcosyt u pasieqHB Ha m, NMOJAYYHM ypaBHeHHEe NBHIKEHHA
B BHJE

#4204 + el =-L cosyt. 26,1)

Pemente 3TOro ypaBHeHHs YAOOHO HAXOAHUTh B KOMIJIEKCHOH
¢dopme, Aas Uero muuleM B NpaBoll gactH e’ BMecto cos yi:

£+ 20k 4 ofx =L o
HacTHbifi uHTErpan uileM B BHIAe x = Be¥! u Haxoaum aas B:

— f
m (mg — 2iAy) ' 26,2)
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IpencrasuB B B Buae be'®, umeem s b u &:

i 2
b= tgd=——"r. (26,3)

- Z ot > 5 ? g 3
mz\/(mé—yz)z+4k2yz Y -
Haxkonell, OTHe MR BeIECTBEHHYIO HacTh OT BhIpameHns Be'¥ =
= be' ¥ noayuum wacTHmf mmrterpan ypasmemus (26,1), a npu-
6aBuB K HeMy ofllee pellleHHe ypaBHeHHs (e3 mpaBodl yactu (Ko-

TOpOe Mbl HamuuieM JJasi ONpeAeNeHHOCTH MJIS cJayuas wg = A),
NIOJTyYHM OKOHYATENbHO:

x=ae ™cos (of 4 a) -+ b cos (y't + 9). (26,4)

[MepBoe ciaraeMoe 3KCIOHEHUHANBHO YOGHIBAET CO BpeMeHeM,
Tag YTO 4epe3 JAOCTATOUHO GOJBINOH NPOMEXKYTOK BPEMEHH OCTaeT-
¢Sl TOABKO BTOPOH 4YJeH:

x=>bcos (yt - 0). (26,5) .

Buipaxenne (26,3) nns aMniautyabl b BHIHYXKIEHHOTO KoJgeGa-
HHA XOTS M BO3pPacTaeT NMpPH NPHOJIHIKEHMH YacTOTH Y K ®, HO He
obpaulaercsi B 6€CKOHEYHOCTb, KaK 3TO GBHLIO NIPH PE30HAHCE B OT-
¢yTcTBHe TpeHHs. IIpu sajaHHOA aMmiauTyle cHab [ aMIiuTyZAa

KoneGaHHs MaKcHMaJibHa IpPU dYacrore v—-—-—«/mﬁ —2A% mpn A K
< @p 3TO 3HAUEHHe OTJAHUAETCH OT @g JIMIUIL HA BEJUYHHY BTOPOTO
HOpsAKa MaJIOCTH.

PaceMotpum obaacts B6au3u pezonanca. [Tonoxum y = wg 4 ¢,
rle & — MaJas BeJHUYHHA; GYIeM TaKXe CUATaThb, uT0 A & @y To-
ria B (26,2) MOXHO NPHOJHIKEHHO 3aMEHHTb:

Y — o= (y + g (y — &) =~ 200, 2iky ~ 2ikay,

Taxg 4710

B= (26,6)

T Zm (e — iA) @y
HJIH

I S P
b Ime, Vel + A%’ tg e’ (26.7)

OTMeTHM XapakTepHyi0 OCOGeHHOCTb X0Ja H3MEeHEHHS pas3Ho-
cti Qa3 § Mexay KoneGaHHeM H BBIHYXKJAIOUIEH CHJIOR MPH H3Me-
HeHHWH YacTOTH mochaendell, DTa pasHOCTb BCerja OTPHIATENbHA,
T. e. KoJeBaHHe «3aNasibiBaeT» OTHOCHUTEJNBHO BHEIUHEH CHJIH,
Branu OT pesoHaHCa, €O CTOPOHBI y < wg, 8 CTPEMHTCH K HyJIO,
2 CO CTOPOHB y = @Wp~— K 3HaueHHi0o —mn. VsMenenne § oT Hyas
JI0 —f OPOMCXOAHUT B Y3KOH (WIHMPHHBI ~A) 06/acTH 9acToT, GiH3-
KHX K @p; uepe3 3HayeHuwe -37/2 pasHocTb (a3 NPOXOAUT NpH
v = wo. OTMETHM B 3TOA CBfA3U, YTO B OTCYTCTBHE TPEHHS H3IMe«
Henne (asbi BHHYXAEHHOro KoJeOaHHs Ha BEAWUHHY 5 DPOHCXO-
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JAT CKaukoM MpH Y = wo (BTOpO# uneH B (22,4) MeHseT 3HAK);
yUYeT TPEHHsl «pa3sMa3bBaeT» 3TOT CKaUOK.

[Ips ycraHOBHBUIEMCs JABHIKEHHH, KOTAa CHCTeMa coBepluaeT
BLIHYKJAeHHble KojeOanusa (26,5), ee 5Heprys OCTaeTCs HEH3MeH-
Holl. B TO KXe BpeMsi cucTeMa HempepbiBHO morsomaer (OT HCTou-
HHKa BHeUlHefl CHJB) SHepruio, Koropasd nauccunupyercss OJaaro-
Japst HaauuMio TpeHusi. O6o3HauuM mocpeAcTBoM /() KOJIHUECTBO
SHEepruM, NOTJAOHIAeMOH B CpeiHeM B eAHHHMIY BPEMEHH, KakK
GyHKuH0 wacTorn BHemHed cusnl. CorsacHo (25,13) umeem:

I(y)=2F,

rie F—cpeanee (mo nepuoay KosneOaHMSl) 3HAUeHHe NHCCHMATHB-
Hol ¢yHkuuu. [aa OXHOMepHOTO ABHIKEHHSI BhIpaxkenue (25,11)
AACCHNATHBHOR (YHKUAM cBOAWTCH K F=ai?%2=Ami®. Tloacra-
BUB ciofa (26,5), noayyum: ' '

F = Amb*? sin? (yi -} 8).

Cpennee no BpPEeMeHH 3HaueHHe KBaJpara cWHyca paBHo !/, moO-
9TOMY : )

1 (y) = Amb™y2, (26,8)

B6an3w pesonaHca, MNOACTABJARA aMIINTYAy KojebaHus H3
(26,7), nmeem:

. 2 h
1= sy 26,9

Tako#l  BUJ 3aBHCHMOCTH IMOIJIOIIEHUSI OT YaCTOTH Ha3HBaeTCs

Oucnepcuonnoim. TlonylIMpHHON pe3onancHo kpuBod (puc. 31)
Has3wBAalOT 3HaueHHe |e|, mpu Ko- 1/1(0)
TopoM BenHuHHa /(g) yMmeHbulaer- ;
cs BABOE NO CPaBHEHHIO C ee Mak-
CUMaJIbHBIM 3HaueHHeM TpH € == 0.
N3 dopmynn (26,9) Bumno, 4yro B
JaHHOM CJyyae 3Ta NOJYLIHPHHA
COBNaaer ¢ NoOKasaresaeM 3aTyxa-
nua A. BrHcoTra XKe MakcuMyMa

1{0) = f*/4mx Puc. 31

o6paTHO npomnopuHoHalbHa A. TakuM o6pa3oM, NpH YMeHbLUIEHHH

MOKa3aTessl 3aTyXaHus pe30HAHCHAs KpHBAsl CTAHOBUTCHA Ve U

BHle, T. €. € MaKCHMYM cTaHOBHTCH 6osee .ocTpuiM. [liamans xe

O pPe3OHAHCHOH KPHBOH OCTaeTCst IPU 3TOM HeH3MEHHOH.
MNocnennss naercs uuterpajoMm '

©o 0o

Sl(v)dv= S 1(e) de.
0

—@,

Iockonbky I(e) OulcTpo- yOhiBaeT HpH yBeanueHuu |e|, Tak 4To
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ofacte GoMbINX |e] Bce paBHO He CYyIIeCTBEHHA, MOXHO TpH
WHTerpHpoBaHMu nucath /(e) B BHAe (26,9), a HUXKHHA npenen
3aMeHHTb Ha —oo. Toraa

2}' d 2
\ 1@de=0 § =10 26,10

3anansa

Onpenenntp BHAYXKICHHHE KOJAE0aHAR OPH HANHUHH TPeHHS NOA AeficTBHEM
Brewmnel cuan f = foe™ cos yf.
Pemen ke PelaeM ypasueuHe ABHIKEHHS B KOMIJIGKCHOM BHJe

£+ 2A% 4 oix = —f”"; eIV

noc/je Yero OTAeNasAeM BEIIECTBEHHYIO YacCTh peUuIcHHUA. B pe3yabTaTe NoayuaeM BH-
HYXJAECHHOE KoJsebaHnue B BUAE

x = be™ cos (yt + 8),

rae
b_____ fo .
m«\/(mg—l— az—v2+2a7\.)2+ 4y (a+ A)?
tg 6= — 2y (@ + A)

02—y 4 a’+ 200"

§ 27. llapameTpuueckuit pe3oHaHC

CylecTBYIOT TaKHe He3aMKHYTHe KoJe(aTesbHble CHCTEMH, B
KOTOPHIX BHeIUHee BO3AeACTBHE CBOLHTCSH K H3MEHEHHIO CO BpeMe-
HEM ee mapaMeTpoBl!).

[TapamMerpaMu OZHOMepHOH CHCTEMH 4BIRIOTCE X03¢duUnueH-
e m u k B ¢ynkuuu Jlarpanmxa (21,3); ecnu OHH 3aBHCAT OT
BpeMeHH, TO ypaBHeHHe JABHUIKEHHUS TJIACHT:

2. (m2) + kx=0. @7,1)

IlyTem BBemeHust BMeCTO {" HOBOH He3aBHCHMOH MepPeMeHHOR 1 COo-
rnacuo dv = dt/m(t) aTo ypaBHenue NPHBOLUTCA K BHAY

dZ
717:;' +mkx=0.

ITostoMy ¢aKTHdeckH, Ge3 BCAKOrO OrpaHH4YeHHS OOIIHOCTH, HA0-
CTAaTOYHO PaCcCMOTPETh YpaBHeHHe JBUKEHHS BHAA

22 4o ()x=0, (27.,2)

KOTOpoe moayuuioch 661 u3 (27,1) npu m = const.

1) TIpoCTHIM MPHMEPOM TAKOrO POAA SIBJSETCA MasiTHHK, TOYKA NO/JBECa KO-
TOpOro COBEpIIaeT 3afaHHOE NEPHOLHTIECKOS ABHNCHHE B BEPTHKA/JbHOM HAUDaB+
Jennn (CM, 3azady 3),
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Bua ¢ynkuwn o(f) samgaercd ycJaOBHAMM 3a1auH; NPEATNONO-
KHUM, YTO 3Ta (YHKHHA NepHOAHUecKass ¢ HEKOTOPOH dYacToTol 79
(u nepuogom T = 2n/y). DTO 3HAUMT, 4TO

ot +7)=ol),

a MOTOMy H Bce ypaBHeHHe (27,2) MHBapHAaHTHO NO OTHOIIEHHIO K
npeo6pasosanuio t—t - T. Otciona caeapyer, uro eciu x(f) ectb
pelleHue ypaBHeHHs, TO U PyHkuusa x(f -+ T) ToxKe ecThb peuIeHHe,
Jpyrumu caosaMu, ecan x;(f) u xp(f{) — IBa HE3aBUCHUMEIX HHTE«
rpaja ypaBHeHus (27,2), To npu 3ameHe t—{ - T oHn npeoGpa-
3VIOTCSl JMHHefHHIM o6pasoM Apyr depe3 apyra. Ilpm atomM Mox-
Ho!) BHIOpaTh X; M X; TAaKMM 006pa3oM, 9ToGH UX H3MEHeHHe NpPH
sameHe { Ha {4 T cBOAMJIOEh NPOCTO K YMHOMKEHHIO HA MOCTOSH-
HbI MHOXKHTRNb

xE+Ty=px (), x@+T)=px().

HanGonee ob6muit Bup ¢&yHKUMHA, 06najalonidXx TakHM CBOMCTBOM,
ecTh

0 () =pi"0, @), x()=pd", (), (21,3)

rae II;(f) n II{(f) —uucro nepuosnueckvie (YHKIUH BpeMeHH
(¢ nepuogom T).

[TocTosiHHBE f; U g2 B 9THX (QYHKHHUAX MO/KHE GHTH CBA3AHH!
JAPyr C ADPYroM ONpejle/leHHHM COOTHOWeHUeM. leficTBuTeNbHO,
YMHOXKHB ypaBHEHHSA

.551+(02(l)x1=0, )?2+(D2(l)x2=0
COOTBETCTBCHHO Ha X2 H X; H BBHUYTA HX NOWIEHHO OZAHO U3 Ipy-
roro, nNoJy4uM: d
£y1xg — Fpxy = (X% — x1%) =0
H/IH
X1 Xy — X1Xg == const, (27,4)

Ho npu mo6bix ¢ynknuax x((f) u xo(f) suaa (27,3) Buipaxenue
B JIeBOfi CTOPOHE 3TOr0 PaBEHCTBA YMHOXKaeTcs Ha WjUp NPH H3-
MeHeHHH apryMedrta { Ha f - T. [loatomy sicHO, uTO CcOGJI0fEHHE
paseHcTBa (27,4) BO BCAKOM cayuae TpeOyer, YTOGH GBlIO

Bk = 1. (27,5)

JanpHeiiline 3aKNI0YEHHST O NMOCTOSHHBIX Wy, Mo MOXKHO CAEJIATb,
HcxoAs u3 (QakTa BeIECTBEHHOCTH KO3(D(HUHUEHTOB ypaBHEHHS
(27,2). Ecain x(t) ecTb KaKoi-J1160 HHTErpasi TaKOrO0 ypaBHEHHS, TO

!) Otor BHOOpP SKBUBANEHTEH NPHBENEHHIO K AMATOHAJLHOMY BHAY MaTpHIH
JuBefinblx npeoGpasopaumit x1(f) m ¥2(f), 470 TpelyeT pelIEHHR COOTBETCTBYIO-
HIero CeKyJspHOrO KBaJpaTHOro ypasHeHHA. Ml mpeAmosaraeM, 4To KOPHH 9TOro
YypaBHeHus He COBNAAAOT, -
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¥ KOMIUIEKCHO CONpsiKeHHasn (yHKuusa x*(f) A0JKHA yIOBJIETBOPATH
TOoMY Xe ypaBHeHHI0. OTCIOfa cJeAyeT, YTO Napa MOCTOSTHHBIX [y, P2
- * -
JO/KHA COBMajaTh ¢ mapoii p;, Mo, T. €. LOJKHO OHITH JH6O
®
W, ==He, JHGO W, H W, BellecTBeHHH. B nepBoM cayuae, yuuThIBast
*

(27,5), umeem p,=1/p;, 1. e.|p P=|p,P=1; nocrosiHbE W, H
py IO MOAYJIO PaBHBl €AHHMIE,

Bo BropoM ke caydae ABa He3aBHCHMBIX HHTerpa/ja ypasHe-
uus (27,2) EMeloT BHA ‘

1) =p"I (), xE)=p () 27,6)

¢ OTJIHYHBIM OT eJHHHNB IOJIOXHTENBHBIM HJ/IH OTPULATEJbHBIM
BelwleCcTBeHHBIM uHcaoM w. OxHa u3 3THX ¢yHKuuit (mepBasi Wad
Bropasi mpu |p|>1 mau |p|<< 1) skcnoHeHuHANBHO BO3pacraer
Cco BpeMeHeM. DTO 3HAYHT, YTO COCTOSIHHE NOKOS CHCTEMH (B no-
JIOXKEHHH paBHOBecHsi x==(0) GyaerT HEyCTOHYHUBHIM: JOCTATOYHO
CKOJIb YTOJHO €/1a60ro OTKJIOHEHHS OT 3TOr0 COCTOSIHHS, YTOOHI MO-
fiBHBLIeeCs CMeLIeHHe X CTaJo OBICTPO BO3PACTaTh CO BpPEMeEHEM.
ATo sIBNIeHHE HA3BIBAETCH NAPAMETPUHECKUM DE3OHAHCOM.

O6paTHM BHHMAaHHWe Ha TO, YTO HPU CTPOTO PABHEIX HYJIO Ha-
YaJbHBIX 3HAYEHHSAX X H £ OHH OCTABa/JuCh OB paBHBIMH HYJIO H
B JajbHefillleM B OTJHYHe OT OObIYHOro pe3oHanca (§ 22), B Ko-
TOPOM BO3pacTaHMe CMelLleHHs CO BpeMeHeM (IpONOPLHOHANbHOE f),
[POMCXOAAT H OT PABHOIO HYJIO HAa4aJbHOrO 3HAYEHMSI.

BHEISICHIM yCJ/IOBHSI BO3HMKHOBEHHS I[1apaMeTPHYECKOro peso-
HaHCa B BaXKHOM cJyuae, korfa yHKUHA o(f) Majo oTaAHYaeTCHA
OT HEKOTOPOH IOCTOSIHHON BEJHUHMHBl ®o H SIBJSETCS TPOCTOR Ie-
puoaHgeckoil ¢pyHKuHed

o (f) = &% (1 + A cos yt), 27,7)

rae nocrosuHas A < 1 (Mbl GyneM cUHTaTh A MOJOXKHUTENbHOH, Yero
BCerJa MOXHO MOGHTbCA HajJJlelKalUM BbIGOpOM, Hayaja OTCYETa
speMeru). Kak Mbl yBHANM HHXe, HauGoJiee HHTEHCHBHBIM 06pa3oM
napaMeTpHYecKHi Pe30HaHC BO3HHKAET, €C/M 4acToTa QYHKUUH  (f)
6JH3Ka K YABOEHHOR gacToTe @o. [To3TOMY MOIOKHM:

Y= 2(':.0 + g,
The e K Wo.
Pemenue ypasHeHHs ABHXKeHH: !)
4 @y [1 4 hcos 2oy +e) ] x =0 (27,8)

GyaeM HCKaTh B BHJE

s=a () cos (@ + 5-) 1460 sin (o0 + ) 1, @7,9)

1) Ypastenue Takoro Buia (C MPOH3BOJLHHIMU y H h) HasHIBAIOTCA B MaTes
{ MaTHueckol (u3uKe ypaBHeHHeMm MaTbé,
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rie a(t) u b(!) — MeaneHHO (MO CPABHEHHIO C MHOXHTENSMH COS
n sin) MeHslomHecst QYHKOHKN BpeMeHH. Takof BHX pelueHus, pasy-
MeeTcsl, He ABJdeTCHA TOUHBIM., B meficTBUTenbHOCTH yHKUHUSA X (f)
COepIKUT TaKXKe WICHL C 4aCcTOTaMH, OTJHYAIOUIUMHCHA OT wWo-+¢&/2
Ha Hesoe KpaTHoe OT (2wo 4 €); 3TH YieHH, OMHAKO, BHICIIEro MO~
pAAKa MaJoCTH 1o h, H B NepBOM NPUGJIHKEHHH MMH MOXKHO mpe-
Hebpeup (cM. 3agady 1},

TToncrasum (27,9) B (27,8) u npousBefeM BLITHC/EHHS, CO-
XpausAs JHLIL YIEHH NlepBOro mopsaka no e. Ilpu aTom mpexamoso-
HHM, 9TO 4 ~ea, b ~eb (IPaBHJABHOCTL 3TOTO0 NPELNOJOMKEHHS
B YCJOBHSX pe30HaHCA TOATBEPAHTCA peayabraToM). IIpomssene-
HYs TPUrOHOMETPHYECKHX MHOXKHTeJeH Pa3JOoXHM B CYMMH

cos (m0+ %)t-cos (20, + &)t =
‘=—;—cos(3w0—|——32e—)t+%cos (wo-l——;—)t

M T. I. ¥ B COOTBETCTBHH CO CKAa3aHHBLIM BhilIE ONYCTHTb UYJIEHH
¢ yactotaMu 3(wo,+ €/2). B pesyabrare nosyqum:

— (2a-+be + L2 b) @y sin (0 + 31+

+(25—as+ h(z‘)" a)wocos (co(,—i——;—) t=0.
BumnoJsnende 3TOro paseHcTBa TpebyeT OIHOBpeMeHHOro o6palne-
HAS B HYJb KO3b(DHIHEHTOB NPH KaXAOM H3 MHOXHTeNeH sin
n cos. Orciona nojyyaem CHCTEMy JBYX JHHeHHHX auddepen-

HHaJbHbIX ypaBHeHHH Aas Oynxnui a(f) u b(f). Caenys obmum
NpaBuJaM, UIleM pellieHHe, TPonopuyoHansHoe est, Toraa

sa+—;-(a+£§£)b=o,

—;—(s—-%)a—sb=0,

¥ YCJOBHE COBMECTHOCTH 3THUX JABYX asre6paHuecKHX ypaBHEHHH

Jaer:
o= () el 10

a Y¢qopre BO3HUKHOBEHHUS] ‘nqpa{me'{‘puq%x I'Q_Pe30HaHCA 3aKMI0-
uaeTcs B BEMIECTBEHHOCTH § (T. €. s% > 0)!), TaxkdM oOopasoM, on
HMEeT MeCTO B HHTepBaJe

—hwy/2 < & < hay/2 (27,'1)

1) TMocrosnnas B B (27,6) cBsi3ana ¢ S MOCPEACTBOM Jb ==~ (npy 3ae
meHe f na {4 2m/200 cos u sin B (27,9) meHsioT 3HaK),
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BOKPYT 4acTOTH 2wg!). Illupuna 3TOro MHTEpBasa NPOMOPUHOHA/ b
Ha h, W TAKOro Xe NOPAAKA OCYUIECTBJASIIONIHECS B HEM 3HAYEHHA
[0Ka3are/s yCHjeHHs KoseGaHHH s.

[Tapamerprueckuii pe3oHaHC UMeeT MeCTO TaKiKe MpPH 9acTOTax ¥
H3MEHEHHMsT NapaMerpa CHCTEeMH, OJHM3KHX K 3HauUeHHsSIM BHIA
2wo/n, rae n— moboe peaoe gucao, OAHAKO IHPHHA PE3OHAHCHBIX
obGaacteli (oGjacTeli HeyCTONUHMBOCTH) € YyBeJHUeHHEM N GHICTPO
yMeHblraercs — Kak h* (cM. sajgauy 2). Tak xe yMeHbHIAlOTCH U
3HAYEHHs NMOKA3aTeNIsl YCHJeHHs KoJeGaHH| B HHX,

SIBeHHe napaMeTPHUYECKOTO pe3oHaHCa CYINEeCTBYeT W NpPU Ha-
JAYHH caaboro TpeHUs B CHCTeMe, HO 00J1acTh HeyCTORYHBOCTH
Npd 9TOM HECKOJbKo cyxaercs. Kak Mul BHaeau B § 25, TpeHue
NPUBOJAT K 3aTyXaHHI0O AMIIATYAB KoJieGaHHE IO 3aKOHY e,
ITosromMy ycunenne KoseGaHH# NPH NapaMeTPHYECKOM pe30HaHce
IPOHCXOAHT, Kak e—M! (¢ mONOXKHUTEJABHEIM §, JaBaeMbIM peille-
HHeM 3ajauuM 6e3 TpeHMS), a rpaHdlia O6JIACTH HEyCTOHYHBOCTH
onpenensiercs pasencTBoM § — A = 0. Tak, ucnonbsys s u3 (27,10),
HOJYyYuM JJig pe3oHaHCHOH o6aactu BMecto (27,11) HepaBeHcTBa

__,\/("go ) —ar<e< (”;’° Y -2 @r12)

O6paTuM BHHMaHHe Ha TO, YTO IPH STOM DE30OHAHC OKa3H«
BaeTcsi BO3MOXKHHIM He IPH CKOJAb YTOAHO MAJo# amnautyze h,
a JIMIIb HAYHMHAA ¢ OHpeJesieHHOro <«mnopora» h,, PaBHOrO B Cay-
yae (27,12)

hk = 4%/(00.

MoxHO TOKa3aTh, UTO AJA pPe30HaHCOB BOJH3H 4acToT 2m./n Bes
AuuuHa nopora h; npomopuuoHaiabHa A /2, T. e. Bospacraer c yse-
JINYEHUEM n.

3anaum

1. Onpenenuts rpanuus 0GJacTH HEEYCTOAYHBOCTA NPH pesoHaHCe BOGAH3H
4y = 2m¢ C TOYHOCTHIO AO BeJMUHH NOPAAKA k2,
Pewenae Hmem peuende ypasreuus (27,8) B Bnae

x=aocos (@o+5) ¢ + bosin (oo+5)t+
+a;cos$(ma+-;—)f+b, sin3(mo+ —g-) f,

yuHTHBAs B HeM (O CPaBHEHHIO C (27,9)) Takxke B uneHH CAeAYIOLIEro mOpAixa
no h. Warepecysch /HWL rpaHHuaMB 0GNAaCTH HeyCTONUHBOCTH, HpeANOJaraem
KO3(hHIHEHTH o, bo, @1, b1 mOCTOAHANME (B COOTBTCTBHH C BaMedaHHeM, cie-

1) Ecny muTepecoBATBCA JIHMIIb TPanANaMH O6/acTH pesoHanca (He HHTeEpes
CysCh BHpameHHeM AJsi S BHYTPH Hee), TO MOKHO YUDOCTHTb BHIMHC/CHHS, 3aMes
THB, 4TO Ha STHX rpanmuax s == 0, T.e kospouunests a u b 8 (27,9) nocross.
HH; OpH STOM MH Cpa3y HOyumM SHaveHAA € == thw@o/2, OTBevalollue rpaHULAM
obaacru (27,11), ’ T
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JaHHEM B cHocke Ha cTp. 110). ITpn moazcraHoBke B ypaBHenue (27,8) mpousse-
ZeHHsI TPHIOHOMETDHUCCKHX GYHKUMA pasjaraeM B CyMMH, ONyCKas IIDH 3TOM
YyJeHH ¢ yacToTaMH 5(®o 4 &€/2), KoTophe HyxHH Oujn 6o JHmWb B elte Gonee
BHCOKOM npuGanxenuH. Iloayuaem:

e? ho? hod e

[-— ao ((008 + T) + 35— +'2—ax] cos ((00 + —2-)t -+

e? ho? ko) €
+ [—' bo ((DDE +T)— —2—- bo + T b]]Siﬂ (0)0 + E-)t—i—}

hmg 9 1

-+ [ 54— SmOaI] cosS(m0+-§-)t +

2
+ [fg—"bo ~ Smﬁbl] sin 3 (mo + %) t=0.

B wujgefiax ¢ YacTOTaMH (o -+ £/2 COXpaHeHH BEJHYHHH [EPBOro H BTOPOro No-

4
pAjika ManaoCTH, @ B 4jeHax € YacTOTaMK 3(0)0'{"‘2—) = YJEHH IepBOro no-

paika. Kaxaoe u3 BHpaxeHud B KBaJPaTHHX CKOOKax AOJKHO o6pamarhes B
HY7b B OTAENbHOCTH, VI3 IBYX MOC/HEAHHX HMeeM:

h h
a, = ¢ o b1=ﬁ b,

nocJjie 4ero B3 ABYX nepBLIX HaXOAHM!

hoy &Ko)
oot —— + — 55 =0

Pemasi 3TO ypaBHEeHHE € TOYHOCTBIO A0 UYJEHOB MOpsAKa h2, HOJYUYHM HCKO-
MH€ rpaEdiHHe 3HAYEeHHs E&:
h(Do i

=1 Y Hh2
e = 9 32’1(00.

2. OnpefenuTh TPaHHIL OGAACTH HEYCTOMUHBOCTH NPU pe3oHaHce BOJH3H
Y = wo.
Pewenue Hanucas y = o - &, nonyyaeM ypaBHeHHe JBHXEHHS

5&+mg[l+hcos(a)0+e)t]x=0.
Hmes B BHRY, UTO MCKOMHE rpaHMUHBE 3HAueHHs £ ~ hZ%, HUleM pelleHHe B BHAQ
X == qg cos (g -+ &) £ 4 by sin (@y + &) £ 4 a, cos 2 (w0 - &) £ -+
=+ b, sin 2 (0o + ) £ ¢4

YUHTHIBasi B HeM Cpas3y WIeHH JABYX NepBHIX nopsaxos. s onpeieneHHs rpanum
HeyCTOHYHBOCTH CHOBA MpeAnonaraeM KO3GQHUHEHTH TOCTOSHHLIME M TOJYYaeM:
2

hay 2
— 20,2a, + 3 a, + hoge; |cos ((o0 -+ e)t+4

hmg . 2 hmg
e 20)08b0 +—§— b, |sin (_coo +eyi+ —3m0al+—h§—=—ao cos 2 ((oo + eyt
hol hof
+ [-—-3:»3::1 +-—;°-°- bO] sin 2 (@, -+ €) £ + [cl(og + ;D“ ao] =0.
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OTtciona nHaxogum:
h

h
-G—bo, ¢y = — —dj,

2

h
ay = —=ap, b=

6
H 3aTeM JBe IpaHunsl 06JacTH HeyCTORYHBOCTH:
5 1
&= — —— h%p & = — hlw,.
24 o 24 © M0

3. HafiTh ycnoBHs mapaMeTPHYECKOrO PE30HAHCA WIS MaJLIX KoaeGaHHH MJ0-
CKOr'0 MasiTHHKa C KoJjieG/oeiics B BEPTHKAJbHOM HaNpaBJeHHH TOUKOH mojBeca.

Pewenne Ilo HafiieHHoi B 3azaue 3, B) § 5 dynxuun Jlarpanxa nafinem
Jua Manaex (@ < 1) KomeGaHuNl ypaBHeHHE IBHXKEHHS

b+ 0 (1447 cos (20, + )t ) 9 =0

(rne m§=g/l). Orciona BHAHO, YTO POJb BBEZEHHOrO B TeKCTe MapaMerpa f
urpaer otsoumerue 4a/l. Yenosne (27,11), HanpuMep, npuHuMaeT BHA

le| < 2a /g /iR

§ 28. AHrapMoOHHYECKHE KoJieGaHus

Bes usnoxkeHHas Bbllle TEOPUA MaJbiX KoleGaHUA OCHOBAHA Ha
pa3ioXkeHUH NOTEHIHAJIbHON M KHHETHYECKOH 3HePrufl CHCTeMH [0
KOODAHHATAM H CKOPOCTSIM € OCTABJEHHEM JIHLIb YJIEHOB BTOPOLO
NOpsAAKa; NPH 9TOM YpaBHEHMS JBHXKEHHS JHHeHHBI, B CBASH C UeM
B 3TOM NPUOGIUIKEHHH FOBOPAT O AuHelinsiX xosneGanusx. Xors rta-
KOe pasJyioxKeHHe BHOJIHE 3aKOHHO INPH YCJNOBHH [JOCTATOYHOH Ma-
JIOCTH aMIVIMTY[ KoJieGaHu#l, 0JHAKO yYeT CJAeAYIOUIHX . IpUGJIHKe-
Huii (TaK Ha3bIBAeMOH GHZAPMOHUHHOCTU WIH HEAUHEHHOCTI KoJe-
6aHMii) NPHBOAUT K IOSIBJEHHIO HEKOTOPBIX XOTfl M cJaGBIX, HO
KaueCTBEHHO HOBHIX OCOGEHHOCTEH JBHIKEHHS.

IIpousBeleMm pa3snokeHdne ¢yHKUHH Jlarpanxa Jgo 4JeHOB
TpeTbero nopsiika. B noreHnHaJbHOH SHEPrHH MPH 9TOM MOSIBATCH
YJIeHbl TPeTbell CTelleHH 10 KOODAUHATAM X; B KHHETHYECKOH iKe
SHEPrHH — WIEHbl, COJAepXkallue IPOU3BENEHHS CKOPOCTefi H KOOp-
JIHHAT BHJA X;%pX;; 3TO OTJMYHE OT IpexkHero BupaxeHus (23,3)
CBSI3aHO C OCTaBJieHHeM WJIEHOB NepPBOTo NMOpSifKa 1O X B pasJo-
>kenun QyHkuuit a;x(q). Takum obpasoM, ¢pynkuus Jlarpanxa 6y«
JeT UMeTb BU/J

1 .. 1 . . 1
=3 ;k(mzkxzxk —kuxix) + g A:.: ki — g 12‘1 LikiXixe s,

(28,1)

T/ Aigt, lint — HOBBIE MOCTOSIHHBIE KO3()(DHIHEHTSI.

Ecsan OT NpOH3BOJIbHBIX KOODAHHAT X; NePeHATH K HOpMaJbHHM
KoopauHaTaM (HHeHHOrO NPHOIHKEHHS) Qq, TO B CHAY JHHEeH-
HOCTH 3TOro npeo6pasoBaHHsi TPeTbsl M 4eTBepTas cymmbl B (28,1)
hepelilyT B aHAJIOrHYHble CyMMB, B KOTOPBIX BMECTO KOOPAHHAT X3
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H cKopocTelt X; 6yAyT CTOATh Qo M Qu. O6G03HauUHB KO3 DHIHEHTH
B 3THX CyMMax 4epes Aagy H Mapy, NOMyuHM ¢yHxumio Jlarpasika
B BHJE

Lo D@0+ J @03 bR
(28,2)

Mp He cTaHeM BHIHCHIBATH MOJHOCTBIO CJAEAYIOLIHX H3 3TOH
JlarpaHxeBoil (QYHKUMH ypaBHeHHH aBuXKeHust. CyliecTBEHHO, 4TO
OHH HMEIOT BHA

Qo + 0:Q. =1, @Q, Q, Q), (28,3)

rhe fq-— OAHOPOAHBe GYHKUHH BTOPOro MOPsSiZKA OT KOOPAMHAT Q
U HX NPOM3BOAHBIX 1O BPEMEeHH.

[Tpumensis MeTox moc/iefOBaTe/bHBIX NPHOJIMIKEHHH, HILEM pe-
lIeHHe 2THX YpaBHEHHH B BHJe

Q.= QY +QP, (28,4)

rre QP < Q) a byHKIHH Qf,” yAOBJICTBOPSIOT «HEBO3MYIIEHHBIM»
ypaBHEHHSM

At 2 (1
QY + 0iQ:’ =0,
T. €. NPeJACTaBJAIoT co00it OOBYHLIE TapMOHUYECKHEe KoJieGauus
0l
QY = a, cos (o4 + a,). (28,5)

Coxpansis B ciaeayiomeM NPUGJIHKEeHHM B IIPaBOA CTOpOHe
ypaBHeHu#t (28,3) JHIIb YJeHB BTOPOro MOPSAAKA MAaJIOCTH, MOJY-

ynM Ans BeanunH uud QY ypaBuenus
QR + 060 =1, (@, @, @V), (28,6)

Fie B MNpPaByl0 YacTh JOKHB GBITb MNOACTABJEHH BHIPAMKEHHS
(28,5). B pesysbrate MH MOJy4YHM JHHEHHEE HEOAHOPOLHHE Aud-
)epeHiua/bHble yPABHEHUs, NpPaBbieé YAaCTH KOTOPHX MOKHO MNpe-
o6pasoBaTh K CyMMaM HPOCTHIX mNepHoAuuecKHX yukuui. Tak,
Hanpumep,

Q&"Q&" == Qg COS (04 + ) cos ((oﬁt - aﬂ) ==
= _;— aaaﬂ {COS [(oq -+ (Dﬁ)l + oy 4+ GB] -+ cos K(Da —_ (DB) t4+a, — qﬂ]}.

Takum o6pasoM, B mpaBhIX 4YacTaxX ypaBHenu#t (28,6) Haxo-
JATCA YJIEHBl, COOTBETCTBYIOUIHE KOJeGaHHAM C YacTOTAMH, pas-
HBIMH CyMMaM H pPa3HOCTAM COGCTBEHHBIX YacCTOT CHCTEMH. Pe-
LIcHHE YDABHEHHH CcJelyeT HCKaTh B BHJE, COJepKallleM Takue
e TMepHOJAMYECKHE MHOXKHTeNH, W Mbl MPHXOJHM K BBIBOAY,
YTO BO BTOPOM NPHOJHIKEHHH Ha HOPMAaJ/IbHblEe KO/IeGaHHA CHCTEME
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C YaCTOTaMH ©q HAKJaABIBaOTCH LONOJHHTE/bHLIE KoJiebaHnsg ¢ 9a-
CTOTaMH

o, &= 0, (28,7)

(B TOM uMcCJe YABOEHHHIE 4acTOTH 2w, H uacrora 0, cooTser-
CTBYIOHIAs TOCTOSIHHOMY CMeEIIeHHI0). ODTH YacTOThl Ha3hIBAOTCH
KOMOUHAQUUOHAbIMY., AMIIHTYIB KOMOHHAIMOHHBIX KoJseGaHH# mpo-
MOPIHOHALHL TNPOU3BENCHUSIM Qqag (HAH KBaApaTaM d.) COOT-
BEeTCTBYIOLHX HOPMaJIbHHX KOJeOaHH.

B chaenyomux OpHONHKEHHSX NPH yueTe 4YjeHOB GoJee BHICO-
KOro nopsifka B pasnoxeHud QyHkuuu JlarpaHxa BO3HHKAIOT KOM-
6uHanuoHHEe KoJeOaHHsE C HacTOTaMH, SBJASIOHUMHCHI CyMMaMH
H pasHOCTAMH GOJIBLIETO YMCJAa YAaCTOT ®g. KpoMe TOro, OJAHAKO,
BO3HHKAET ellle H HOBOE sBJICHHE,

Jeno B TOM, UTO yXe B TpeTbeM NpUOJHXKEHHH cpeid KomGu-
HAIHOHHBIX YacTOT MOSIBJSIOTCS YacTOTHl, COBNajJaloliue ¢ HCXO[-
HHMH g {(we + ©p — op). TIpn npHMeHeHHH ONHCAHHOrO Bhille
METOZa B NpPaBoOfl YacTH ypaBHeHHH ABMIKeHHMA OyAyT HaXOAMTbCA,
cJIe[0BaTeNbHO, PEe30HAHCHBle WieHBl, KOTOphle NPHBEAYT K BO3HHUK-
HOBEHHIO B pPELIEHHH YJEHOB C BO3pacTaioulell CO BpeMeHeM aMIlJiA-
Tygofi. Mexay TeM, ¢H3NUeCKH OYeBHAHO, YTO B 3aMKHYTOH
cHCTeMe B OTCYTCTBHE BHeINHero HCTOYHHKA 3HEPrUH He MOoXer
IPOMCXOANTL CaMONPOH3BOJIbHOE HapacTaHHe HHTEHCHBHOCTH KO-
saebanuf, :

B 1eficTBUTENbHOCTH B BBICIIHX NPUOJHKEHHAX MNPOHCXOAUT

H3MeHeHHe OCHOBHBIX 4YaCTOT g [0 CPaBHEHHIO C HX «HEBO3MYy-

JleHHHMHA» SHAUCHUAMH @), GHTYPHDYOIIUMH B KBaApaTHIHOM

BHDaxKE€HHH NOTEeHUHAJbHOH SHEPTHH. [MosiBnenue xe BO3pacraio-
II¥X YJIEHOB B PellleHHH CBA3AaHO € pa3J/IOXKEHHEM THIIa

cos (o + Ao)a)t ~ cos ol — {Aw, sin ot

SBHO HE3aKOHHHLIM NPH AOCTATOYHO GOJBIIKX f.

[MosToMy mpH Hepexoje K CJACAYIOUWIHM NPHOIHKEHHAM METOL
NOC/e 0BaTeNbHEX NPUGMUKEHHHA AOMKEH OHITh BUIOH3MEHEH TakK,
yTo6H (UIypHUpPYIOIIHe B DELICHHM NepHOAMYECKHe MHOXHTeNH ¢
caMOro Hagajia CoOJAepXKajd TOUHBe, a He HPUOJAMKeHHBlE 3HAYe-
Hust yacToT. Mi3aMeHeHHsI Ke YacTOT CaMH ONPEAEISATCH B Pe3yAb-
TaTe DEIICHHS YpaBHeHHH KakK pa3 H3 yCJOBUSA OTCYTCTBHA pe3O-
HAHCHBIX YJIEHOB.

[1pofeMOHCTpHPYEM 3TOT METOJ Ha aHTrapMOHHYECKHX KoJe-
GaHusAX C OAHOH cTemeHblo cBOGOAH!, HamucaB ¢yHxuuo Jlarpad-
JKa B BHIE :

. 2
mx? may, mao, mp
L= 7 "5 x%— 3 x° -- 2 X, (28,8)

CoOTBETCTBYIOllee YPaBHEHHE NBHXKEHHS
¥+ ofx = —ax? — i’ : (28,9)
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Mpb 6yneM HCKaThb ero pellleHHe B BHIE PsAjJa NOCAef0BaTE/b-
HBIX NPHOIHKEHHA

x=xV o 4@ 4 4O
npuYeM
£V = a cos o (28,10)
¢ TOUHBIM 3HAYeHHeM ©, KOTOpoe caMo GyIeMm 3aTeM HCKaTh B Buie
piia o =wo+ o) 40P 4 ... (uauaapuyo ¢asy B x!) MOKHO

Bcerjia oOpaTHTb B HyJb HaJjeXamuM BHOOPOM Hadaja OTcUeTa
Bpemenu). [Ipu 3TOM, oaHaKo, ypaBHeHHe ABHIKeHHS B Bume (28,9)
He BIOJIHe yAoOGHO, TaK KakK OPH NOACTaHOBKe B Hero (28,10) ne-
Basi CTOPOHA paBeHCTBA He oOpaTHTCS CTporo B HyJab., [lostomy
HepenunieM ero npeABapuUTEIbLHO B SKBUBAJEHTHOM BH/JE

2 (02
——‘})‘é—!—mgx:—ax“’—ﬁxa—(l——?o%)f. (28,11)

Tonoxus saecs x==x 4 x@ @ =0y+ o u onyctus unre-
HHl BHIIIe BTOPOro MOPfAJKa MaJIOCTH, MOJYyYHM Aas x(® ypaBHeHHe

#? 4 03x® = —aa® cos’ of + 20,0"% cos of =

2 aa?
= — 55— — =5 cos 20t + 20.0"a cos af,
VYcnoBre OTCYTCTBHSI DPEe30HAHCHOTO UY/JeHa B NPaBof CTOPOHE pa-
BeHcTBa Jaer npocto o’ =0 B COOTBETCTBHH C H3JIOXKEHHHIM B
Hayajse maparpajga MeTOAOM HaXOXJAEHHs BTOPOro NpuG/IHXKEHHS.
Tlocae storo, pemasi oOblgHLIM cOCOGOM HEOAHODOAHOE JHHERHOE
ypaBHeHHe, NOJIyYHM: :
= — + — cos 201, (28,12)

207 oH

aJgee, nojoxus B (28,11} x = x4+ x@) 4 x0®) ¢ = we + o2,
t B
NOJYYHM ypaBHeHHe Ajis x(®

2 4 aox® = —2axx® — 1™ + 20,0Px
WM, NOACTABHB B INpaBylo uacThb Buipaxkenus (28,10) n (28,12)
rocJie TpOCTOro NpeoGpasoBaHHA:
9 4 ol® =
=—q [ +———] cos 3af -+ a [20) o2 4 22

5azm2

-g—a“’ﬁ] cos wf,

[lpupaBuuBag Hy 0 Ko3(QQHUHEHT NPH PE30HAHCHOM MHOXKHTeJe
€0s wf, HaliJieM NONPABKy K OCHOBHOH 4acroTe, NPONOPLHOHAJNLHYIO
KBajpaTy aMIJIMTYAH KoJeGaHuH:

0? = gg ———l";"(‘o 3) &, (28,13)
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KoM6unannosHoe xe KoseGanue TPETbEro NopsAnKa

@) a3 o?

- 2 2
16w; \ 3wj

+ %) cos 3of. (28,14)

§ 29. Pe3onanc B HeIHHEHHBIX KoJeGaHusx

Yuer aHrapMOHMYECKHX 9/1€HOB NpPH BHLIHYXKJEHHBX KoJeOaHuaX
CUCTEMEI NPHBOAMT K MNOSBJAEHHIO CYIleCTBEHHO HOBHIX OCOGEHHO-
CTell B PE30HAHCHBIX ABJEHUAX. :

Jo6aBuB B mpaBoft cropoHe ypaBHenus (28,9) BHemHOWO me-
pUOLHUECKYIO (C WAacTOTOH y) CHJY, HOJIYyUHM:

£+ 20k + odr =L cos vt — ax® — 29,1)
3lech HalUcaHa TakKe CHJa TPeHHS € MoOKasaTeleM 3aTyXaHHs A
(npeanosaraeMblM HH:Ke MaJabiM). CTpOro rosop#f, IpH yuere He-
JUHeHHBIX YJIEHOB B ypaBHEHHH CBOOOJHBIX KOJIeGAHUH AOJNKHH
VUMTHIBATbCS TaKikKe YJIEHH BHICIINX NOPAAKOB B aMIUIHTYJAe BHI-
HYXJAMoWie CUALI, COOTBETCTBYIOIINE BO3MOXKHOH 3aBHCHMOCTH ee
OT cMenleHHs x., MBl He NHIUEM 3THX YJEHOB JHIIb C LEJbIO yOpo-
meHns (opMyJ; OHH He MEHSIIOT KayeCTBEHHOH KapTUHLI sBJIEHHH,
Iycre

Y=ot ¢

(¢ ManunM e), T. €. MH HaxoauMmca BOJH3Y OOGLIYHOTO DE3OHAHCA.
JIns BHISICHEHHS XapaKTepa BO3HHKAIOLIETO JABHIKEHHS MOXKHO
ofoliTHCh 6e3 HENOCPeJCTBEHHOTO HCCJaeJOBaBHusA ypasaenusa (29,1),
€CJIM BOCIIOJIb30BAThCSA CAEAYIOIIUMH COO0D aKeHHIMU.

B JauHelHOM NpPHOJIHXKEHHM 3aBHCHMOCTb aMILIHTYIAH b BHIHY-
HACHHOro KoJjieGaHHua OT aMIVIUTYAb! f H YacTOTH y BHEWHEH CHJLI
jaerca BO6AM3M pe3oHaHca (opmyJqonn (26,7), KOTOpyIO HannmeMm
B BHJE

b2 (e 4 A%) = 2/4m?a, (29,2)

Henunefinocry Koae6aHuii NPUBOIUT K MNOABJEHHIO 3aBHCHMO-
¢TH HMX cOGCTBEHHOI HacTOTH OT aMIVIMTYJIBI; HAINMIIEM ee B BUIe

@, -+ %b?, ' (29,3)

rie TOCTOSIHHAsl % BHIpaxkaercs onpeleleHHHIM 06pas3oM depe3 Ko-
sdduuuedt anrapmonmunoctu (cM. (28,13)). CooTBETCTBEHHO 3TO-
My 3ameHsieM B ¢opMmyse (29,2) (TouHee B MaNO# pasHOCTH
Y — @) wo HA o + xb. .
Coxpannup o0603HaueHHe g€ ==Y — @o, TOJYYHM B pesyJbTare
ypaBHeHHE :
b [(e — nb?)? + A = f"’/4m“’w§ 29,9
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HJH

e =xb?+ /\/(W)Z — A%,

Ypaprenne (29,4), KkyGuueckoe mo OTHOIIEHUIO K b2, M €ro Be-
IIeCTBEHHble KOPHH ONPEAE/SIOT aMIVINTYAy BbIHYXKIEHHBIX KOJe-
6anufi. PaccMOTpHM 3aBHCHMOCTb b
3TOH aMIJIUTYABl OT YaCTOThHI BHELU-

HeH CHJIBI NpH 3aJaHHOH aMIJIHTY-
Jle CHJIHI f. £y

[Ipn nocTaTOYHO MaJjHX 3Haue- a
HusAx [ aMImjATYZa b ToXe MaJa,
TaKk YTO MOXKHO 1npeHelpeub B ‘

" (29,4) crenensiMu b Bbllle BTOPOH,, €
H Mbl BO3BpaliaeMcsi K 3aBHCHMO- \
cru b(e) (29,2), usobpaxatomeiica b
CUMMETPHYHOH KPHBOH ¢ MaKCHMY- .
mom B Touke €=0 (puc. 32,a). F<fe

Ilo mepe yBennueHHs | KpuBas je-
¢opmupyercsi, COXpaHAd CcHaYaJa o
CBOil XapaKTep — C OJHHM MAaKCH- :

mymoM (puc. 32,6); mnocienHHi )
cmemaercs (opu x > 0) B cropo-
HY NOJOXHTeJbHHIX &. M3 rpex b
Kopue#t ypaBHeHus (29,4) npu
9TOM BelllecTBeH JIHIUb OAHH.

Onanako, HayYHHAsA C ONpejeJieH-
Horo 3HaueHus [==f, (koTOpOe MBI /
onpelieMM HHUXKe), XapakTep KpH-
Boil MeHnsiercs. Ilpu KaxiaoMm 3Ha-
yenun [ > f, cymecTByeT ompene- Puc. 32
JeHHas 06JacTh 4acToT, B KOTOpO#
ypaBHenne (29,4) mMeer TPH BEIUECTBEHHHIX KOPHs; el OTBeuaer
yuacrok BCDE kpusoii Ha puc. 32, 8.

db
Tpannusl 9TOH 06/ACTH ONPEAETANTCH YCIOBHEM ——==00 B

toukax D u C. Ilpoauddepenuuposas ypabHeHne (29,4) mno e,
[OJNYYHM:

db —gb - xb?
de ~ 2k A* — dueb? - 3u2bt *

TlostoMy nosoxenue Touek D u C onpefeasieTcsi COBMECTHHIM pe-
IleHHEM YpaBHEHHH :

&2 — 4ub% + 31 + A2 =0 ©(29,5)
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1 (29,4); cooTBeTCTBylOLIMe 3HA4YeHHs & 00a MOJOXUTeAbHB. Hau«
6osnbluee 3HaYeHHe AMINIHTYAR! JOCTHraeTCs B TOUKe, IJe j—Z=O.
Ilpu sToM & = xb2, u u3 (29,4) umeem:

bmax = [/2megh; (29,6)

9T0 3HAUEHHE COBHNALAET C MAaKCHMYMOM, NaBaeMbIM -3aBHCHMOCTHIO
(29,2).

MoxHo nokaszarp {Ha yeM M He 6yjneM 3aeCh OCTaHaBJH-
BaTbcA!)), 4TO M3 TPeX BEIECTBEHHBIX KOPHel ypaBHeHHs (29,4)
cpeannii (1. e. ywactok CD kpuso#i, H306paxeHHhHH Ha pHC. 32,8
LITPUXOBOH JIMHHEH COOTBETCTBYET HEYCTORUHBHM KOJeGaHHAM CH-
CTeMBl: J1060e CKOb YroAHO cjaboe BO3JeHCTBHE HA CHCTEMY, Has
XOASALLYIOCH B TAKOM COCTOSHHH, IpHBeJo OH K MepeXoAy K KoJe-
GaTenbHOMY peXHMY, OTBevalolleMy OOJbiIeMy HJIH MeHbIIEMY
KopHio (T. e. yuactkaM BC uau DE). Takum o6pasom, peasbHHM
KoJIeGaHHsAM CHCTEMBl COOTBeTCTBYIOT Juinb Betsd ABC wu DEF,
3aMeuare/bHO# OCOGEHHOCTBIO SABJSETCS NPH 3TOM HaJHUHe 06Ja-
CTH YacTOT, JOMYCKAIOUHUX JBe pPas/iHYHHe aMIJIHTYAH KoJelaHHui.
Tak, npu nocTeneHHOM YBEJHYEHHH YACTOTH BHEITHENd CHAL aM-
NJIMTYAa BHIHYXKIERHHIX KoJeGaHuit Oymer Bo3pacraTh, CJAEAysS
kpuBoit ABC. B rtouke C NpOH3OHAET «CPHIB» AMIIHTYAH, KOTO<
past CKaukoOM ymajeT X0 3HaueHHs#, OoTBevalouiero touke E, U 3atem
(npH naJibHedlIeM YBeJIMYeHHH YAaCTOTH) OyJeT ,MeHSThCS BAOJbL
kpuBoi EF. Eciu Ttenepp BHOBb yMeHbIIAThb YacTOTy, TO aMIlIH-
TyAa BHIHYXKJIEHHHIX KoJe6anuii 6yJeT MeHATbCS BJOJIb KpuBoil FD,
B Touke D ckauxkoM Bo3pacrtaeT 10 B m 3areM OyJeT YMEHbIIATHCSH
Baoap BA.

Jns BbIUMCJIeHHs] 3HaYeHHd [, 3aMeuaeM, YTO 5TO eCTb TO 3Ha-
yenne f, npu KoTopoM 06a KOpHA KBaapartHoro (mno b2?) ypaBHeHust
(29,5) coBnagaior; npu f = fr Bech yuactok CD cBOAUTCSA K OXHOR
Touke neperuba. [IpHpaBHAB Hy/JI0 AHCKDHMHHAHT KBaJApaTHOrO
ypaBHeHHs (29,5), moayuum e? ==3A% COOTBETCTBYIOWHUN KOpEHb
ypaBuenus: wb? = 2e/3. Ilogcrapass otu 3Hauenns b u e B (29,4),

Haiiem:
f2 = 32m’wir’/3 /3| % . (29,7)

Hapsny ¢ u3sMeHeHHeM XapakTepa Pe3OHAaHCHHX fBJEHHI HpH
4ACTOTAX Y & M9 HEJHHEHHOCTb KoJeOGaHHH NMPHUBOJAUT TaKkKe K IO-
S$BJICHHIO HOBBIX PEe30HAHCOB, B KOTOPBHIX Ko/eGaHHS € 4YacTOToi,
6.1m3KO0# K o, BO36YKAaIOTCSA BHelIHel CHJIOH C 4acTOTOH, cymie
CTBEHHO OTVIHYAIOUIeHes OT .

[TycTh yacToTa BHEIIHEH CHJIH y & 0o/2, T. €.

Y =0,/2 - &.

1) HoxasatenscTBo MOxHO HafiTn, nampumep, B Kaure H. H. Boronwo 6o«
pa u 0. AL METpODOAbLCKOTr O, «ACHMIUTOTHIECKHE METOAH B TEODHH He-
JrHeHEX KoneGanuis, — M.: dusmarrus, 1958,
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B nepsoM, sauHeliHOM, NpUGAHXKeHWH OHA BO3GYXKNaeT B CHCTeMe
KoJieGaHusl ¢ TOH Ke YacTOTOH H C aMILIUTYJOH, IPONOPLHOHA/b-
HOH aMIJIHTYZe CHJHL

x(l) — _4f_2_cos (E?. + 8) t
3may 2

'(cornacio topmyne (22,4)). Ho npu ydyere HenuHeARHIX U/MeHOB,
BO BTOPOM NPHOJIHKEHHH, 5TH KoJeGaHHS NPUBEAYT K MOSABJEHHIO
B NpaBOf CTOPOHe ypaBHeHMs ABHxKeHHs (29,1) ujeHa ¢ yacroroit
2y &~ wo. Menno, noacrasus 1) B ypaBHeHHe

£(2) + 2}"*(2) + (l)gx(Z) + ax(2)2 + 6)‘(2) 3 —_ _ax(l)Z,

BBeAs KOCHHYC YABOEHHOTO yrJia W COXPaHfifi B MPaBofi CTOPOHe
JIHIIb PE30HAHCHBIA YJIEH, MOJTYYHM:

x’(?) + 2}\«)‘6(2) + mﬁx(?) + ax(2)2 + ﬁx(2)3=
8af?

= ———cos (0, + 2e) £. (29,8)

9m’e}

D10 ypaBHeHHe oTJHuaercs oT ypasHeuus (29,1) aume tem, 9ro
BMeCTO aMIVIHTYAbl CHABl [ B HeM CTOHT BHIPaXKeHHe, NMPONOPIHO-
Ha/JbHOe KBajaparty f2 DTO 3HAYHT, YFO BO3HHKAeT De30HAHC Ta-
KOro JKe Xapakrepa, Kak W pPacCMOTDeHHHWH BHIlE PEe3OHAHC Ha
4acToTax y & ®9, HO C MeHblIei HHTEHCHBHOCTBIO, 3aBHCHMOCTb

b(e) nonyuaerca samenoit [ Ha~—8af’/9m) (4 & Ha 2€) B ypaBHeHHH
(29,4):
b [(26 — xb?? -+ 17] = 1602 [81mal, (29,9)

[TycTs Tenepb yacToTa BHEIUHEH CHJLE
y == 20, -} &.
B nepsoM npuGIHKEHHH HMeeM:

X == — fzcos(2m0+e)t.
3mw;

[Ipn noxcranoeke x == x() -~ x® p ypaBuenue (29,1) MH He mo-
JyUHM WIEHOB, MMEIOIIHX XapakKTep Pe30HAHCHOH BHeNIHeH CHJIBI,
Kak 310 OHUIO B NpeAblAymieM cayyae. Bosmukaer, opnako, peso-
HaHC TapaMeTPHYecKOro THNA OT YJeHa TPeTbero MopsiAKka, Npo-
nopuxorajibHoro npousseflenuio xVx®, Ecau u3 Bcex HenmHeli-
HbIX Y/JEHOB COXPaHHTb JHUIb 3TOT, TO ANf x® NOAYYHM ypaBHeHHe

2 4 2242 + 032 = —2ax"x®
R4

x-(?) + 2Ax(2) + 0)3 [1 — 3?):1’:)4 cos (20)0 + 8) t] x(z) == O, (29, IO)
4]
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T. e. ypaBHenHe tHna (27,8) (c yueroM TpeHus), NpUBOAsiee, KAK
M Y€ 3HaeM, K HeyCTOHYMBOCTH KoJeGaHHUi B OnpegeseHHOM
HHTEpBaJjie YacToT.

Onnako Ans onpele/ieHHs] pe3yJ/bTHPYIOUlefi aMILINTYIBl KoJe-
6aHnii 3TO ypaBHeHHe HeJOCTATOYHO. YCTAHOBJICHHEe KOHEUHOH aM-
NANTYAL CBA3aHO ¢ 3h¢deKTaMy HeJHHeAHOCTH, AJS ydeTa KOTO-
pHIX B YpDaBHEHHH ABUXKEHHA JOJIKHH OBITh COXpaHEHH TaKKe He-
JIHeHHble 10 X2 ujeHs:

#0206 4 03 x4 P = cos 20, + )1+ 67
[
(29,11)

HccnenoBanne stodl 3afauy MOXKHO OYeHb YNPOCTHTh, 3aMETHB
caenpyioumee obcroaTeabcTBo. [TosoxHB B npaBoll cTopoHe ypaBhe-'
Hug (29,11)

(2)=bcos[(co0 -+ —;-) t4- 6]

(rne b-—uckomas aMIJIUTYAa pe30HAaHCHHIX KoJeGaHuli, § — Hecy-
IecTBEHHHH 1J5 AaJjbHeHlIero NOCTOAHHBIA CABUT ¢asw) u npex-
CTaBUB NpOY3BeleHHe JABYX NePHOJUUYECKHX MHOXKHTeJeHd B BHIE
CYMMH JBYX KOCHHYCOB, MHl NOJYYHM 37€Ch 4JIeH

“fb cos [(coo -+ ——) t— 6]

OOLIYHOTO pesonaHCHoro (no oTHOWIeHWIO K COGCTBEHHON YacTore
CHCTeMHl o) Xapakrepa. [losromy 3amada cHoBa cBOAMTCH K pac-
CMOTPeHHOH B HauaJje naparpada saiave o6 OGHYHOM pe3OHaHCe
B HeJHMHeHHOH cHCTeMe C TeM JIHUIbL OTJIHYHEM, YTO POJbL aMIJIH-
TyAH BHeIIHe#l CHJL HrpaeT Temepb Beduunna ofb/3w; (a BmecTO
e cront &/2). [Ipoussens 31y 3aMeHy B ypaBHeHuH (29,4), nomyuum:

W[ — )+ ] =

36m°wy

3m

Pewas 310 ypaBHeHHe OTHOCHTe/ILHO b, HafifeM CJefyIOLIME BO3-
MOJKHbIe 3HAUEHHS] aMILUIHTYbL:

b=0, 29,12)
pr—_L [ + o )2—x2], (29,13),
(i}

R = =

Ha puc. 33 uzo6paxena nosyyaioniascs oOTcioja 3aBHCHMOCTb b
or ¢ (s x> 0; npu » << (0 KpHBHE HanpaBjieHH B o6paTHyI0
»
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eropony), Touku B u C 0TBeyaioT 3HaueHUAM

e=+ V(ié')z —_— 47&2.
3maey

Cnesa or ToUKM B BO3MOXHO JIMIUL 3Hauenne b == 0, T. e. pe3oHaHC
OTCYTCTBYeT K KOJI€6AHHS C 4YacTOTON =~wo He BO3GYXKAAIOTCA.
B nnrepBane Mexay B u C uMeeM ngsa kopusi: b =0 (orpesox BC
Ha puc. 33) © BhpaxeHnne (29,13) b
(setBb BE). Haxkonen, cnpasa ot
To4kH C CyLIecTBYIOT BCE TPH KOp- E
g (29,12)—(29,14). Opnako ne /“
BCE 9TH 3HAYeHHs OTBEYalOT yCTOMH-

YHBOMY KoJ€6aTeJIbHOMY peXHMY.
3nauenne b =0 HeycTOfiuMBO Ha
yuactke BC), u MOKHO MOKa3arTh: Z _
TaK)e, UYTO BCerja HeycTOHuHB A 8 ) ¢ D e
PeXHM, COOTBETCTBYIOIHH KOPHIO Pic. 33

(29,14) (npoMexyTougoMy MexKly

apyms apyrumu). Ha puc. 33 meycrohiuuBhle 3HadeHua b usoGpa-
JKeHB MTPHXOBOH JHHHEH.

Ilpocnenum, HanpHMep, 3a NOBEISHHEM IMepBOHAYAJbHO <«TIO=
KouBLieilica»?) CHCTEMHB TNpPH MNOCTENEHHOM YMEHbIIEHHH YacTOTH
BHelrHed cuabl, Jlo noctuxkenuss Touku C ocraercd b =10, a 3atem
TIPOUCXOAHT «CPBHIB» STOT0 COCTOSIHUSA € THepexoioM Ha BerBb EB,
Ipu npasbHeiieM yMeHbIIEHHH € aMIJIHTYJda KOJeGaHHA yMeHb-
maetcs [0 Hyas B Touke B. Ilpu o6paTHOM e YyBeJqHYEeHHH 4a-
CTOTHI aMIINTYla KoJeGaHuH pacreT BAOJb KpuBoi BE3).

PaccMoTpeHHBle CJyuaW pe30HAHCOB SBAAIOTCH OCHOBHBIMH H3
BO3HUKAIOUIMX B HeJHHeHHO# KoneGarenbHoll cucreMe. B GoJsee Bhl-
COKHX NpHOJIMXKEeHHAX NOSBJISAIOTCS Pe30HAHCH H HAa IPYrHX 4acTo-
Tax. CTporo roBops, pe3oHaHC HOJDKEeH BO3HUKaTh Ha BCAKOH 4a«
CTOTE Y, AJA KOTOPO#l ny + mwe = wg (n, m— uenwe yucaa), T. e.
NpH BCAKOM Yy = pwo/q, rle p, q-— cHoBa Ienane uucaa. OpHako

) Dror HHTEpPBa/N KAaK Pa3 COOTBETCTBYeT 00/1aCTH NapaMeTPHYECKOrc peso-
nanca {27,12), npuuem u3 cpasuenns (29,10) ¢ (27,8) umeem |h|= 2af/3mc03
VYexorne xe

| 20/ /3mad | > 43,

np¥ KOTOPOM BO3MOXKHO CYIIECTBOBAHHE paCCMAaTDHBAeMOro HBJIeHHs, OTBeuaer
HepaBeHCTBy h > ha.

?) HanoMHuM, 9TO MB DaccMaTpHUBAEeM 3JeCh DPE3OHAHCHHe KoaeGauus, Ux
OTCYTCTBHE He O3HAaYaeT NOITOMY OYyKBAJNBHOrO TOKOS CHCTEMH, B KOTOpoH Gyayr
NPOUCXOJHTL chalbhie BHHYKIEHHBE KOJe6anHsd € YacTOTOH y.

%) Caenyer, onnako, NOMHHTb, YTO BCe BhIBEIEHEHE (GOPMYNH CHpAaBelTHBH
JdIk A0 TeX MOp, 0oKa aMIiHTyAa b (a Takxke &) ocraerca AOCTaTOYHO MaJoil,
B neftctBuTenbHOCTH KpuBhie BE u CF B cBoeM ZajbHeiilieM XOle OKaHYUBAIOTCS,
coeaunssach B HEKOTOPO#l TOUKe; NPH JOCTHIKCHHH 3TOA TOUKH Ko/eGaTeNbHHME
PeXHM «CPHBAETCA®» M CTaBoBHTCA b == 0,
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C yBeJIHYEHHEM CTeleHH NPHOJHNKEHHA HHTEHCHBHOCTh De30HAaHC«
HBIX fiBJEHHH (a TakXe LIHPHHH 06JacTell 4acToT, B KOTOPBIX OHH
JOJXKHB HMETb MeCTO) CTOJIb GLICTPO YOBIBaeT, UTO PeajibHO MOryT
Ha0Ja104aThCsl JIHIIL PE30HAHCH HAa YACTOTAX § & Pwo/q ¢ HeGOmTb-
LIMMH 3HAYEHHSIMH p H 4.

3anava

OupegesuTs 3aBHCHMOCTh b(€) OT pesoHaHCA HA YaCTOTaxXx y & 3Wo.
Pewenne B neppoM npuG/mXeHHH

2

VSV I cos (3w + &) £
8mag

Jas sroporo npubanxkenus (x() monywaem m3 (29,1) ypasRenue

#9 4 oas® 4 cogx(z) + axP2 4 ﬁxm 8 —3Bx(”x(2)2,

TAe 8 npaBofl CTOpOHE paBeHCTBA HANHCAH JHUIb 9JieH, ODUBOAAIMHA K paccMa-
e
TpuBaeMoOMy pe3oraHcy. IToaoKuB B HeM P = b cos [(“’0 + 5) t+ 6] A BHIE-

A9 ¥3 DPOU3BeJSHHMS TPeX KOCHHYCOB PE3CHAHCHWA ujeH, NOJY4HM B mpaBolt
CTOPOHE YpaBHeHHs BHpaykeHHe

Bl 5]

2mayg

O1ciofa BHAHO, YTO 3aBUCHMOCTb b OT & MOAYHUHTCS 3aMeHOH B ypaBRennn (29,4)
f ma 35[72]‘/320)3 H & Ha &/3: .

b [(% - xb’)z + m] - -2% b4 e= Ab%,
Kopru 5TOTrO ypasHeHHS:
b=, et /\/fS%+{,:—,-xz.
Ha puc. 34 msobpaxen rpadudeckd Xapakrep 3asuHCHMOCTH b or & (npn

% > 0), YcrofiunBhiM pexuMay OTBEHAlOT JHillL 3HAuEHHe b =0 (ocp abcuucce)
u BetBb AB. Touxke A COOTBETCTBYIOT 3HAUEHHA

b 8
¢, == 3 (4n2A2% — A%
L 4xA :
A .
Ny o 4uIA A2
bo=—%zq
KoneGatenpHuii  pexHM  CyIIECTBYET JHUIb

€ ppu &> e, UpHYEM aMIAHTYZA b > by
Tlockoabky cocrosiHe b == 0 Bceraa ycroil.
Puc, 34 4HBO, TO AJs BO36yXIAEHAA KoMeGaHHI He0G-
XOJMM HaYalbHHIA «TOJIOK».
TMoayseunne (hopMynbl cupaBefJIHBH JNHIIL NPH Manawx e. Manocrs & obecne-
gUBAeTCS MAAOCTHIO A, €C/H NMpPH 3TOM aMIVIHTYJA CHAH YAOBJNETBOPAET YCJAOBHIO
Moo € A% K @o.
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§ 30. JipuxKeHMe B GBICTPO OCUMHANHPYIOIIEM BOJAE

PaccMoTpuM JBHXKEHHe YaCTHIBl, HaXoAAleACs OAHOBPEMEHHO
noJ, feficTBHeM HOCTOsIHHOro nond U u cuau

f=1Ficos ol + [, sin &, (30,1)

MeHsIOUIeACR co BpeMeHeM ¢ Gosibmiofl yactorolt @ (fs, f2 — dyHk-
IHMH TOJbKO OT KoopakHaT). ITog «Gosbmofi» Mbl MOHEMaeM NPH
5TOM 4acTOTY, YAOBJIETBOPAIY0 ycaoBuwo o > 1/T, rae T — nops-
JIOK BeJUUHHB NEPHOAA ABHIKEHHH, KOTOpPOe HacTHia COBepinajia
6t B omnom nose U. Tlo cBoet BenvuuHe cuja f He mpeimoJa-
raeTcst cnabofi N0 CpaBHEHHUIO ¢ CUIAMH, AeftcTBylomuMu B moxe U,
Mu 6yneM, OZH2KO, HpPeANoJaraTb MaJbiM BLI3bIBa€MO€ 3TOH CHe
Jioit KoJebaTesbHOE CMellleHHe YacTHUHW (0003HaUeHHOE HHXKE [M0-
cpencTsoMm ).

JAna ynpolleHHs BHYHC/AEHHl PacCMOTPHM CHaAyasla OXHOMEp«
HOe JBHXKGHHe B II0Jie, 3aBHCALIEM JIHIIbL OT OJHOH HPOCTPaHCTBEH-
HOW KOOPAHHATH x. TOria ypaBHeHHe JBHKEHHUA YaCTHIH ')

mi=—S2 +f. (30,2)

W3 xapakrepa AeficTBYIOLIEro Ha HacTHLY NOJs 3apaHee SICHO,
4YTO ee ABHXKeHHMe OyleT NMpeACTaBJATb COOOH nepeMellleHHe BAOJb
HEKOTODOH MJIaBHOH TPAEKTOPHU C ONHOBPEMEHHLIMH MaJLIMH
OCLHMIALHAMH (C 4acTOTOH ®) BOKPYr Hee. COOTBETCTBEHHO 3TOMY
npefcrasuM Qyrxnuo x(f) B BuJe CyMMH ’

x(()=XO+E), (30,3)

rie E(f) npeacrasiasier coGoii yKkasaHHble MaJible OCHHJISUHH.

Cpeanee sHaueHdue ¢yHkuuu §(f) 3a BpeMs ee mepHosa 2m/®
ofpaiaercs B HyJb, QyHxuus xe X(f) 3a 270 BpeMsa MeHseTcs
ouenb Maso. O6osHauas Takoe ycpeiHeHHe 4YepToi Haa GYKBOH,
HMeeM MO3TOMy: X = X(f), T. e. ¢oyHkuusa X(f) onuceiBaer ycpen-
HEHHOE IO OLICTPHM OCUHJJISIHAM «IIJIABHOE» JBHXKEHHE YaCTHIHL,
BriBesieM ypaBHeHHe, onpezeasiouniee 3Ty HYHKIHIO ?2).

Tloacrasnaa (30,3) B (30,2) m pasyaras mo creneHsaM § ¢ 104«
HOCTBIO JIO TIEHOB NIEPBOTO NMOPAIAKA, MOJYTUM:

o -- dU a2y 9
mk +m=—2T —rTE X D+ (30,9

B 5TOM ypaBReHHH (HIyPHPYIOT WIeHH PasJHIHOIO XapaKTepa —
OCHH/IIHPYIOLIHE W <«IJaBHHE», OHM AOJIKHBHI, OYEBHIHO, B3AHMHO

1) Koopaunata x — se 006s3aTesbHO A€KapToBa, a KO3D HUMEHT M COOTBeT<
CTBEHHO He 00s3aTeNBHO €CTh Macca YacTHIH H He 0613aTelbHO NMOCTOSHEH, Kak
oTo mpeanosoxeHo B (30,2). Takoe mpeamosoxeHne, OAHAKO, He OTpaXKaeTcs Ha
OKOHYATE/IbHOM DesyJabrare (CM. HHXe).

Hpes usnaraemoro #mxe Meroaa npuHamiexut I1. JI, Kanuye (1951),
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COKpamarhcst B KaXKAOA M3 9THX ABYX TpPynnm B oTAenbHocTH. J1Jas
OCUM/INDPYIOIINX YWISHOB JOCTATOYHO HAIKCATh:

mE=f (X, 1), (30,5)

ocTajJbHble COEePKAT MaJblii MHOXHTENb § H NOTOMY Maju [0
CPAaBHEHHIO C HAMHCaHHBIMH (YTO Kacaercs NPOH3BOAHOH E, To ona
fipoNopLHOHa/bHA GOMbIIOH BeluuHHe ©? U MOTOMY He Masaa). Ua-
verpupys ypabaenne (30,5) ¢ ¢yukuuedi f ns (30,1) (mpruem se-
nudxHa X paccMarpuBaeTcs Kak NOCTOAHHAf), MOJNYYHM:

&= —f/me’. (30,6)
Vepenuum tenepn ypasnenue (30,4) no BpeMeHH (B yKa3aHHOM

BHlle cMhicse). [ToCcKOMBKY cpefHHe 3HAYeHHs NepPBHIX creneHed f
H § 06paliaoTcs B HyJlb, IOJIYIHM YpaBHEHHE :

.. dU
mX=—x+i5yr=—"ax —mer ! ox

colepxaiee yxe Tosibko ¢ynkuuio X(f). Ilepennmem ero okom-
yaTeJbHO B BHAE

.o dUsd,q, .

rie <«3bqdeKkTHBHAA IOTEHLUHAAbHAS JHEpPrusi» onpejeasieTcs Io-
cpeacrsom f)

Uppy=U + 5o P =U + o (R + 12). (30,8)

Cpasuusas 310 Bepaxenne ¢ (30,6), Jerko Bugerb, YTO NOMOJHU-
TeNbHBIA (10 OTHOLIeHMIO K moJio U) uien npexacrasisier co6of He
Y10 HHOE, KAK CPEeAHIOI KHHETHYECKYI0 3HeprHi0 OCLUWJIJISLHOHHOIO
JIBHXKEHHS:

U =U+ 28 (30,9)

Takum 06paszoMm, ycpeJHeHHOe [0 OCLHJUVISLHUAM JBHXKEHUEe Ta-
THUB NPOHCXOAHT TAK, KaK ecJH Obl, MOMHMO IOCTOSHHOTO MOJA
%J, NeficCTBOBAJIO ellle H JOMOJHHTENbHOE MOCTOAHHOe HoJe, KBaj-
PaTHYHO 3aBHCAIIEE OT AMIUIMTY/Abl IEPEMEHHOrO M0JI.

[MonyueHHbifi pe3yabTaT MoXKeT ObiThb Jierko 0GoOLieH Ha ciay-
yafi CHCTEMB! ¢ JIOOBIM UYHCJOM CTeneHel CBOGOAH, ONHCHIBaeMOH
0606IIeHHEIME KOOpPAUHATaMu ¢;. JasA 3¢¢deKTHBHOA MOTeHUHA/b-

1) Ilponsseass HeCKONbKO GoJee [AMHMAHBIG BHUHCACHHSA TNDH 3aBHCALNEA OT X
BeMMUHHe M, Jerko yGeaurocs B TOM, 4To Gdopmynw (30,7), (30,8) ocraworca
CIpaBe/THBHMUE H B 3TOM Caydae,
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HOH sHeprud mosyuaercs (BMectro (30,8)) Bmparkenue

‘ —_ e
Uso=U+ oo 3 anTih=U+ Y HEEE,  (30,10)
i k ik

rje BeJHUMHH @z, (BooGule rosopsi, — QYHKUMH KOOpAHMHAT) —
SJIEMEHTH MaTPulb, o6patHON MaTpuue Ko3(pPHUUEHTOB @jr B KH«
HeTHuecKo# sHepruu cucteMul (cm. (5,5)).

3anaum
1. OnpenenuTh TNOAOXKEHHA YCTONYHBOrG DaBHOBECHST MAnTHHKA, TOYKA HOA-
Beca KOTOPOTO COBepIIaeT BepTHKaJbHHE KojJeGaHHa ¢ GoJabmiofi  uacroToft

Y (v> Vel .
Pemesue M3 nonyuennofi B 3anave 3, B) § 5 dyurnum Jlarpauxa suano,
uyTO B NAHHOM CJyyae ilepeMeHHas CHJA

= — mlay? cos ¥t sin ¢
{B kauecTBe BeJHUHHH X BHOpaH yroa @). ITosToMy «agdexTuBHas noTeHULHANb-
Hasi 3Heprus»
a’y? .
sin .
4gl tp)
Tlonoxenus ycTolYymBOTO PABHOBECHSI OTBEYAlOT MHHUMYMY 9Tof Gynkumu. Ha-

ApaBJjichHe BePTHKaJbHO BHH3 (@ == 0) Bcerma ycroiiunBo. IIpn BHINOJHEHHH ycJjio-
BHA

Uspgp = mgl (— cos ¢ -

a?y? > 2g1

YCTOMUMBEIM ABASIETCS TaKKe NOJOKEHHe BEPTHKANBHO BBepX (P = m).

2. To xe AJg MasTHHKA C FOPH3OHTaJbHO KoJeGJjouiefics TOUKOA nouBeca.
~ Pewenne Ilo nonyuesnofi B samave 3, 6) § 5 ¢dynkuun Jlarpanxka sa-
xopum [ == mlay? cos yt cos ¢ u sateM
aﬂyZ 2 ]

cos?2 @,
4gl ¢

Ecmn ‘a%y? << 2gl, 1o ycrofumso mnonomenne @ = 0, Ecmn me a%y? > 2gl, %
YCTOHUEBOMY PaBHOBECHIO OTBEYaeT 3HAUEHKe

cos 9 = 2g!/a’y%

Uspp =mgl [— cos @ 4



FTJTABA VI

JBU)XEHHE TBEPJOI'O TEJIA

§ 31. ¥raosag cKOpoCThb

Tsepdoe Teso MOXKHO ONpPENENHThH B MEXaHHKE KaK CHCTEMY Ma-
TEpPUAJNbHBIX TOYEK, pACCTOSIHMA MexkKNy KOTODLIMH HEH3MEHHBL.
PeanbHo CYHIECTBYIOIHe B NPHPOJE CHCTEMBl MOLYT, KOHEUYHO,
YIOBJIETBOPATb STOMY YCJOBHIO JHIIb npubauxenso. Ho Goabnius-
CTBO TBEPALIX TeJ B OOBIYHBIX YCJOBHAX TAK MajO H3MEHfeT CBOIO
(I)OpMy H pa3Mephl, 4TO NPpU HU3yYEHHH 33aKOHOB JABHIXKE€HHS TBEp-
JOro Tena, paccMaTpPHBAaeMOro Kak HeyTo [esioe, Mbl BIIOJIHE - MO-
JKeM OTBJIeYbCSI OT 3THX H3MEHEHHH.

B pasnpHefilleM H3J10XKeHHH Mbl OyJeM 4acTO paccMaTpHUBaTh
TBepAOE TEI0 KaK AHCKPETHYI0 COBOKYMHOCTb MaTepHa/JbHHX TO-
Yyek, 4eM JOCTHraeTCs HEKOTOpOe YIpOILleHHe BLIBOAOB. JTO, OA-
HAKO, HY B KaKOli CTEeNeHH He NPOTHBOPEYHT TOMY OOGCTOSTEJLCTBY,
YyTo B JEeHCTBHTENBHOCTH TBepJble Tesaa MOXHO OOBLIYHO paccMar-
puBaTh B MeXaHHKe KaK CILIOWIHbIE, COBEpPIUEHHO He HMHTEepecysch
HX BHyTpeHHe#l crTpykrypoil. Ilepexon or ¢opMmya, comepxamux
CYMMHpOBaH¥{€e NO JHCKPETHHIM TOUKaM, K (GopMyjam M CIJOLI-
HOrO TeJa OCYIIECTBJISieTCS NPOCTO 3aMEHOH Macc 4acTHl Ha Maccy
p dV, saknouennyio B daeMerte o6beMa dV (p — MUIOTHOCTH Mac-
CH), H HHTErDHPOBaHHEM MO BceMy
z Zy ofbeMy Tena.

HOans onucanus ABHXKeHHS TBep-
%, , AOTO TeJa BBEJEM JBe CHCTeMbl KO-
OpAMHAT: <HENOABHXKHYIO», T. €,
HHepuHaibHyl0 cHcreMy XYZ, u
r JABHAKYHIYIOCA CHCTEMY KOOpAHHAT
- ‘ X1 = X, X3 =Y, X3 = 2, Kotopas
"R npejnosaraeTcs XecTKO CBA3aHHOH
C TBEpABIM TeJOM H YYacTBYWOIIEH
BO BCEX ero JABHKeHHax. Hauano
X JABUKYUIEHACS CHCTEMBl KOODAHMHAT
Puc. 35 yAOOHO COBMECTHTb C HEHTPOM

HHEpUHH Tena. ,

TlosoxkeHaHe TBEPAOro TeJia OTHOCHTE/LHO HEMNOJBHXKHOHA CH-
CTeMbl KOOpAMHAT BIOJHE ONpeaenseTcs 3aJaHHeM I[0J0XKeHHA
zBHXyiedcsa chacreMbl. [lycTh paauyc-BekTop R ykaseiBaeT moJo-
sKkeHHe Havana O japuxkywedica cHcreMmsl (puc, 35). Opuenrauus
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JKe Ocefl 3TOH CHCTEMBl OTHOCHTEJIbHO HEMOJBHIKHONH Olpenensiercs
TPEeMsl He3aBHCHMBIMH YIVIaMH, TAK YTO BMeCTe C TPeMs KOMIOHEH-
TaMH BekTopa R MBI 1MMeeM BCero uiecTb KOOpAMHAT. TakuMm 06-
pasoM, BCAKOe TBepJOe Tea0 NpeAcTaBiaseT coGoil MeXaHHYECKYIO
CHCTEMY C LICCTbIO CTENeHSIMH CBOGOIHL.

PaccMoTpim npousBosibHOe GeCKOHEYHO MaJioe MepeMelleHne
TBEPAOTrO Tesid. Ero MOXHO npeicTaBHTb B BHAE CYMMHl ABYX 4Ya-
creil, OnHa U3 HHX ecTh GECKOHEYHO Maublii NapaJsie/bHb mepes
HOC Tesia, B pe3yJbTaTe KOTOPOrO UEHTDP HHEPUUH NEPEeXOAHT H3
Haya/bHOrO MOJIOXKEHHS B KOHeYHOe NIPH HEH3MEHHOH OpHeHTAUHH
OCell MOJABHXKIMNH CHCTeMH KOOpJIHHAT. Bropas -— 6eckoHeudo Mma-
A NMOBOPOT BOKPYr HEHTPA HHEPUMH, B pe3yJbTaTe KOTOPOTO
TBEPJOE TEJIO INPHXOLHT B KOHEYHOE HOJIOKEHHE,

O603HauuM pajfHyc-BEeKTOP NPOU3BOJIEHOH TOYKH TBEPAOrO Tesia
B MOJBHXHOH CHCTeMe KOOPAMHAT NOCPEACTBOM I, a PafRyC-BEKTOP
TOH K€ TOYKH B HENOLBHXKHOH cHcTeMe — MOCpPeACTBOM ¥, Torza
OecKOHEYHO MaJjioe cMelleHHe d¥ TOUKH P CKJaJHBaercss u3 nepe-
Memenus dR BmecTe ¢ LeHTPOM HHepUHHM H NepeMemienus [de . r]
OTHOCHTENIbHO MOCJEAHero NPH HOBOPOTE HAa GECKOHEUHO Majui

yroa d¢ (cM. (9,1)):
de=dR + [de - r].

Pagnenus 310 paBeHCTBO Ha BpeMs df, B TeyeHHe KOTOPOI'O IPOH30-
HIJIO paccMaTpHBaeMoe NepeMellleHHe, H BBl CKOPOCTH

de dR dg __
—a—t—-—-v, —‘-i-t—-——V, T——Q, (3111)
HNOJYYHM COOTHOMIEHHE MEeXAY HHMH
v=V 4 [Qr]. (31,2)

Bekrop V ectb CKOpoCcTb HEHTPA HHePUHH TBEPAOIO Tesaa, ee
Ha3HBalOT TaKXe CKODOCTbIO €r0 NOCTYRATEeAbHO20 ABUKEHHS. Bek-
TOp Q Ha3HBaeTCsl Y240604 CKOPOCTbi0 BPAIUEHHs TBEPAOrO TeJa;
ero HampaBsienue (Kak H HanpaejeHHe dg) cOBHajaer ¢ Hampas-
JeHHeM ocH Bpamiennf. Takum o6pa3oM, CKOPOCTh v J1060H TOUKH
Tesia (OTHOCHTENbHO HENMOABHIKHOM CHCTEMbl KOODAHMHAT) MOIKET
OhiTb BhHIpaXKeHa Hepes MOCTYNAaTeNbHYI0 CKOPOCTh Tesa H YIJIOBYIO
CKODOCTb €ro BpauleHHS.

Crenyer noxuepkuyts, uto npu BuBoje dopMyan (31,2) cre-
uuQuUecKHe CBOACTBA Havyaja KOOPAHHAT KaK LEHTPAa HHEPLHH
TeJa COBepIIEHHO He OBUIH HCHIOJIL30BaHH. [IpemMymiecTBa 3TOro
BhHIGOPa BHIICHATCS JIHLb [I033Ke NPH BHIYHCJIEHHH SHEPTHH ABHIKY-
mierocst Teaa.

HonyctuM Tenepb, YTO KECTKO CBSI3aHHAS C TBEPABLIM TENOM
cHcTeMa KOOpAMHAT BhI6paHa TakK, YTO €€ HAva/Jo HaXOZHTCH He
B HeHTpe uHepuun O, a B HeKOoTOpoii Touke O’ HA PACCTOSHHM a OT
Touku O. CxopocTh mepeMemennst Hayana O/ sTofi cHCTeMH 0f0-
3HauuM 4epes V/, a YIVOBYI CKOPOCTb ee BpallleHHs — uepe3 Q,
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PaccMOTpPHM CHOBa Kakylo-au60 TOUKy P TBepaoro tena u 060-
3HAYHM ee PaZHyC-BEeKTOpP OTHOCHTeNbHO Hadana O’ uepes r’. To-
rAa r =r’ 4 a u nogcraHoska B (31,2) maer:

v=V 4 [Qa] + [Qr"].

C npyro#t croponn, no onpenetenuio V' u @', NoJKHO GBITH V==
=V’ 4 [Q't']. [losToMy MBI 3aKJa04yaeMm, 9TO

V =V+4[Q] @=0 (31,3)

Bropoe M3 3THX pPaBeHCTB BecbMa CyH[eCTBeHHO. Mbl BHIHM,
YTO YIJ0Basi CKOPOCTb, ¢ KOTOPOH BpamlaeTcss B KaxKAbld NaHHbIA
MOMEHT BPEMEHH XKeCTKO CBfI3aHHas C TeJOM CHCTeMa KOOpIHHAT,
OKa3biBaeTCsi COBEPUIEHHO He 3aBHCAIed oT 3Tofi cucTeMhbl. Bce
TaKHe CHCTEMbl BPaulaioTCs B 3a/llaHHBII MOMEHT BPEMEHH BOKDYT
napajjeabHblX APYr APYry ocefl ¢ OJMHAKOBOH IO abCOMIOTHOM Be-
JUUYHHE CKOPOCThI0 Q. DT0 06CTOATENbCTBO M JaeT HaM IIpaBo Ha-
3bHBaTL Q YIVIOBOH CKOPOCTHIO BpalleHHS TBepJAOro Tesa Kak Ta-
koBoro. CKOPOCTb 3Ke MOCTYNAaTeqbHOrQ ABHMKEHH Takoro «aGco-
JIIOTHOTO®» XapakTepa OTHIOAb He HMeerT.

13 nepsoit popmyast (31,3) BuAHO, 4To ecin V H Q (B AaHHBIA
MOMeHT BPEeMeHH) B3aUMHO MepHeHJHKYJADHbH IIPH KAKOM-AHOO0
BHGope Hayana koopauHat O, 1o omu (1. e. V' u Q') B3aumuo
NepNeHIuKyIsipHBl M NpPY ONpele/eHHH N0 OTHOLIEHHIO K Jio6oMy
apyromy Hauany O’. U3 ¢opmyan (31,2) BHAHO, 4TO B 3TOM CJy-
yae CKOPOCTH V BCeX TOUEK Tesla JieKaT B OJHOH K TOH XKe IJIOCKO-
CTH — IJIOCKOCTH, nephnenaukyasaproit K Q. IIpu stom Bceraa Mox-
Ho BbI6path Takoe Hayajgo O'!), ckopocth V' KOTOPOro pasHa
HYMO, YTO JBHXKeHWe TBepAOro TeJa (B NAaHHBIA MOMeHT) Oyler
NpeACTABMEHO KaK YHCTOe BpalleHHe BOKPYT OCH, NPOXOAsied due-
pes O’. DTy oCb Ha3HIBAIOT MEHOBEHHOU OCbIO 8PAlU4eHUn Tena?).

B naabnefiniem Mbl 6yeM Bcerja NpeAnosarath, YTo Hayano
IBHKYLIEACS CHCTeMbl KOODAMHAT BHIODAHO B LEHTPe HHEPUHH
TesJa, TaK YTO M OCb BpallieHHs TeJa MPOXOAUT 4epe3 3TOT UEHTP.
Tpu IBHIKEHHH Tesa MeHAITCH, BOOOIEe roBOps, Kak abComoTHAS
BeJMYHHA 2, TaK ¥ HampasJeHHe OCH BPALIEHHS.

§ 32. Tensop HHepuUHHU

JIlns BBIYMCJIEHHS KWHETHYeCKOH SHeprud TBEPHOrO Teja pace
CMaTpuBaeM €ro Kak [AHCKPETHYIO CHCTEMy MaTepHa/bHBIX TOYeK

1) Ono MOMKeT, KOHEUHO, OKa3aThCs JeXalluM M BHe ofbeMa Tena,

2) B obuieM e cJgydae He B3aHMHO NEePHEHAHKYNAPHBIX Hanpaenesuit V H Q
H2Ya/10 KOODAHHAT MOMKHO BHOpPaTh TakuM 06pasom, yTobu V i Q cranu napa#s-
JIeqbHBIMH, T.e. ABHKeHHe (B AaHHbIl MOMEHT BpeMeHH) OyLeT COBOKYNHOCTHIO
BpalleHHs BOKPYT HEKOTOPOH OCH H NOCTYNATENLHOr0 NEpeMelieHus BAOMEL aToit
Ke OCH, N
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_va’
== =5

rie CyMMHDOBaHHe INPOM3BOAMTCH HO BCEM TOUKAM, COCTaBJAIOLIUM
Teno. 3Jech W HHXKe Mbl ONyCKaeM HHJEKCH, HyMepyiolliHe 9TH
TOYKH, C LeJIbI0 YIPOUICHHS 3amucH $HopMyJI,

INoacrasus ciona (31,2), nonyuum:

T=Z_-’;(v+[9r])2=2—’;’— Vi+ ) mv[Qr]+ Y, e,

H NUueM:.

Ckopocte V u Q OIHHAKOBH [/l BceX TOuek TBepaoro Ttesa. [lo-
5TOMY B IepBoM useHe V2/2 BHIHOCHTCSI 3a 3HAK CYMMBHl, 8 CyMMma

Zm €CcTh Macca TeJjla, KoTopyio Mbl 6ynem o003HA4aTb INOCPef-
¢TBOM p. Bo BTOpOM useHe mHIIEM:

Y mV [Qr] = Y, mr [VQ]=[VQ] ), mr.

Or1ciofla BHIHO, YTO €C/IH HAyaJo ABHXKYIUefics CHCTeMBI KOODAH-
HaT BbIGpPaHO, KakK YCJIOBJEHO, B LEHTpe HHEPIMH, TO 3TOT WieH
o6paiiaeTcs B HyJb, TaK KaK Toraa Y, mr =0, Hakoneu, B TpeTbeM
YyjieHe pAacKpbiBaeM KBaApaT BEKTOPHOTO INPOH3BEJeHHS H B pe-
3yJabTaTe HaXOAUM:

r=E" 4 L3 mr— (@, (32,1)

Takum o6pa3oM, KuHeTHYeCKas 3HEPrus TBePAOro Tela MOKer
6biTh mpejicTaBieHa B BHAe CyMMBbl ABYX uacrteil. [lepsuii usen B
(32,1) ecTb KMHETHYECKast SHEPrusi INOCTYNATeJbHOI'O ABHIKEHHMS —
OHa HMeeT Takoil BHJ, KaK ecaud OB Bcsl Macca Tena Oblia cocpe-
JIOTOuEeHa B €r0 leHTPe HHepuuu. BTOPOH wieH ecTb KHHeTHUYeCKas
SHeprusi BPallATeJbHOrO J(BHXKEHMS C YIJIOBOH CKOpOCThiO {2 BO-
KpPYyT OCH, mpoxonsiiuedi uepe3 mneHrp uuepuud. IToguepkneM, 4rto
BO3MOXKHOCTb TAKOro pasfesieHHss KHHeTHYeCKOH 3HepPruu Ha JiBe
yacTi o0ycJ/oBJeHa BHIGOPOM HadaJa CBSI3aHHOH C TEJIOM CHCTEMbI
KOOD/JIMHAT UMEHHO B ero LeHTPe HHEePUHUH.

[lepenumeM KHHETHUECKYI0 3HEPTHIO BpAIlleHHS B TEH3OPHBIX
0603HAUCHHAX, T. € uepe3 KOMIOHEHTH X; §; BekTopoB r, Q1').

1) B sroit raase 6ykBamu i, k, | 0603HaYalOTCs TEH3OPHEIE HHAEKCH, MPOGe-
ratomue 3navenus 1, 2, 3. Tlpu 3ToM Besje MPHUMEHACTCA H3BECTHOE NPABHJIO CyM-
MHPOBAHHS, COIJIACHO KOTOPOMY 3HAKH CyMM OINYCKAalOTCsl, a TO BCeM JABAXKAH
NOBTOPSIOIIUMCH (TaK HA3LIBAEMBIM <HEMBIM») MHJCKCaM NOJIpa3yMeBaeTcs Cyu-
MHpOBaHHe NO 3HavennaMm 1, 2, 3; Tak, A;B;=AB, A,—A A=A’ 1.

OGo3HayeHHe HEMBIX HHAEKCOB MOIKHO, oquunHo MeHATb TPOH3BOJBLHLIM 06pa3om
(mumub 6 oHO He coBMAJio ¢ oGo3HaueHueM APYTHX (HCYDHDYIOUIHX B HAHHOM
BHPaXKeHHH TEH3OPHBLIX MHIEKCOB).
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HnMeem:

Typ =g 2 m {Q0x — 0 Q) = 5 T m {00011 —QQurie} =
=_12_ Q. 3, m (x50, — Ki%e)-

31ech HCNOMBb30OBAHO TOKAECTBO & = 88, e 8ip — €ANHHYHBI
TeH30p (KOMMOHEHTH KOTOPOTO PAaBHBI €AMHHKIE NpH [ ==k H HYJIO
npu i == k). Beens tensop

L= 3 m (53,5 — x,%4), (32,2)

IIOAYYHM OKOHYAaTeJbHOE BbLIpaxKeHUue s KMHeTHUECKOH SHCPruH
TBEpPAOro TeJia B BHAE

2 1
T=2 1,00 (32,3)

Oyukuus Jlarpanxa TBepAoro Teja noayyaerca us (32,3) Bhi-

9HTaHileM NOTEHLIHAJAbHOH 9Hepruu '
2 .

L=20 1 1400,—U. (32,4)
IlorenuuanbHaa sHeprus sBasercss B ofbueM caydae ¢yHKIHedA
LIeCTH IMEPEMEHHBIX, ONpeNeNsIONIMX [OJOXKeHHe TBepAOro Tena,
HalpHMep, Tpex KoopAuHAT X, Y, Z nmeHTpa MHEpPIHH H TpeX YyIJIOB,
onpelesOMNX OPUEHTALHUIO IBHKYIIMXCH ocefl KOOpAHUHAT OTHO-
CHTEJIbHO HENOABHXKHLIX.

Tensop [, HasHBaeTcss TEH30POM MOMEHTO8 UHepyii HIX Tpo-
CTO Texsopom uHepyuu tena, Kak sicHo u3 onpepemenus (32,2);
OH CHMMETPHUEH, T. €,

Lig=1Ip. (82,5)

BuinuureM AJS HATJASHOCTH €r0 KOMHOHEHTH B SIBHOM BHIE B
ciaeaywoieit Tabauue:

Smy*+ - Y, mxy - mxz
Ip=| — 3 myx Ymxr2) — Y myz | (32,6)
— Z mzx — Z mzy Z m(x? 4 y?%)

Kommoneutw lie, Iyy, I.. MHOTAA HA3BBAIOT MOMEHTAMH HHEPLHH
OTHOCHTEJIBHO COOTBETCTBYIOIUX OCeil.

Tensop wuHepuuM, OUEBHIHO, aAJUTHBEH — MOMEHTH HHEPUHH
TeJla paBHbBI CyMMaM MOMEHTOB HHEPUHH €ro Jacreil.

Ecaun TBepAoe TeNO MOXKHO DacCMaTpHBaTh Kak CIJIOINHOE, TO
B onpejesennn (32,2) cyMma 3aMeHseTCs HHTErpajoM HO 00beMy
Tena:

Iy={p (o — xim)av. (32,7)
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Kak w BCcAKHE CHMMETPHYHBIA TEH30p BTOPOTO paHra, TEH30p
HHEpUHH MOXeT ObITh IPHBeJEH K JHaroHaJbHOMY BHIY NyTeM CO+
OTBETCTBYIOLLEI0 BHIOOpA HANpaBJeHHH Ocelt Xy, Xz, X3. DTH Ha«
NpaBjieHUs HA3LIBAIOT 2AQ6HbBIMU OCAMU UHEPYUL, 8 COOTBETCTBYIO-
lide 3HAYEHHST KOMIIOHEHT TEH30Da — EAABHLIMU MOMEHTAMU UHep-
yuu; 0003HaUUM HX Kak Iy, Iy, I3. IIpn Takom BBIGOpe ocefl X1, Xz, X
BpamiarejbHas KHHETHYECKAs SHePrus Bhpaxkaercsi OCOOEHHO
pocTo: '

Typ =1 (1,0} 4+ 1,0} + 1,03). (32,8)

OTMeTuM, YTO KaXKIBIA H3 TPeX IVIABHbHIX MOMEHTOB HHEpIUH
He MoxKeT GLITb GOJbIE CYMMEl XBYX ADYyrux. Tak,

L4L=YXm(i+d+20) >N m(edl+ ) =5 (32,9

Teso, Yy KOTOPOTO BCe TPH IVIABHEIX MOMEHTAa WHEPLHH passuy-
HBl, HA3bIBAIOT ACUMMETPUHECKUM BOAUKOM.

Ecsu nBa rnaBHBIX MOMEHTa HHEPUMH PaBHBI APYr Apyry, /; =
= ]y 5= I3, TO TBepJOe TeJO HA3HIBAIOT CUMMETPUHECKUM BOALKOM.
B sToM caydyae BHIGOp Hampas/eHHS IVIaBHRIX OCefl B IJIOCKOCTH
X1Xy IPOHU3BOJIEH. :

Ecau ke Bce TPH IVIaBHHIX MOMEHTA HHEPUHH COBNAAaloT, TO
TEJI0 Ha3blBAIOT WIAPOBLIM B0AUKOM. B 3TOM ciyuae NPOH3BOJIEH
BHIGOp BCEX TpPeX TIMIaBHBIX OCeff MHePUMM: B KaueCTBE HX MOKHO
B3ATb JiI06HE TPH B3AUMHO NepHeHAUKYJSPHbIE OCH.

Haxoxnenne ryiaBHBIX ocefi HHepIWH OUYeHb YIDOMIAETCS, ecad
TBepjoe TeJo obnazaer TOH WM WHOH CHMMeTPHelH; SICHO, UTO MHO-
JIOXKeHHe HeHTPa HHeDUHMU W HaNpaBJIeHHS IVIaBHHIX ocell HHeDUUH
JOJIKHEL 06JaflaTh TOH JXe CUMMeTpUed.

Taxk, ecnu Teyo o6namaerT NJOCKOCTBIO CHMMETPHH, TO HEHTP
HHEepHUH AOJKEH JjieXaTb B 3TOH IJIOCKOCTH. B Hell e smexkar ise
rjaBHbie OCH MHEPLUHWH, H TPeTbs — NepHneHJHKyJsIpHa K Helt. Oue-
BUJHBIM CJIy4aeM TaKOro pojJla SBJAAEeTCS CUCTEMa YacTHI, pacmno-
JIOXKEHHBIX B OJHOH INIOCKOCTH. B 3TOM cayuae cyinecTByer Ipo-
CTOe COOTHOLIeHWEe MeXAy TpeMs IVIaBHEIMH MOMeHTaMH HHEepUHH.
Ecan naockocts cHcTeMnl BHIGpaHa B KavyecTBe INIOCKOCTH XiXg, TO
TIOCKOJIbKY AJIsl BCEX HacTHIL Xz = 0, uMeeM:

L= mxs, L=, mxi, Iy=3, m(s}+ +3),
TaK 4To \
[3=11+I2. ‘ (32,10)

Ecan Tteno obsajaer 0Cbi0 CHMMETPHH KakKOro-1u6o MOpslKa,
TO LEHTP HHEPUHH JeXHT Ha 5ToH ocH. C Hell e coBmajzaer OfHA
H3 TJIaBHBIX OCeH WHEpPUHH, a JABe ApYyrie — NePHNEHANKYAAPHH K
Heit. IIpu aTOM, ecau MOPALOK OCH CHMMETPHM BHILle BTOPOrO, TO
TEJIO ABJASETCS CHMMETDHUECKHM BROJYKOM. JeHCTBHTeNbHO, Kax-
Ayi0 r/IaBHYI0 OCb (NePHeHAUKYJASPHYI0 K OCH CHMMETDHH) MOXKHO
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NoBepHyTb TOTAA Ha yroh, orauynef or 180° T. e. BhGop aTHX
oceil CTaHOBHTCSl HEOAHO3HAYHLIM, a 3TO BO3MOXKHO JIHLIL B Cjaydyae
CHMMETPHYECKOTO BOJMYKA.

OcobuiM cryyaeM 4BJSIETCS CHCTEMa YacTHIL, DPACOJIOKEHHBIX
BJOJb OfHOH mpAMo#t auuHuH. Ecau BHOpaTh 3Ty UpsMyl0 B Kaue-
CTBe OCH X3, TO AJS BCeX YACTHL X; == x; = (), U nOoTOMY JBa raas-
HEBIX MOMEHTA MHEPLUU COBNAJalOT, a TPETHH paBeH HYJIO:

I=1I,=Y, mx, I,=0. (32,11)

Takyw cHcTeMy HasblBaloT poraropom. XapakrtepHo#t ocobeH-
HOCTBbIO POTATOpPa B OTJHYHE OT OOILIEro cJaydast MpOU3BOJBHOTO
TeJa sBJAAETCH TO, YTO OH HMeeT BCero ABe {a He TPH) Bpauia-
TeJbHbIE CTENeHHM CBOGOAB, COOTBETCTBYIONIME BpAalleHUSM BOKPYT
ocefi X, U Xo; TOBODHTH e O RpaulleHHH NPSIMOH BOKPYr Camoit
ce6s1, OUeBHHO, He HMEET CMbICaa.

Hakoneu, cienaem enle 0JHO 3aMeuaHHe MO HOBOAY BHUHC/IeE-
HHS TEH30pa HHepUuH. XOTSl MBl ONpPeAeJHJU 3TOT TEH30p NO OT-
HOIIEHHI0O K CHCTeMe KOODAHHAT ¢ HayaJoM B LEHTPe WHepPUHH
(ToNbKO NpU TaKOM ONpEJEJCHHMH CIpaBeAJHBA OCHOBHas (opMmy-
aa (32,3)), HO A/l €ro BHIUHUCJAEHHS] MOXKET MHOTAA 0Ka3aTbCs yA00-
HBIM BHIYHCANTH MPEABAPUTELHO aHAJOTHUHBIN TEH30D

-4 Y r9 ’
I=Y m (x"8;, — xixt),
ONpele/eHHbt N0 OTHOMEHHIO K APYroMy Havany O’. Ecan pac-
14

croaune OO’ naercs BektopoM a, T0 r=1r’ +a, x;=x; +a;
" YUHTHBasi TaKikKe, 4TO 3 mr=0, no onpeneneHuo TOukH O, Hafi-

aem: ,
2
Ip=1I+ n(a; — a,a). (32,12)
’
Ilo ato#t dopmyse, anas [, JECKO BHIUHCANTD HCKOMBIH TEH30D /4.

Banaun

1. Onpenenuts TVIaBHHIE MOMEHTH HHEPUMH JJIsI MOJEKYJ, PacCMaTpHBAeMHIX
®aK CHCTeMBbl YaCTHI[, HaXOAfUIMXCH Ha HEH3MEHHHX pPacCTOSHHAX JAPYr OT ApY-
ra, B CACAYIOMHX Caydasix:

a) MoJjekyJH K3 aTOMOB, PAcnojioXKeEHbIX Ha OAHOH MPSAMOH.

OtreT: |
2
11=12=-u—z mamy 1, =0,
as=b

Te M, — MaCChi aTOMOB, l;p — paccTosinMe MeXAy atomaMu a B b; cymMmmuposa-
Use NPOX3BOAMTCH NO BCEM IapaM ATOMOB B MOJeKyJe (npHueM Kaxias napa
3HaueHHH @, b BXOJAHI B CYMMY IO OXHOMY pasy}).

Jas ABYXaTOMHOH MOJEKYJB CyMMa CBOAHTCS K OJHOMY 4jeHy, [laBasi 3apa-
Hee OYeBHIHbHIA pe3yJbTaT — NPOU3BENeHHe NPHUBEACHHOH MaccH 06OWX aTOMOB
Ha KBaJpaT PAacCTOSHUS MEXAY HHMH: :
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6) Tpexatomuas MOJeKyZa B BHAe PaBHOGEADEHHOro TpeyronsHuxa (puc. 36).
Otper: lleuTp HHepUHH NEXKHT Ha BHICOTE¢ TPEYroJbHHKA Ha PACCTOAHHH
X2 = mah/p ot ero ocHoBaHusi. MoMeHTH HHEDLHUH:

e . A = R A

B) UeThipexaToMHast MONeXyna ¢ aTOMaMH, PaCclOJOXKEHHHIMM B BEPIIHHAX
- TPABUABLHOH TPeXyronbHoH nupaMuar (puc. 37).

IL=

my

Zy

7

m

AT

Puc. 36 Puc. 37

Otrser: lleHTp mHepUMH JsleKHT Ha BHICOTE NHPAMHAW HAa pPacCTOAHHH
X3 = mah/p oT ee ocHoBaHMA. MoMeHTbl HHEPLHH:

_ 3mymy ,, , ma®
==t Rty

Npu my =my, h=a '\/2/—3 MB NOJIy4aeM TeTPa3’APHUECKYIO MOJEKYJdy € MOMEH-
TaM{ HHepPIHH

IL=1, ’ 13=m|a2.

11=12=13=mla3.

2. OnpefiesnTh ryiaBHbie MOMEHTHl HHEPUHMH CIJIOWIHBHIX ONHOPOJHEIX TeJ.
a) Toukafl crepmxenb AJHHOA

Orser I, =1,= —1-1—,;-;112, I3 =0 (TonuuuoRt cTepxHa NpeHebperaem).

6) Illap papuyca R
Ortser:

2
11=12=13=§-uR2

(mecnm*b cnenyer cymmy I, + I+ I, =2p S r? dV).

B) Kpyroso#t wuannap paauyca R u sbicotofi A
OtBerT:

hz
11_12_%(122_}__3_), I=4% R
((*s — ocb nuaunapa).

r) Ipamoyrcabawil mapajienendnes ¢ AJuaaMu pebep a, b, ¢.
Orser:

h=15 0*+c), L="do(t+a), L=1-(+07)

f{ocr xi, x2, X3 napaanemsusl pebpam a, b, ¢),
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x) Kpyrosoit xonyc ¢ suicoTodt h Da/HyCOM OCHOBAHHS R.
Pemenue Buuncasem cHauasa TeHsop I;, N0 OTHOIIEHHIO K OCAM € HAas

uaJ oM B BepimiHHe KoHyca (puc. 38). BhluHciieRHE JIETKO NPOM3BOAMTCH B LH/IRH
JpPHYeCKHX KOODAMHATAX H AaeT:

3 R? 3
A=li=gu(Gr+8),  h=gpurt

1lenTp THAXeCTH HAXOZHTCS, KaK NOKa3HBAaeT NPOCTOE BBIUHCJEHHE, HA OCH KO+
Hyca Ha paccTOfHHH a = 3A/4 ot BepmunHl. ITo dopmyne (32,12) HaXOmHM OKOH<
YaTeNbHO

3 h? 3
]1=12==I;—Ha2=-2?M(R2+—4-), I3=1;=—10—P.R2.

¢) TpexoCHHIH 3/JJIHMICOHA C NONYOCSMH g, b, ¢.

Pemwenne lLlenTp nuepuuu coBmajaer ¢ IEeHTPOM 3JJHICOHAA, 4 IVIABHHE
OCH HHepUHH —C ero ocsmu. MHTerpuposaHe no o0beMy SJAJHNCOMAA MOXKeT
OHTb CBelleHO K HHTErpupoBaHHiO Mo o6beMy cdepnl myTem npeofpasoBaHus Ko-
opanHaT X = af, y = bn, 2z = c{, DpeBpamaOUIETO
ypaBHEHHC HOBEPXHOCTH 9JNIHIICOMJA

xZ yz 22
Tt =l

B ypaBHeHHe NOBEPXHOCTH efHHHUHOK chepH
g4+ =1

Tak, 148 MOMEHTa HHEPUIHH OTHOCHTEJbHO OCH %
noJiyuaem:

n=p {{{ @ +andrayaz=
=pave {{§ @7 + o) dg anag=

— abe -;-1' (b + ¢,

Puc. 38

rie I’ — MOMeHT HRepIHH Iapa eAMHHYHOTO Dajmyca.
VauTuBasi, 4ro 06DbeM 3JJIANCOHAA paBeH 4mabc/3, MONydHM OKOHUATENbHO
MOMEHTH HHEpIUH

L=Rerye), h=f@+a)  h=fF @+

3. OnpefennTs YacTOTY MaJbx KojeGanmit (usmieckoro MasTHHKA (TBeploe
Teo, Kadawlleecss B NOJE TAHECTH OKONO HENOABHKHOR TOPH3OHTAJbHOH och).

Pewenue Ilycrb I — paccrosHne OT LeHTpa HHEPUHH MAasTHHKA 10 OCH
BpAllleHUd, @ o, B, Y— YTVIH MEXKAy HANPABJEHHSMH €0 IaBHHIX OCeH HHepLHH
H OCBIO BpallieHHs. B KauecrBe IepeMeHHOH KOODAHHATHI BBOAHM YTOJ @ MEXZLY.
BEPTHKAJLIO H NEPINEHAHKY/IPOM, ONYIUEHHEIM H3 LEHTPA HHEPUHH HA OCh Bpaule-
wast. CkopocTh UeHTpa HHepun# V == [, a Npoexiud YrJOBOH CKOPOCTH Ha TJaB-
HHE OCH HHepuHH: ¢ cos o, ¢ cos B, ¢cosy. CunTasg yroJa ¢ MajbiM, HAXOAHM N0~
TeHIUaJbHYIO SHEPTHIO B BHAE

1
U==pgl(l —cos @)~ ﬁugl(pz.
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Hosromy byuguus Jlarpanxa
2 . 12 .
=B ot (U costat Tycos?B + Tycosty) §* — LD g,
Orciona aas 4acToTh KoJeGaHHH HMeeM:

— ngl
nZ T, costa 4 Icos?f - [ycos?y’

2

4. HafiTH KHHETHUECKYIO SHEPTHI0 CHCTeMHl, H3oOpamxenHo#i Ha puc. 39; OA u
AB — TouKHe OJHODOLHBIE CTEP:KHH [JHHOH [, WIADHHPO CKpemsieHHEe B Touke A.
Crepxenp OA Bpamaercs (B INIOCKOCTH DHCYH-
Ka) BOKpyr Toukn O, a xomen B crepxHs AB ~
CKOJIB3HT BAOJb ocu Ox. A

Pemenne. CropocTs ILeaTpa HHEPIMH
crepxuss OA (Haxojsllerocs Ha €ro CepefnHe)
ectb [@/2, rne ¢ — yron AOB. IlosTomy xuHerH-
Yeckas sHeprus crepmus OA4 l z

I LSRR AP
T, = g (p+2(p

{1 — macca ogHoOro crepxus). aJ A
IlexapToBsl, KOOpHHMHATH HEHTpA HHepIUH
3/ [, Puc. 39
crepxkHust AB: X = 5 Cos @, Y = sin Q. Tak

"KaK yrJoBasi CKOPOCTb BpAallEHUsA 3TOro CTCPXKHSI TOXe paBHa fp, TO €ro KHHE-
-THYECKasi 3HEPrus

. . 2 H2
n=t v+ Lo =20 0 pasinrg e+ L2

13

Tlonuas xuHeTHuecKad SHEPTHA CHCTEMBbI

2
T=%(l+331n2cp)(pz

{uoacrasieno I = pi?/12 cornacHo sapgaue 2, a)).
5. HafiTH KHHeTHYeCKYIO SHeprui0 uuauujpa (paamyca R), karsuierocsa mo

nimockocTH. Macea nuaumpapa pacnpeiesieHa 1o ero ofbeMmy TakuMm ofpasoM, Uro

OfHa H3 TJAaBHHX Ocefl HHEPIWH napajjelbHa OCH .

LHAMHIPa M NMPOXOJAHT Ha DACCTOSIHHM @ OT Hee; MOo-

'MEHT HHePHUH OTHOCHTEJbHO 3TOH IJaBHOH ocH

ectb .

Pemenune BpoguM yron ¢ MeXIy BepTH-
Ka/bl0 B TNEPUeHAUKYJ/SIPOM, ONYIUEHHHM H3 LeHTpa
TAXKECTH Ha ock uuamapapa (puc. 40). JBuXenne
LHAHHADA B KaXKAHIi MOMEHT BpeMeHH MOXHO pac-
CMaTPHBATL KaK 4WCTOe BpallleHHe BOKPYT MIHOBEH-
HOH ocy, coBrajamouiell ¢ JIHHUEH erc CONPHKOCHOBe-
HHA C HeHOABHXKHOH IIOCKOCTBIO; YIJoOBas CKo-
POCTh STOro BpailleHUs eCThb ¢ (yriosas CKODOCTb

BpalleHNs BOKPYr BCeX NapaluleNbHHIX oceHl ofuHa- Puc. 40
KoBa). lleHTp wmHepuHM HaXOIMTCH HA PaCCTOSHHH
4/a? -+ R* —2aR cos @ OT MIHOBEHHOH OCH H TIOTOMY €ro CKOPOCTb €CTh

V=¢+/a®+ R*—2aRcos ¢. Ilonuas KHHETHUCCKAS SHEPIH

T;%(az + R* — 2aR cos §) §* + édﬁ- '
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6. HafiTH KHHETHUECKYID 5HEPruI0 OXZHOPOAHOIO LUJHHAPA Pajauyca @, KaTd+
Ierocsi Nno BHYTPeHHeH CTOPOHe LMJHHADHYECKOR NOBEPXHOCTH paauyca R
(prc. 41). :

Pewenne BeoauMm yron ¢ Mexay JauHHeN, CoefuHSIOLIER UeHTPH OGOMX
LUANKHAPOB, H BEPTHKAJbIO. 1leHTP MHepLHHM KaTALIErocs UMAHHADA HAaXOAHTCS Ha
oci u ero ckopoctb V =¢ (R — a). YraoByio cKopocTh BHYHC/SEM, KaK CKOPOCTb

QICTOrO BpallleHHs] BOKPYI MI'HOBEHHON OCH, COBNAalolliell ¢ JIHHHER CONMPHKOCHO-

BeHHS IMJHHADOB; GHA paBHa
: 14 . R—a

== e = q)——.

a

Eenu I3 — momenT HHepUHH OTHOCHTENLHO OCH HHJHMHADA, TO

B R—a) g

3 .
= B (R— ) ¢

=2 (p— a2
=5 (R—ay ¢+

{Ja— w3 3anaun 2, B)).

7. Hafitu kHHeTHYeCKyi0 SHEPTHIO OJHOPOAHOTO KOHYCA, KaTAIIErocs 0O Nao-
CKOCTH, .

Pewenwne OG6osnauuMm nocpeacrsoM 0 yron mexny aunnei OA compuxoc-
HoBenHs KOHyCa € MNJOCKOCTBIO H KaKHEM-JM00 HENOABHXXHHM HampaBJcHHEM B
STOH naockocTy (puc. 42). LleHTp HHEPUHMH HAXOAMTCA Ha OCH KOHYCAa H €ro cKo-
pocts V = acosa-6, rie 2 — yros pacTBopa KOHyCa, a @ — PacCTOAHHE LEHTpa’
WHEPIHH OT BepIIHHBL. YTJOBYI0 CKOPOCTb BpAlleHHs1 BBIUHCAIEM, KAaK CKOPOCTh
YHCTOTO BpaLleHHsi BOKPYT MrHoBerHoi ocn OA:

asina

=fctga.

Onna n3 raaBrbX oceil nuepuss (OCh x3) COBNajaeT € OChIO KOHYyCa, a APYrywo

(och x5) BHOUpaeM NEpNeHAHKYJIAPHO K OCH KOHyca M Jubun OA. Torma npoex-

uEn BekTopa Q (HanpasseHroro napajienbHo OA) Ha rJaBHHE OCH HHEPUHH

6yayr Qsina, 0, Qcosa. B pesyabrate BaxOZuM [AJsl UCKOMOH KHHETHUECKO#R
SHEPrHHB:

__p,_a{ 2042 L 41 2 A2 I3 cosa 5,  3ph?

T 2COSG.9+2COS(X,0 2sin2ae—40

62 (1 + 5 cos? a)

(h — Buicota wonyca, 11, I, a — u3 3anauu 2, n)).

8. HafiTh KHMHETHUECKYIC SHEPrHIO OJHOPOJHOrO KOHYCAa, OCHOBaHHE KOTOPOro
KaTHTCS 1O TJIOCKOCTH, @ BepIHHA NOCTOSIHHO HAXOIHTCH B TOUYKE HAJ NJIOCKOCTHIO
Ha BBHICOTE, PaBHOH pajHycy OCHOBanHs (TaK 4TO OCb KOHYCa napajJenbHa 10+
cKoCTH). :

Pemenune BsomuM yroa 6 Mexny salaHHHM HanpaBJieHHeM B TJIOCKOCTH
H npoekuredl Ha nee ocu Komyca (puc. 43). Toria cKopocTb UEHTPa HHEPUHH
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V=ab (o603nauenns Te Xe, u4TO B 3ajaue 7). MrHOBeHHou OCbi0 BpalleHHd
sBnserca obpasyiowas konyca OA, npoBelieHHas B TOUKY ero CONPHKOCHOBEHHS
¢ naockoctnio, LleHTp WHEPUHH HAXOLHUTCH Ha PACCTOAHHH 4 8in@ OT 3Toff OCH H
noTOMY .
v 8
T asina  sino

Ilpoeknun BekTopa Q Ha raaBHbie OCH HHepHHH (0Ch Xz BHOHDaeM NepHEHAHKY-
1D

h
8.
o]

Puc. 43 Puc. 44

nsprofi K ocH Komnyca B nupnn OA): Qsina = 6, 0, Q cos & =6 ctg & osromy

KHHETHYeCcKas SHeerﬁ
( )
cos

9. Ha#itu KHHETHYECKYI0 3HEPTHIO OJHODOJHOrO TPEXOCHOTO 3JJMNCOHAA, Bpa-
maolerocs BOKpYr oxxoil u3 csoux oceli (AB, puc. 44), TpHYeM NOCACIHAS CaMa
BpallaeTCsi BOKPYr HanpaBieHus CD, nep- .
NEeHAMKYJASPHOTO K HeH M NpOXoismero (2
yepes UEHTP JLIHNCOHAE.

Pewenune ¥Yron noBopora BOKpYr
ocn CD o6osnauum mnocpefcteoM 0, a
yroa nosopora BoOkpyr ocu AB (yroa
mexay CD H ocbio HHepIMH X;, TepheH-
Aukyaspuosi K AB) —uepe3 ¢. Torga npo-
eKnuH Q Ha OCH HHepuuu OYAYT:

T YUY LR YOI £ OB _3""
= 6+29+29ctga

Bcosg, Osing, ¢ A

{npuueM ockp xzcosnamaer ¢ AB). Io-
CKOJMbKY LEHTP HHepUHH, COBNAaAaloulHi
C UEHTPOM 3JJIHNCOMAA, HEMOJBHIMEH, TO (‘) &

KHHETHUECKAs 3HeprHa
T =—12— (7, cos? ¢ + I, sin? ) éz+—;—13¢’. Puc. 45

10. To xe, ecan ocb AB HarJoHena, a SJJIHICOHA CHMMETPHUYEH OTHOCHTEJbHO
gTOR ocH (pHuc. 45).

Pemenne [lpoexuuu @ Ha oco AB M Ha nephneHAUKyJAspHEE K Hell XBe
JIpYrHe IVIaBHblE OCH HHEpIHH - (KOTOphie MOXKHO BHOpAaTh NMPOH3BOJLHO):

Gcosacosp, Ocosasing, ¢+ 6 sina.
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Kusernueckas sHepras

=—12¢cosza-62+-121(¢+ésin a)d

§ 33. MomenTt UMNYyJAbCa TBEPAOIO Tejaa

BesnnunHa MOMeHTa HMINyJ/bca CHCTEMEl 3aBHCHT, KaK Mbl 3HaeM,
OT BHGOPa TOUKH, OTHOCHTENBHO KOTOpOfi OH ompeieneH. B mMexa-
HHKe TBEPIOro resia HauGoJiee paluoHaseH BHIGOD B KauecTse 3TOH
TOYKH Hayaja NMOJBUKHOA CHCTEMBI KOOPJAHHAT, T. €. LEHTPA HHEP-
unE reia. Huxe Mu Gyfem moHHMarth oA M MOMeHT, onpejeneH-
HHfi HMEHHO TaKHM 06pasoM.

Corstacgo ¢opmyae (9,6) npu BHGOpe HauajJa KOODAMHAT B
IleHTpe WHEPUMH TesJa ero MOMeHT M coBnajaer ¢ «COGCTBEHHHIM
MOMEHTOM», CBS3aHHHIM JIMIIb C IBHXKeHHeM TOdYeK TeJa OTHOCH-
TeJbHO LEHTPa mHepuud. J[pyruMu cjoBaMu, B onpefenesun M=

= Y. m[rv] mano samerutb v Ha [Qr]:
M= m[r[@]]= X m{rQ@—r @)},
HJH B TCH30PHBLIX 0003HaUeHUsIX:

= 2 m{x1Q) — x,0:Qu} = @y 2, m {xf8,, — xixk}

HaKOHeI.L, yuuTHIBas onpeaeneHue (32,2) TeH3opa HHEPUHMH, HOJY-
YaeM OKOHYATEeJbHO:

M; = L1Qp. 33,1

Ecann ocu xy, X2, X3 HanpaBJeHB BJOJBb TVIABHBIX ocell HHepuuu
TeJa, To 3Ta GopMysa aaer:

C Mi=1Q,, My=18, My=1Q; {33,2)

B vwacrtHoCTH, AAA IapoBoro BOJYKa, Korja BCe TPH TAaBHLHIX
MOMeHTa HHEPLUYH COBNAZAIOT, HMEEM IIPOCTO!: :

M=1I9Q, (33,3)

T, €. BEKTOpP MOMeEHTa NpPONOpLHOHAJNeH BEKTOPY YIVIOBOH CKOPOCTH
H MMeeT OAMHAKOBOe ¢ HMM HampasJieHne,

B ofmeM xe ciayyae nmpoH3BOJBHOrO Tena BekTop M, BooGuie
FOBOpS, He COBHNAAaeT MO CBOEMY HANPAaBJEHHIO C BeKTOpoM Q, #
JUIIb IPH BpalleHHH Tesa BOKPYT Kakoi-Ju60 H3 ero IMIaBHbIX
oceii nHepurn M ¥ Q uMeloT OAHHAKOBOE HaNpaBJIeHHE.

Paccmm‘pnm .cBoOOHOe ABHIKeHHe TBEPIOTO TeJja, He NOABEp-
JKEHHOro JedCTBHIO Kakux-n160 BHewHuX cui. He npeacrasasio-
Illee HHTepeca paBHOMEpPHOe [OCTymaTeJbHOe JBHXeHHe OyleM
NpeAno/araTh UCK/IIOYEHHBIM, TAK YTO peub HIeT O cBOOOLHOM Bpa-
1lleHHH Tena,
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Kak ¥ y BcsiKOfi 3aMKHYTOH CHCTEMH, MOMEHT HMIYJAbCa CBO-
6o/HO BpamAOIIErocss Tela NOCTosHeH. [l mIapoBoro BOJYKA
yciaoeue M = const nmpuoaur npocro K Q == const. 3Jrto 3Hauwur,
4TO OOIIMM CJAyyaeM CBOOOIHOTO BPallleHHs UIapOBOTO BOJIYKA SIB-
JsieTcsl NPOCTO PAaBHOMEPHOe BpallleHHe BOKPYT MOCTOSHHOH OCH.

Cronp ke mpoct cayuaii poratopa. 3aech Toxe M ==IQ, npu-
4eM BEKTOp Q mepmeHAMKYJspeH K ocu poratopa. [losTomy c¢BO-
Goanoe BpallleHHe pOTATOpPa €CTh pAaBHOMEpPHOe BpamieHHe B Of-
HOHM IJIOCKOCTH BOKPYI HanpaBJe-
HHS, NepNeHAHKYJASPHOrO K 3TOH
IJIOCKOCTH:

3aKOH COXpaHEHUsT MOMeHTa
JOCTaTOUeH M JJsi OIpele/eHus
fonee cJoXHOro cBOGOJHOIO Bpa-
IIeHHUsT CHMMETPHUECKOTO BOMUKA.

Bocnoar3oBaBiics NPOU3BOJb-
HOCTbIO  BHIGOpa  HampaBJaeHHH
TJ1aBHHX Ocell WHEPLHH X, Xz {mep-
NeHAHKYJSPHEIX K OCH CHMMETpHH
BOJIYKA X3), BhIOepeM OCb Xp mep-
NEHAXKYJSPHOH K TIIIOCKOCTH, ONpe-
JLeJisieMOHl  IIOCTOSIHHEIM BEKTOPOM
M ¥ MTHOBEHHHIM INIOJIOKEHHEM: OCH
x;. Toraa My =0, a us popmya
(33,2) BugHO, 4T0 H Qo ==0. D10
3HAYUT, YTO HanpamJgeHuas M, Q u Prc. 46
ocH BOJYKA B KaXIBH MOMEHT
BpPeMeHH JieXaT B OfHOH mjockoctu (puc. 46). Ho orciona B cBon
OYepenb CJELyeT, UTO CKOPocTH v == [Qr] Bcex TOUeK HA OCH BOJY-
Ka B KaXKAHH MOMEHT BpeMeHH NepHeHJHKYJApHB K YKa3aHHOH
MJIOCKOCTH; APYTUMH CJIOBaMH, OCb BOJYKAa PAaBHOMEDHO (CM. HHXKe)
BpallaeTcss BOKPYr HampaBjieHus M, omuchiBasi KpPYroBofi KOHYC
(Tak HasuiBaeMmas pez2yaapHas npeyeccus BoiuKa). OZHOBPEMEHHO
¢ mnpeueccHelii caM BOJIYOK PaBHOMEPHO BpalllaeTcsi BOKPYT COG-
CTBEHHOM ocu.

YraoBhe CKOpPOCTH OGOHMX 5THX BpalleHHH JIerKO BHIPA3HTb Ye«
pe3 3afaHHYI0 BEJINYHHY MOMeHTa M u yroJ HakJoHa § OCH BOJY-
Ka K HampaBjeHw:o M. YT7i0Basg CROPOCThL BpAIEHUS BOJUKa BO-
KDYT CBOell OCH eCThb IPOCTO NPOeKNHA 3 BeKTOopa Q Ha 3Ty OCh:

0y =22 =2 cose, (33,4)
3 3

Ina onpenenenus e CKOPOCTH NPeLeCCHH Qpp HAAO PAasjOXKHTb
BekTop Q MO HpaBUJAY HapajjesorpaMMa Ha COCTaBJSIOUIUE BAOAD
x3 1 BEoab M. V3 HHX mepBasl He NPHBOJHUT HH K KaKOMy nepe-
MeIeHH0 CaMoil OCH BOMYKA, a IIOTOMY BTOpad H JaeT MCKOMYIO
YIVIOBYI0 CKOPOCTH mpeneecun, M3 mocrpoenuss Ha puc, 46 scho,
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yto Qup sin 6 = Q, a mockonbky Q = M/l = M sin 6/, o mno-
Jydaem:

Q.o = M/I,. (33,5)

§ 34. YpaBHeHHs ABHIKEHHS TBEPAOrO TeJa

ITockosnbKy TBeproe Teslo ofaajgaer B O6IIeM Caydyae MIECTbIO
CTeneHsaMy cBoOOAR, TO ofulas cucTeMa ypPABHeHHH JBHIKEHHUS
KO/IAKHA COAEePKATh MIECTh HE3aBUCHMBIX ypaBHeHHH. X Moxkuo
NpeJCTaBHTL B BHJE, ONPEAS/AIONIEM NPOM3BOAHBIE 1O BPeMEHH OT
ABYX BEKTOPOB: HMIIyJibCa © MOMEHTa TeJa.

ITepBoe U3 3THX ypaBHEHHH moOJydaercsi MPOCTO NYTeM CYMMH-
poBaHH#A ypaBHeHHil p =1 Aas KaxjoHl U3 COCTaBJSICWHX TeJO
YacTHL, rhe P — UMIYJbC YacTHUbl, a f— geficTBylollas Ha Hee
cuna. BBoas moaHblil uMIyJbe Tesa

P= Z p=uv
¥ NOJIHYIO JeHACTBYIOLLYIO Ha HEero CHJAY Zf==F, IOy YU M!
dp
—=F. (34,1)

Xorst Mul onpesenunu F xak cymmy Bcex cua f, meficTsyomux
Ha KaMAyl U3 YaCTHI[, B TOM YHCJAE CO CTOPOHBI APYIHX UHaCTHI]
Tesaa, dpaxtHyecky B F BXOAAT JHIIb CHJBL, JeHCTBYIOUIHEe CO CTO-
poHbl BHEIIHMX HWCTOYHHKOB. Bce cuibl B3auMOAeHCTBHUA MeXAY
YacTHLAMH CaMOro Tesja B3aUMHO COKPAIIAIOTCS; JACHCTBUTEJLHO,
IpH OTCYTCTBMH BHENIHHX CHJI HMIYJbLC Tesd, KaK W BCAKOH 3aM-
KHYTOH CHCTEMBI, [OJI}KeH COXPaHAThCH, T. €. J0MKHO ObiTh F=0.

Ecan U — noteHunanbHasi HepPrus TBepAOrO TeJa BO BHRUIHEM
nose, To cuna F Moxer Owthb omnpefesneHa nyteM AuddQepeHUHpO-
BaHHUS ee [0 KOOPAMHATAM LEHTPA HHEDUHH TeJa!

= 9U
F= IR (34,2)
HeficTBHTeIBHO, HPH MOCTYHATEeNLHOM MepeMelleHHH Tesja Ha OR
HACTOJILKO K€ MEHSIOTCS H DARMYyC-BEKTOPH ¥ Kax/JOH TOUKH Tena,

a MOTOMY H3MeHeHHe MOTeHIHaJbHOH 3Hepruu
8U = Z memaRZ-——_—aRZ f= —F8R.

OTMeTHM B 3TOH CBsI3H, YTO ypaBHeHue (34,1) Moxer ObTbL 1IO-
Jiy9eHO W KaK ypaBHeHHe JIarpaH}Ka O OTHOWEHHI0O K KOOpAHHA-
TaM LEHTPa WHepUHUH ‘

oL oL

T ——

_4_ oL
di 9V~ oR
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¢ byukuuel Jlarpanxa (32,4), nag KOTOpo#
aL oL au
Sy =kV=P, SR = " 3R =F.

TlepefileM K BHIBOAY BTOPOrO YpaBHEHHs [BHKEHMs, omnpeje-
JAOIEro NPOH3BOAHYIO IO BpeMeHH OT MoMeHTa umnynasca M. Haa
YOPOLIEHHs BbIBOAA YJA0OHO BHIGPATh «HENOABHIXKHYIO» (HHEp-
HHaJbHYI0) CHCTEMY OTcueTa TaKHM o6pasoM, YTOGH B JaHHHIH MO-
MEHT BPEMEHH LeHTP HHEPLUMH Tesa IOKOW/ICS OTHOCHTENbHO Hee,

Hmeem:

M=% [rpl = X [fp] + X [rpl.

B cuny caenanHoro namu BHGOpa cuCTeMBl OTcueTa (B KOTOpOH
V=0) 3nadeHHe r B JaHHHIl MOMEHT BpEMEHH COBIaJaeT CO CKO-
poctblo v = ¢. J10CKO/IbKY e BeKTOpH V H p == MV HMeT O/1Ha-

KOBOe HanpasJjenue, 10 [rp]==0. 3amenus Takxe p Ha cuay f,
HONYYUM OKOHUYATEJbHO:

dM
"'JT' == K: (34’3)
rae
K=Y [rf] (34,4)

ITockoneky MoMeHT M onpejesneH OTHOCHTEJNBHO LEHTpPa HHep-
unn (cM. Hauajgo § 33), oH He MeHsieTCs NPH NepeXoge OT OJHOM
HHEPUHAJBHONH CHCTEMHBI OTCUETA K JAPYrod. DTO BHAHO H3 QOPMYJILI
(9,6) ¢ R=0. Orcio1a ciexnyer, 4To ypaBHeHHe ABHxKeHHs (34,3),
HoJlyuyeHHOe 3JeChb NpH OMNpeleNeHHOM BhGOpe CHCTEMEl OTCYETa,
T€M CaMBIM, B CHJIy Ta/JHJIEEeBCKOTO NPHHIHUIA OTHOCHTE/JbLHOCTH,
COpaBelJHBO B J1000H HHepLHAJNbHOH CHCTEME.

Bektop [rf] masbiBaerca momewrom cuast f, tak uto K ecrp
CyMMa MOMEHTOB BCeX CHJ, AeHCTBYIOImHX Ha Teno. Kak u B moJj-
Hofi cune F, B cymMme (34,4) dakrTuuecKu AO/MKHB YUHTBIBATHCS
JUIIb BHEIIHHE CHJIBI; B COOTBETCTBHH C 3aKOHOM COXpaHEHUS MO-
MeHTa HMIYJbCa CyMMa MOMEHTOB BCEX CMJ, AeHCTBYIOLIUX BHYTDH
3aMKHYTOH CHCTEMBI, ROJIKHA 06pallaThCsl B HYJIb.

MoMeHT CHJIBI, KaK H MOMEHT MMIYJIbCa, 3aBUCHT, Boobuie ro-
BOpA, OT BLIOOpA HayaJa KOOPAHHAT, OTHOCHTEJBHO KOTOPOrO OH
onpezened. B (34,3), (34,4) MOMeHTH ONDeNENAIOTCA OTHOCHTEJ]b-
HO LIeHTPa WHEepUHH TeJsa.

Ilpy mepeHoce Hayaja KOODPAMHAT Ha PACCTOSHHE a HOBHE pa-
JHYC-BEKTOPHI / TOUEK TeJNa CBSA3aHbl CO CTAPLIMH ' NOCPEACTBOM
r=r’+ a. [lostomy

K=, [ri]=2 [F'f] + X [af]
K =K’ + [aF]. (34,5)

HIH
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Orciona BHAHO, B YaCTHOCTH, YTO BEJHYMHA MOMEHTA. CHA He 8a-
BHCHT OT BHGOpa Hayajsa KOOPAMHAT, ecau monHasg cuna F=0
(s TakoM cjyuae TOBOPAT, 4TO K TeJy NpPHJIOKEHa napa cua).
YpaBrenne (34,3) MoxHO paccMarpHBaTh Kak ypaBHenue Jla-
rpamxa
4 oL _ oL
df o og

N0 OTHOINEHHIO K «BpamiaTeNbHBIM KoopaurataMs. [eficTBuTentHo,
muddepenunpys dyHkuuwo Jlarpanxa (32,4) 1o KOMIOHEHTaM BeK-

TOpa Q, NoAy4YuM:

aL
‘(m‘t‘=]gkgk=Mg.

Msmerenne xe nmoreHuuasbHoii smepruu U npu NoBOpoTe Tena Ha
GeCKOHEUHO MaJbIii Yyros 8¢ paBHO:

U =— . for=— 3 £[0pr]==—d¢ X, [rf] = —Kdo,
OTKyZa

a3
== "a_q)' ) (34)6)
TaK 4To o1 u
, (7]
o ag — K

IlpennonoxuM, uro Bektophl F u K B3auMHO NepmeHAURy.sp-
HH. B aTOM caydae Beerfla MOXKHO. HafTH Tako# BeKTOp @, WTOGLI
B popuyne (34,5) K’ o6parmioch B HyJb, TaK 4To GyAeT:

K =[aF]. (34,7)

Ipn »TOoM BHIGOD a HeOAHO3HaweH: mpubaBieHHe K HeMy Ji060ro
BeKTOpa; mapaaiesbHoro F, He wu3aMenur paBeHctBa (34,7), rak
uyro ycaoBHe K’ ==0 pmact He ompenesieHHYI0 TOUKY B INOABHKHON
cHCTeMe KOODJHHAT, a JHIUIb ONpejeNIeHHyo NpsMyio JuHAn. Ta-
kuM o6pasomM, npu KZL F neficTBue Bcex NPHNOKEHHBX K HEMY CHJI
Moxel GhIThb CBeNeHO K oXHOH cuje F, meficTBylolieli BAOJL onpes
JlesIeHHOH npsaMOH JIMHHH, '

TaxoB, B YacTHOCTH, ciayualt OAZHOPOJHOTO CHJIOBOTO [ONf, B
KOTOpDOM JelcTBylomlas Ha MaTepHaJbHYIO TOYKY CHJAa HMEeT BHI
f==¢E, rae E— mocTodHHEI BEKTOD, XapaKTepH3yOIuA noae, a
BeJJHUMHA ¢ XapaKTepH3yeT CBOMCTBA YaCTHIH IO OTHOIIEHHIO K
JanHoMy noso ). B atoMm ciyuae umeeM:

F=E Y e K=[) er-E]

1) Tag, B OAHOPOAROM SJeKTpHUcckOM mone E ectb HanpseRHOCTH MOJA, a
e—3apsal vacTAun. B ogropoxzsoM noae TAmecTH E ecTv yckopenme cHAB Ts-
HECTH €, 4 € == MAcca 9aCTHLH 7,



§ 351 SPJIEPOBHl ¥TJb 143

IIpenmonarasn, 4uro Z e==0, BBeeM pPajHYC-BeKTOP rq, ONpefeNeH-
HHIA corJqacho

o= er/Y e (34,9)

Torna mu noay4uM cJenyiollee npoctoe BHIpa:KEHHE IJId MOJHOro
MOMEHTa CHJ:

K =[r,F]. (34,9)

Takum o06pasoM, npu ABHKEHUH TBEPAOrC Tejia B OLHOPOLHOM
noJie BJAMSHHE NHOJS CBOAMTCA K AefcTBHIO ofHOH cuawnl F, «mpuio-
JKeHHOH» B TOYKe ¢ pazuyc-BekropoM (34,8). Tlomoxenue aroit
TOUKH BCeLeJ0 OIpefelsieTcs CBOHCTBAMH. caMOro Tesa; B HoJe
TAXECTH, HanpuMep, OHa COBNAJaeT ¢ LEHTPOM HHEpPUHH TeJa,

§ 35. Sitneposnt yrian

Kaxk yxe ykasbiBaioCh, MJIs1 ONHCAHHS [BHIKEHHS TBEPAOrO
TeJa MOXKHO NMOJB30BATBCS TPEMsI KOOPAHHATAMH €ro LeHTpa HHep-
DU H KaKUMH-THGO TPeMs YIIaMH, ONpPeleNsilINMH OPHEHTAIHIO
ocefl xy, Xz, X3 ABHXKyHleHics CHCTEMHE KOOPAMHAT OTHOCHTENbHO He-
TMOABHXHOH cucreMn X, Y, Z.
B kauecTBe 3THX YTVIOB 1UacTo
OKa3HBalOTCA yAOGHHIMH TaK Ha-
3niBaeMble 3daeposor Yyaast.

Tak xak Hac cefiuac uHTepe-
CYIOT TOJIBKO YTJIH MeXHy Ocsl-

. MH KOOpJAHHAT, MH BreIGepeM Ha-
yajaa o0eux cucTeM B OLHOH TOY-
ke (puc. 47). Iloxsuxuas nJuo-
CKOCTb X1Xz IepeceKaer Heno-
JBuxny0 XY no HeKoTOpO# Npsi-
moit (ON Ha puc. 47), KOTOpYIO
HA3HBAIOT JAuHuell ysaos. Ira
JIUHHA, OUEBHIHO, IepHeHAHKY-
JIApHA KaK K OCH Z, TaK H K OCH
X3, €e II0JOKHTENbHOe Halpas- Puc. 47
JicHHe BHIOepeM TaK, 4TOGLI OHO
COOTBETCTBOBAJIO HAaNpaBJEHHIO BEKTODHOTO NpousBeAeHUs [zxs]

_(rze z, x3 — OPTH B HANpaBJeHHH Ocell Z H X3).

B kauecTBe BeJHUHH, ONPeRe/SOINX NOJOXKeHHe Ocell X1, Xa, X3
oTHocuTeabHOo ocelt X, Y, Z, npumem cheayioliue yraei: yroqa 0
MexAy OCAMH Z # X3, yroa ¢ Mexay ocamu X u N, yron ¢ mexny
ociMH N # X;. YIIH @ B ' OTCUHTHIBAIOTCH B HaNpaBJIEHHAX, ONpe-
JeaseMbX IPaBHJOM BHHTA, COOTBETCTBEHHO BOKPYr ocefi Z M Xa,
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¥Yron 0 mpobGeraeT 3HaueHHs OT HYJst JO §, a4 YOI ¢ U 4 — OT
Hyas g0 2ml).

Bripasum Teneph KOMIOHEHTH BEKTOpa YIVIOBOH CKOpocTH
N0 TOJABHIKHBIM OCAM X, Xz, X3 Uepe3 3AJIepOBH YIVIBI H HX MpPO-
uspojmble. Jlist 5TOr0 Halo CIPOEKTHPOBATh HA 5TH OCH YIVIOBBLIE
ckopoctn 0, ¢, . VYraosas ckopocTh O Hanpabjena MO JHHHH
y370B ON H ee cOCTaBAAOIUIHE 10 OCSIM X, X3, X3 PABHEL

0,=6cosp, O,=—0siny, H;=0.

¥Yraosas ckopoctb ¢ HalpaBJeHa BJIOJbL ocn Z; ee NPOCKIHS Ha
OCb X3 PaBHa (3 = c0S B, a mpoekuUHs HA MNJIOCKOCTb XXz PaBHA
¢ sin 0. Pazsiaras nocsaenHiol0 Ha COCTaBJ/SIOUIHE IO OCAM X M Xo,
TIOJIYUUM:

¢;=¢sin0sinyP, Py=¢sin0Bcos).

Hakonen, yriosas ckopoctb 4 HampasJjena 110 OCH X3.
CobHpasi Bce 5TH COCTaBJAIOUIHE TO Ka)/Jo# u3 ocel, Noay-
YHM OKOHYAaTe/NbHO:

Q, = ¢ sin 6 sin P -+ 6 cos ¥,
QZ=¢sin9cosxp—ésin P, (35,1)
Q= ¢ cos B -+ 1.

Ecnu ocu xy, X, X3 BHIOpaHLl MO IVIABHBIM OCSM HHEPIHH TBep-
JOro Tesna, TO BPallaTeNbHYI0 KHHETHYECKYI0 SHEPIHIO, BbIPaiKeH-
Hyi0 uepe3 3[JePOBH YIVIB, MBl HOJydYuM moictaHoskoft (35,1) B
(32,8).

Hisi cuMMeTpHYecKoro Bosuka, y kotoporo Iy = ls 5~ I3, Hait-
JileM mocJle IPOCTOro NpHuBeeHHs:

Top= 4 (¢7sin20+ 0 + -2 (g eosO+ 92 (35,2)
3aMeTHM, 4TO 3TO BhIpaXKEHHE MOXHO IMOJYYHTH W MpOlle, BOC-
NOJIb30BaBIIKCh NPOH3BOJNBHOCTbIO BEIGOpA HampaBJ/IeHH# IVIABHBIX
oceil MHEPUHH X1, X2 y CHMMeTpHuecKoro Bojuka. CuHras, Yro OChb
X1 COBMajaer ¢ ochbio y3a0B ON, T. e, uto Y =0, GyleM HMeTb AJs
COCTaBJSIIOIUX YIJIOBOH CKOpocTH GoJiee MPOCTHE BHpaXKeHUs

Q=8 Q=g¢sinf, Q;=g¢cosb-+ . (35,3)

B KkauecTBe NPOCTOro NpuUMepa NPUMeHEHUS SHJIEPOBBIX YIVIOB
OnpefleiM C HX [OMOIIbIO H3BECTHOE yiKe HaM CBOOOLHOE ABHIKe-
HHE CHMMETPHYECKOro BOJUKA.

1) Vraw 0 7 @ — 7/2 npeacrasiasioT cofoft COOTBETCTBEHHO MOJAPHBIA yroa
H a3UMYT HANpaBJeHHs X3 [0 OTHOIIEHHIO K OCam X, Y, Z. B To %®e BpemMs 6 u
7/2 — ) ABAAITCA COOTBETCTBEHHO NOMAPHEIM YFJIOM H a3HMYTOM HanpasieHun Z
[0 OTHOULIEHHIO K OCAM X, X3, Xa.
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BriGepem och Z HeNOABHKHOH CHCTEMBI KOODAHHAT B HampasJe-
HHH NOCTOsSIHHOrOo MoMeHTa Bojiuka M. Ocb X3 NOABHIKHOH CHCTEMHE
HalpaB/ieHa MO OCH BOJYKA, a OCb Xi MyCTb COBMajAaeT B AAHHBIA
MOMEHT BpeMeHM C OCbIo y3J0B. Torja J/s KOMIOHEHT BeKtopa M
HaxoAuM ¢ nomomiso gopmya (35,3):

M1=]191=116, M2=]292=12fb Sine, M3=]3Q3=13(Cb COSG+1i)).

C Zpyro#i CTOPOHBI, NMOCKOJbKY OCb X; (JIMHUS Y3JIOB) TepreHIHu-
KyJsipHa K OocH Z, UMeeM:

M =0, M,=Msind, M;= McosH.

IIpupaBHuBast Apyr APYry STH BHIPaXKeHHs, MOJYYHUM caefytouLue
ypaBHeHus:

6=0, J,9=M, I5(¢cos0-+ )= Mcosb. (35,4)

IlepBoe u3 arHxX ypaBHeHud naer O ==const, T. e. NMOCTOAHCTBO
yria HakjJoHa OCH BoJUKa K HampasJjeHHio M. Bropoe onpenenser
(B cornacuu c (33,5)) yraoBywo CKOpoCTb mpeueccun ¢ = M/I,.
Haxkouen, tperbe ompegessier YrJIOByIO CKOPOCTb BpPalUEHUs BOJIY-
Ka BOKpPYyr coOcTBeHHO# ocH £3==
== M cos 0/1s.

zZ

3anaunm

1. TlpuBectu K KBajapaTypam 3ajaiy o
JABUMKEHUH THXKEJOTO CHMMETPHYeCKOro BOJY-
Ka ¢ HENOABHMKHOA HHXHell Touko# (puc. 48).

Pemenue CoBMeCTHOE Hayano I0O-
JBHXHON H HENOABMXKHOH CHCTEM KOOpDAHHAT
BHOHpaeM B HeNOABHXHOM Touke BoJdka O,
a ocs Z HamnpasasieM N0 BepTHKaJH (puc. 48).
Oynkuus JlarpaEka BOJYKA B 110JI€ TAXKECTH

2 .
L=LERE (g g sinze) +

“l"%“(\i?'i'(bcose)z—ugl cos 0

_ Puc. 48
(n — macca poauka, ! — paccrosiiue OT HHIK-

Hell TOUKH LO LEHTpPa HHepIHH).
Koopnunatot Y u @ — unkanueckne, Ilostomy Wmeem aBa HHTerpada NBHU-

HKeyna:
aL I —
Py =55 =1 (b4 & cos 6) = const=ts, )
oL ’ : ! = =
Po= 3% (7] 510”8+ I c0%8) ¢ + I5b cos 6 = const=M,, @

7’
rie BBeneno oGosnavenue [ =1 4 pﬁ (BenunHBL Py ¥ Py IPEACTABASIOT coboi

COCTaB/fgOIIHEe BpalIATEJbHOTO MOMEHTA, ONpEeaeJICHHOrO OTHOCHTENbHO TOYKH O,

COOTBETCTBEHHO MO ocAM x3 B Z). KpoMe Toro, coxpaHsieTcss SHeprus
/

I, . 1,
E = - (8" + ¢*sin?0) 4 = (§ + ¢ cos 0)* + pgl cos 6. @)



146 ABMXEHUE TBEPJOT'O TEJIA [TJ1. VI

Hs ypaenenuit {1) r {2) naxonums

. Ms— M;cos 9
= Mz— My cos 8 4
¢ I sin’6 “)
G=Ms _ osp Mz—MscosO ©)
13 IisinQO

Hcksouns ¢ noMomsio aTux pasencts @ ¥ Y u3 sueprum (3), nosyunM:
4

I .
E'= 84 Uspp (),

THEe BBEACHH 0003HAYEHHH

M2 M,—M cos())Z
E=mE—-"3 _yug, U ) =2 "3 el (1 — cos ). 6
o1, rg ¢ (0) 2 S8 pgl ( ) (6)

Onpepensist orciona 8 # pasnpenss mepeMmeHible, NOYYHM:
do

{ =
S /\/—f—;-w'— Usp (6)

(anTerpan — sannnrrueckuir), Tlocae storo yramt P u @ BHpaxaloTea Kak (YHK-
unx or 0 B BuAe KBaApaTyp ¢ HoMOIIkI0 ypasrenuit (4), (5)

O6nacre n3MeHenuss yrma O npum ABUXXEHWH onpefensercss yciosueM E/ >
= Usps (0). Oyukuust Uapy(8) (npu My 55 M:) CTPEMHTCA K -}-00 NpPH SHAUeHHAX -
0=0un 0=m, a B OpOMeXYyTKe MeKIy HHMA NPOXOAUT uepes MuHuMYyM. Ilo-
910My ypaBHeHne E’ = U,pe(0) “HmeeT ABa KOPHS, ONpeAeNSIOMHX NpeAETbHEE
yranl 0, u 02 HarRJIOHA OCH BOJUKA K BEPTHKAJH.

Ipn mamenennu yraa 6 or 0, no 62 sHaK IPOHSBOAHON ¢ OCTEETCA HEM3IMEH«
HHM HAH MeBfeTcs, CMOTPA IO TOMY, OCTAETCA JM HEH3IMEHHHM HAH MeHserTcH

)

&r

a 7 b
Puc. 49

B 9TOM HHTepBaje 3HaK pasHocTw M:— M;zcosO. B nepBom ciyuae och BOMUKA
TIpeleccupyeT BOKPYD BePTHKAJAM MOHOTOHHO, OXHOBDEMEHHO CcoBepinasi KoJseGa-
mHA (TaK HA3BIBAEMYIO HyTayuro) BBepX M BHH3 (pHC. 49, a; auHus usobpamxaer
c/Iefl, KOTOPHIH och BOJMYKA 9epTH/ia Gel HAa NOBEPXHOCTH c(epnl C IIEHTPOM B Hes
NOABHKHOH TOUKe BoJNuKa). Bo BTOpOM Ciyuae HanpaBJjeHHe MpPeLeCCHH NMPOTHBO-
[ONOXKHO Ba JARYX IPAHMUHHX OKPYKHOCTAX, TAK 4TO OCb BOJUKAa NepeMellaeTed
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BOKPYT BEDTHKANR, Onucusag nerar (puc. 49, 6). Haxounen, ecam oaro g3 snade-
mufi 0, 0, coBmajaer c¢ myneM, pasHoct M.~ M;cos®. ma cootsercrylomel
npenesntof OKpyXHocTH ¢ ¥ 0 olHOBpeMeHHO o6pamialOTCa B HyAb, TaK 49TO OCb
BO/YKa OMKCHBAeT TPAaeKTOPHIO H30GpakeHHOro Ha pHe. 49,6 TaNa,

2. Hafitu yciaoeme, upd KOTOPOM BpalleHHe BOAYKA BOKPYT BEPTHKAMLHOR
oCH OyJeT YCTOHYHBHIM, ‘

Pemenue Ipu 0 == 0 ocu x3 8 Z coBnafant, TaKk ut0 My = M,, E' = 0.
Bpamenne soxpyr sTofi ocd GymeT yCTONYHBEIM, ecin suauenme O = O oTBedaer
MuanEMymy GyskuBE Uspe(0). IIpa Mannx O umeem:

M:  pgl

v z—-—-—--—-—)B’
=\er T 2 )

OTKy[a HaXONUM YCIOBHE M§> 41{1131 nan
Q2 > alpgl[l%

3. Onpexennts ABHIKEHHE BOJYKA B CAyYae, KOMa KHHETHUECKAs SHEPTHS €ro
€OGCTBEHHOrO BpAlLeHHS BeJMKA N0 CPABHEHHIO ¢ SHEpruel B mose TamecTH (Tax
HasetBaeMbifl «OBICTPLIG® BOJYOK).

Pemenne B nepsoM npubamxerun, ecnd npegefpedb noJjeM TAKECTH, HPO-
HCXOIUT cBOGOLHAs NpelecCHs OCH BOJNYKA BOKPYF HaupabsjeHms MoMenta M (or-
Beuaiollas B JNAaHHEOM clydYae HYTAlHH BOJYKA);

OHa NpOHCXOAHT coraacdo (33,5) ¢ yraoso# 2
CKOPOCTHIO
M

Ruyr = - (1)

ap

B chaenywomeM n0pubAHKEHHH NOSBJARETCH
MeAJeHHAs OpeleccHs MOMeHTa M BOKpyr Ha-
npasiaenus pepruxkaau (puc, 50), IOas onpenes
JIeHHs CKOPOCTH 9STOH [UPEIeCCHH YCPeXHHM TOUs
Hoe ypaBHeHHe ABHKenus (34,3)

dM

ST =K

dt

1o fieproAy HyTauumu. MoMeHT CWJl THAXKeCTH,
ZefiCTBYIOIIHX Ha BOJNIOK, paBeH K = pi[n,g],
TAe ng — eIUHHYHBIA BEKTOD B HamNpaBJeHHH OCH
Bomuka. I3 cooGpaxkennii cuMMETPHH OHYEBHJ-
HO, 4TO pe3yabTaT YycpeAHeHHs K 0O <«KOHYCYy HyTaUHMH» CBOAMTCH K 3aMeHe
BEKTOpa ny ero mpoexumedl cos o-M/M na nanpasaesue M (o — yroa mexay M
B 0Cbl0 Boa9Ka). TakuM 06pa3oM, NOJIYYHM ypaBHEHHE

am _ _ cos -l;,l—l {gM].

dt

Ouo ozHavaer, uto BexTOop M npeleccHpyeT BOKPYr HanpaBjienus g (BepTHKaJM)
Co cpenrefi yraoeuli CKOpPOCTHIO

— [cosa
an"‘ "'"ET'Q 2

{Manof mo cpaBsnenso ¢ Quyr),
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B paccmaTtpnmraemoMm npubauxennn Bxoasmue B dopMyas (1) u (2) senu-
uHHE M B COS o NOCTOSHHH (XOTS M He SIBJSAIOTCH, CTPOLO TOBOPS, HHTETpasaMu
apmxenns). OHA CBA3aHH, ¢ TON XKe TOYHOCTBIO, CO CTPOTO COXpaHAOUIMMHCH
Bennunnamy E n M; coortHoweHHsiME

2 2 Y
My=Mcosa, Ex M?.(.ms o sin a).

7
]3 ]l

§ 36. Ypasuenus Jiinepa

Hanucannble B § 34 ypaBHeHHs ABUIKEHHS OTHOCSTCS K Heno-
JABHXKHOH CuCTeMe KOODAHHAT: NpousBoiuue dP/dt u dM/di B
ypaBHeHnusix (34,1) u (34,3) mpeacraBiasiioT coBoi H3MeHeHHs Bek-
TopoB P u M 1mo oTHOWeHHIO K 3TOf cucreMe. Mexny rtem, Han-
Gonee npocras CBSI3b MeXKAY KOMIOHEHTAMH BPallaTeJbHOr0 MO-
MeHTa M TBepioro Tena M KOMIOHEHTaMH YIJIOBOR CKOPOCTH HMeer
MECTO B NMOJBHUIKHON CHCTEMe KOOPAMHAT C OCAMH, HAlpaBJeHHBIMH
IO TIJIaBHbIM OCAM HHepuuHd. Jasi Toro 4To6H BOCIONB3OBATHCS
9TOH CBsA3bIO, HEOOXOAMMO IpeABapHTEIbHO NpeoGpasoBaTh ypas-
HEHHsl [BMXKEeHHS K [OJABHKHBIM KOOPAMHATAM Xj, X2, X3.

[Tycts dA/dt — ckopocTb HW3MeHeHHsI Kakoro-iH6o Bektopa A
N0 OTHOWIEHHIO K HeNOJBMIKHOH cHcTeMe KoopAauHar. Eciu mo ot«
HOLIEHHIO K Bpallaiolieficss CHCTeMe BEKTOp A He M3MeHsercs, TO
€ro H3MeHeHHe OTHOCHTENbHO HEMOABUIKHOH CHCTEMH OGYCIOBJAEHO
TOJBKO BpallleHHeM, H Torja

dA
A _ (0A]

(cM. § 9, re 6u10 yKa3aHo, uto Takue Qopmyaw, Kak (9,1), (9,2),
caopaBeJJfiBbl AJg Jwo6oro Bexkropa). B ofmiem ciayuae x mpasoft
YacTH 3TOrO PaBeHCTBa HAJ0 N00ABHUTh CKOPOCTb H3MEHEHHS Bek-
TOPa A 1O OTHOIIEHWIO K MOJABHXKHOM cucTeMe; 0603HAYHB 3Ty CKO-
pocTh, Kak d’A/dt, noayunm:

dA _ dA

A LA | (oA (36,1)

C nomolupio 3Toft obluelt GopMyJiEl MB MOXEM cpa3y nepenu-
catb ypaBHenus (34,1) u (34,3) B BHIE

‘P d’M
“+[2P|=F, “=4[2@M]=K. (36,2)

Mockoabky nup@epeHnupoBaHHe MO BPeMeHH NPOH3BOAHTCH 31eCh
B NMOABHXKHOH CHCTEMe KOODAHHAT, TO MBI MOXKEM HENOCPeACTBEHHO
CNPOCLHPOBATL YPaBHEHUs HA OCH 3TOH CHCTEMBI, HAIIHCAB

P\ __ dP, d'MY _ aM,
(dt v oodg e \Tar )T Tdr e
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rAe HHAeKCH !, 2, 3 03HAYAKT KOMOOHEHTH N0 OCAM Xi, Xz, X3.
ITpn 3ToM B mepBoM ypaBHeHUH 3aMensieM P Ha uV W moayyaem:

n (G + Vs — V) =F,
(S, — Q) =F, (36,3)
b (L + Y, —0u0,) =Fs.

ITpeanosaras ocH xj, X, X3 BLIGPAHHBIMH O TJIABHBIM OCSIM HHep-

HHH, OUIIeM BO BTOpPOM H3 ypaBHenuit (36,2) M;=/[Q; u 1. A
H [osyyaem:

dQl

+(13 )9293=K1.
d%+m 1) Q@ =K, (36,4)
ng

—7 + (. — 1)) 2Q, = K.

YpasHenus (36,4) HasbIBaloT ypasneruamu 3trepa.
Ipu coGoxnom Bpamennu K==0, Tak yr0o ypaBuenus Dinepa
NPUHUMAIOT BMI:

749 Iy — 1
_d_tl_ _3__2_9293=0,
e+ irlo0 =0, (36,5)

d93 4=l 1,_1. 0,9, =0.

B kauecTBe nmpuMepa NpUMEHHWM 3ITH YDaBHEHHst K yxe pac-
cMaTpHBaBUleMycss HaM#u CBOOOJHOMY BDAlIGHHIO CHMMeTPHYECKOro
Bonuka. Ilonoxus Iy = [, uMeeM u3 TpeTbero ypasHeHus Q3 =0,

T. e. Q3 ==const. [Tocae sToro mepBhie ABa ypaBHEHHS HANHIIEM
B BHJe

Ql = "“0)92, Q2=0)Ql,
. I'Je BBeJeHa MOCTOAHHAsA BeJHYUHA
=0, ’—31?]-& . (36,6)

YMHOXHB BTOPOE ypaBHeHHE Ha [ M CJIOXKHB C HEDBBEIM, IOJYUHM:

d . . .
'ﬂ(gl + iQp) = i (Q -+ iQy),
OTKy/a
91 + ng = Ae’“",
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rie A — NOCTOAHHAS, NOCJEIHIOI0 MOMKHO CYHTATH BelleCTBeHHOR
(3To cBOAHMTCH K HajsekalleMy BHIGOPY HavaJa OTCYETA BPEMEHH),
H TOTAa

Q =Acoswl, Q,=Asinof. (36,7)

JTOT pesyJbTaT NOKA3hLIBAET, UTO IPOEKUHS YIJIOBOH CKOPOCTH
Ha IJIOCKOCTh, MEPHEHANKYJNSIPHYI0O K OCM BOJIYKa, Bpaulaercd B
9TOH IIOCKOCTH € YIVIOBOH CKODOCTBIO ®, OCTaBasCh NMOCTOSHHOH IO

BeJHYHHE (/\/Qf—{—Qg:A). IMockosbKy mpoekuus Q3 Ha oCb BOJMU-

Ka TOXe MOCTOfHHA, TO MBI 3aKJI0UaeM, UTO H BeCh BEKTOP § paB-«
HOMEPHO BpAaINaeTcss C YIJOBOH CKOPOCTHI @ BOKPYI OCH BOJUKa,
OCTaBasicb HEW3MeHHBIM IO BeJuuHHe, BBuay cmasu M, = ,Q,,
My = 1,Q, M;=I[3Q3 MexAy KOMIOHEHTaMH BeKTOpoB @ n M
TaKoe e ABHXKeHHe (0 OTHOLIEHHIO K OCH BOJUKA) COBEpIIacT,
OYeBHAHO, H BEKTOp MOMeHTa M.

[Nonyyennass kapTHHa npeacTasasieT cofol, pasyMmeercs, JHIIb
JPYTofi 4clekT TOTO Ke MABHXKEHHS BOJIYKA, KOTOpOe yke OBbLIO
paccMorpedo B §§ 33 B 35 mo OTHOIIEHHIO K HENOABHIKHOH CHCTeMe
KoopauHat, B gactHOCTH, yrsioBas CKOPOCThL BpaleHHs Bekropa M
(oce Z Ha puc. 48) BOKDYr HANpPAaBJEHHS X3 COBINANAeT, B TEPMH=

Hax 3#JepOBHIX YIJOB, ¢ yraoBofl ckopocthio — Y. C nomouisio
ypaBHenu# (35,4) uMmeeM:
H Mcos 0 . 1 1
’ll)—-—I;—-‘—'(pCOSe—-MCOSe(—I—a— T
HJIR
—p =0 él:_’l_
L

B corJyacui ¢ (36,6).

§ 37. AcuMMeTpHUECKHH BOJUOK

Tlpumenum ypaBHeuuss 3finepa X GoJjiee CJOXHON 3agade O
cB0OOJHOM BpallleHHH aCHMMeTpPHUEeCKOrQ BOJIYKA, Y KOTODOro BCe
TPH MOMEHTa HHepUMH pasauuHbl. g ompele/IcHHOCTH G6yldeM

CYHTaTh, YTO
L>1>1. (37,1)

JBa wuHTerpasa ypaBHeHHH Ofisepa u3BecTHH 3apaHee. OHH
JAOTCS 3aKOHAMH COXPAHEHUs SHEPTHH H MOMEHTA H BHIPAKAITCHA
paBeHCTBaMH

2 2 2 e
193+ 1,92+ [.Q2=2E, 7.2)
202 2002 2002 — 2 ’
Q2 + 102 + Q% = M2,
rie sHeprus E u abcouioTHas BejquuyuHa MoMeHTa M — 3ajaH-
Hble TOCTOSIHHBIE. ODTH e /[BAa pPaBEHCTBZ, BHPAXKEHHHE Yepea
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KOMIOHCHTH BCKTOpa M, uMeioT BUR

My M2 M
-+ o+ =2k, (37,3)

M? 4 M2+ M2= M2, (37,4)

YKe oTCIOga MOXKHO CJe/]aTb HEKOTOpHie 3aKIIYeHHA O Xa-
pakrepe IBHXKEHHs BoJuKa. [as 3Toro 3aMeTrHM, UTO YPaBHEHHA
(37,3) u (37,4) npexcrasnsior coGofi, reoMeTpHyYecKH, B ocax M,

2, M3, ypaBHeHHsS COOTBETCTBEHHO IIOBEDXHOCTH 3J/NIHICOHAA C

HOJIyOCAMHU
A2EI,, A2El;, 4/2EI,

u chepnl ¢ pamuycoM M. Ilpu nepememennu Bekropa M (orHoCH-
TeJbHO OCefl MHEepLUH BOJIKA) €ro KOHEN IBHIKETCS BAOJb JHHHH
llepecedyeHds YKa3aHHEIX moBepxHOcTell (Ha puc. 51 usobpaxken pajg

TaKHX JIHHHA TlepecedyeHHst aJaMICcOMIa €O chepaMu pPasJHUHBIX
panmycos). Camoe Hanmude nepecedeHHs] O0eCHEYHBAETCS OYEBH/[-
HbIMH HepaBeHCTBaMU

2FEl, < M? < 2FI, (37,5)

reoMeTpHYeCKH O3HAYaIOIHMH, 4TO paauyc coepol (37,4) nexur
MexXJy HauMeHblueH M HaubGosbllefi H3 TNOJyoceHd JJLIHICOHIA
i(37,3). ‘

[Ipocnenum 3a H3MeHeHHeM XapaKTepa 3THX <TPaeKTOPHA»
KOHUa BekTopa M!) no Mepe mn3MeHenna BeauuuHsl M (npu

!) AnajioryyHsle KpUBbIE, ONHCH(BAEMBIE KOHLOM BeKTOpa Q, HA3HBAOTCH No-
noduanu.
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safannoli sHeprun E). Koraa M? animb HeMHOTHM nipesennaer 2EI,
chepa nepecekaer IJJIUNCOHA N[O IBYM 3aMKHYTHIM MaJjleHbKHM
KPUBEIM, OKPY2KalOIIUM OCh X| BOJM3H COOTBETCTBYIOIUHX IBYX MO-
JI0cOB 3aaunconja (npu M2 —2EIl; 3TH KpHBBIE CTArHBAIOTCHA B
TOYKH — 11oJ11ocHl) . [To Mepe yBennuennst M2 kKpHBbIE pacIINPSIOTCH,
a npu M? =2EJ], npeBpamialoTcs B ABE IJVIOCKHE KPUBHIE (JIMI-
CHl), Mepecexarollyecss APYr ¢ APYrOM B MOJOCAX 3JIMICOMAA Ha
ocH x3. IIpu nanbHefiieM yBesnueHHHd M2 BHOBb BO3HHKAIOT [Be
paszenbHLHe 3aMKHyThle TPAaeKTOPHMH, HO OKpy»Kalollde YyxKe IO-
JNIOcH Ha ocu X, npu M?— 2E]; oHH CTATHBAOTCS B 3TU JBe
TOUKH.

OTMmeTHM, npexJe BCEro, 4TO 3aMKHYTOCTb TPaeKTOPHH O3Ha-
YaeT NepHOJHYHOCTh MepeMelleHHs BekKTopa M 1o OTHOWIEHHIO K
TeJly BOJIYKA, 3a BpeMsl HepuoAa BekTop M onuceiBaeT HeKOTOPYIO
KOHHYECKYI0 NOBEPXHOCTh, BO3BPAlllasiCh B NperkHee MOJIOKEHHE.

Hanee oTMeTHUM CYIIeCTBEHHO pas/IMUHBI XapakTep TpaeKTo-
PHH, OJU3KHX K pa3/IMUHbBIM NOJIocaM aJauncouga. Boausu oceht
Xy M X3 TPAaeKTOPHHM DPAaCHOJIOXKEHH! IeJIMKOM B OKPECTHOCTH MOJIO-
COB, a TPAEKTOpHUH, NpPOXojsiiye BOJH3H NOJIOCOB HAa OCH X2, B
cBOEM JajbHeHIIeM XOJe yAaJsAlOTCd Ha Gosblide PAacCTOSIHHA OT
9THX Touek. Takoe pasjiu4ue COOTBETCTBYET PAa3HOMY XapaKTepy
YCTOAYHBOCTH BpANIeHUA BOJYKA BOKDPYr €ro Tpex OcCed HHepUHH.
Bpamenne Boxkpyr oceft x; M x; (OTBedalolHX HauUGOJMBIIEMY. H
HAaHMEHbIIEMY W3 TpeX MOMEHTOB HHEpDUHH BOJYKA) YCTOHUUBO B
TOM CMBICJIE, YTO [PH MaJjOM OTKJOHEHHH OT 3THX COCTOSIHH# BOJ-
Yok Oyzer MpPOJO/IKATH COBeplIaTh ABHXKeHHE, OJHU3KOE K MepBO-
HayaJbHOMYy. BpailieHHe e BOKDYT OCH X; HEYCTOHUHBO; AOCTa-
TOYHO MAJIOTO OTKJIOHEHHs, YTOGH BO3HHKJO IBHXKEHHE, yBojgulee
BOJYOK B NOJIOKEHHS, Jasekile OT TIepBOHAYAILHOTO.

Jlns onpejesieHHst 3aBHCHMOCTH KOMIOHeHT Q (M Impomop-
IHOHAJbHHX UM KoMnoHeHT M) or BpeMmenu o6paTHMcs K ypaBHe-
nuam Ditnepa (36,5). Bupasum Q; n Q; uepe3 Q; u3 ABYX ypas«
neun#t (37,2), (37,3)

1 )
Qf=————-———ll T=T) {(2EI, - M) — 1, (I, —1,) 93},
1 .
Q§=-————-—-’,3 TisT {(M?—2E1)—1,(I,— 1) Q3}
U NOACTaBYB BO BTOPOE H3 ypaBHeHHH (36,5), HahgeMm:

(37,6)

dQ I;—1
Gr-trtan-

([(2EI, — M) — I, (I, — 1,) 93] [(M® — 2E1,) —
— (L, — 1) QE]Yh. (37,7)

Paszenas B 5TOM ypaBHEHUH NePeMeHHbBe M MHTErpHpYs, NOJYHHM
gynkuuio {(Q:) B BHAe 3JJIHNTHYECKOro Hurerpasa, IIpu nmpnuse-

T «/T;
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ACHHH €ro X CTaHJdapTHOMY BHLY 6y11€M CYHTaTh AJf oupeneseH-
'H_OCTH, 4yTO
M?*> 2FI,

(B o6paTHOM cJyyae BO BCeX CJEAYIOUIMX HHXKE (popMynax Halo
nepecTaBuTb HHAeKcH | u 3). Beoaum BMecTo f M {; HOBble me-
peMeHHble

_ (I3 — I,y (M2 ="2EI)) _ Iy (I3 —1y)

=1 ’\/ —nan o ST ’\/ ot —mr O78)
H NOJIOXKHTENBHBLIA napaMerp k2 << 1 corsacHo

9 Uy— 1) QEI, — M?)

k=0 —nymwr=2En (37,9
Torpa nonyuum:
= S ds
—)vaTsazen

(Hayaso oTcueTa BPEeMeHH YCJIOBHO BhIOHDaeM B MOMEHT, Koria
Qy=0). Ilpu obpalieHuH 3TOro HHTerpaja BO3HHKAaeT, KaK H3-
BECTHO, OAHA U3 3JJUNTHYECKHX GyHKUMi SIko6u

=snrt,

ueM U OmpejessieTcs 3aBHCHMOCTb Qp oT BpeMeHH. ®OyHruuu Q(f)
n Q3(f) BulpaxkaloTcst anre6pauvecku yepe3 Q,(f) corsnacHo paBeH-
crBamM (37,6). VuurtbiBas onpejesneHHe ABYX APYTHX IJJAHOTHYE-
CKUX (pyHKIHUA '

ent=4/1—sn’t, dnv=4/T1—Fk%*sn’7,

[O/IYYHM OKOHYATEJbHO C/Ieayole GopMyJH:

_ EL=m
2, —\/ll Us= 1y 0%

2E]y — M2

Q2 = /\/'1—2—(1—:_—125— snw, (37,10)
M2 —2E]

%=/ La—1) 4%

Oyukuun (37,10) — nepuoguueckue, mpuyeM HX NepuoA MO Ie-
peMeHHON T paBeH, KaK H3BeCTHO, BeJHYHHe 4K, rae K ectb noJ-
HbI JIJIMNTHYECKHH MHTErpaJs NepBoro poja:

] 72
— ds . du
K'—S V(T =52 (1 — k%9 ""OS Vi—Fsnia (37,11)

0
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Hepuog XKe N0 BpeMeHH Aaercs, CACAOBATENBHO, BbIpaxKeHHeM

111
T=4Kr\/(13_12)‘(1&:_2511) . (37,12)

Ilo ncreueHun sTOrO BpeMeHM BeKTOp Q BO3BpallaeTcssi B CBOE
Hava/JbHOe MOJIOXKEHHe OTHOCHTeNbHO ocell Bosauka. (CaMblii xe
BOJTYOK IIPH 3TOM OTHIOAb HE BO3BPallaeTcs B CBOE NpexkHee MOJO-
JKeHHe OTHOCHTeNbHO HEMOABHIKHOH CHCTEMB KOOPAMHAT — CM.
HHXe.)

pu Iy = I, bopmyan (37,10), pasymeercsi, upupoastcs K pop-
MyJjaM, IOMyYeHHHIM B NpeiblAylieM naparpade Ajas CUMMeTPH-
yeckoro BoJsuka. J[lefictBurenwvHo, npu [} — [» mapamerp k2—-0,
SJUTHNTHYECKHE (YHKIHHA BBHIPOKIAIOTCS B KPYroOBble:

snt—sint, cnt—>cost, dnt—1,

H MBI BO3BpamaeMcs K ¢opmynam (36,7).

[lpn M2 =2EIl; umeem: Q= Q, =0, Q;=const, T. e. Bek-
TOp €2 NOCTOSIHHO HANpaBJeH BROJbL OCH HHEPUHH X3; 5TOT cJayudail
COOTBETCTBYET DaBHOMEpDHOMY BpPAIIEHHIO BOJYKA BOKPYT OCH Xa.
AnanornunnM o6paszoM npu M2 = 2E];, (npu 3toM 1 = 0) nMeeM
paBHOMepHOe BpallleHHe BOKPYT OCH X.

ITepefinem K omnpepesieHHio aGCOMIOTHOrO (IO OTHOIIEHHIO K He-
NOABHXKHON cHcTeMe KoopAuHatT X, Y, Z) nBHIKeHHS BOJYKA B MpO-
CTpAHCTBe KakK (YHKUMH BpeMeHH. [na 2TOro BBOAHM 3#l/1epOBH
yras ¢, @, 6 MeXay OCAMH BOMUKA Xy, X3, x3 U ocamu X, Y, Z,
BHIOpaB NPH 3TOM HENOJBUIKHYIO OChb Z BJOMb HAampaBJeHHS N0«
crosiHoro Bekropa M. ITOCKONBKY MOJSIPHBI yroJ W asHMyT Ha-
npaBJleHHs Z 1O OTHOLIEHHIO K OCSIM X1, X2, X3 PABHBI COOTBETCTBEH«

HO O u —‘;— — ¥ (cm. npuMeuanne Ha crp. 144), TO, mpoekTHPYSH
BexkTop M Ha ocHu xi, Xo, X3, MOJYUHM:
Msingsiny=M,=1Q,
Msin8cos$ =M, =I,Q,, (37,13)
' Mcos 0= M;=1Q,.
Orciona
cos 0= 1Q/M, tgy=1,92/1Q,, (37,14)
H, ucnoabsysa gopmyan (37,10), nadinem:
cosB= r\/ Ijvffz:ff[)‘) dnr,
b=/ TS TT
YeM U OOpefie/isieTcs 3aBHCHMOCTb YIJIOB € M 9 OT BpeMeHH; BMe-

¢Te C KOMIIOHEHTaMH BEKTOpa Q OHH SBJAAIOTCA nepHoAUYCeCKHMH
(¢yHKUUAMHE ¢ nepHofoM (37,12),

(37,15)
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Yroa ¢ B ¢opmynm (37,13) He BXOAUT, U AJs €ro BHUHCJICHHA
Hajgo -o6parutbea K ¢Gopmysam (35,1), BHIpaXKaOUM KOMIIOHEH«
TH € Yepe3 NPOH3BOJHBIE N0 BpPeMeHH 3HJepoBHIX yraos, Hckio-

yasg O U3 paBeHCTB
Q, = ¢ sin 8 sin P -+ 6 cos P,

Q, = ¢ sin 6 cos P — 6 sin P,
DOAYYHM:
Q, sin P 4 Q; cos 1[)
sin 0

IoCJ/e 4ero, Henoab3yd ¢opmydasl (37,13), Hafimem:
de 1,97 + 1,02 37.16)
ar " Peiy et 57,
- 179 2 2
Orciona ¢yuxkuus ¢@(f) onpenensiercss KBajpaTypod, HO HOJABIHTEs
rpajbHOe BHIPaXKeHUEe COLEPIKUT CAOKHBIM 06pa3oM 3JAHNTHYECKHE
- ¢pynknun. IlytemM psiza HOBOJIBHO CJOXKHBIX Ipeo6pasoBaHUf 3TOT
HUHTErpajJ MoOKeT OBITb BbIpaXkeH Yepe3 TaK HashiBaeMble TITa-
{)YHKNMH; He IPHBOAS BBHIUMC/IEHHH !), YKaKeM JHIIb HX OKOHYa-
TEeJbHBIA pe3yJ/bTar.
Qynkuua ¢(f) Moxer OHTh NpeJcTaBieHa (C TOTHOCTHIO [0
NPOH3BOJBHOA aIAUTHBHOR MOCTOSIHHON) B BHAEe CYMMH JBYX

YJIEHOB
() =0, (1) + (D), 37,17)

OJ¥H H3 KOTOPHIX aaercs ¢opMyJoi

ot (_— ) (37,18)
. (T +ia)

rie ¥o1— T3TA-QYHKLHS, a o — BEIECTBEHHAA MOCTOSHHAS, Onpe-
HeNdIonasacsd paBeHCTBOM

. . I, (M*—2E1,
sn (i20K) = i A/ T-Grr—iibr (37,19)

(K m T—mns (37,11), (37,12)). DyHxkuud B npaBofi CTOpOHE
(37,18) — neproanveckass ¢ nepuoxoM T/2, Tak uro ¢;(f) u3me-
usercss Ha 2m 3a Bpema T, Bropoe canaraemoe B (37,17) naercs
dopmynoii

t 1 M 1 9 (ia)
RO=207" T =g T Bt

(37,20)

) Mix moxHo HafiTh B kuure E. T. YurTekep, AHaMHTHUCCKad NHHAMHKA. —
M.: OHTH, 1937,
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Ora GYHKIHMS HCIBITHIBaeT npHpauieHue 2% 3a Bpems 77, TaxuM.
006pasoM, NBHXKEHHe IO yIJIy @ NPEACTABJSET CO60H COBOKYMHOCTD
ABYX NePHOAHYECKUX H3MeHeHHH, mpHueM oauH u3 nepuoaos (T)
CoBIajaer C NepPUOAOM H3MeHeHUs yrJjoB ¥ u 0, a apyroit (T') —
HecoHaMepuM ¢ mepBbiM. [locsenHee 06GCTOATENBCTBO NPHBOJHT K
TOMY, YTO OPH CBOEM JBHIKEHHH BOJIYOK HHKOTAA He BO3Bpalaercs,
CTPOro roBOPsi, B CBOE MePBOHAYAJNbHOE I0JI0KEHHUE,

Banaun

1. Onpemenuts cBoGogHOE BpalleHHE BOJMYKA BOKPYF OCH, OJH3KOH K oOCH
HHepPUHH X3 (WM X1).

Pemenne. Ilyets k Hampasaenuio M 04u3ka och x3. TOrJa KOMIOHEHTH
M, 1 M, fBAsiIOTCS MalbIMH BeJHYMHAMH, a KOMNOHenta Mz =~ M (c TouHocThiO
[0 BeJHYHH HepBOro nopsigka Majocth). C 3TOH Ke TOYHOCTBIO NepBHIE JBA H3
ypaBHeHu#l Ditnepa (36,5) HANHIIYTCH B BHUIE

dM I aM I
a=(- 2o, St~ F—1) e,

rle Mbi BBEJH TOCTOsIHHYI0 Qo = M/I3. Crenys o6liuM npaBuiaM; HileMm peeHHe
ana My, Mz B Bane, mpomopHHOHAJLHOM e, u pas wacrotn © noJjyyaem 3Ha-

YyeHHe . o -
—%A/(7-1) (7 -1) »

Has -camux we seanuns My u M, nomyunm
M= Ma/\/———lcosmt Mz—Ma/\/——lsmcot _ 2)

rlie @ — NPOH3BOJLHAS MaJjasi NOCTOAHHAS. DTHMH (QOPMYyJaMU ONpefeNserca ABH-
JeHHe BeKTOpa M OTHOCHTENbHO BOJYKA; B MOCTPOGHHH Ha pPHUC. 51 KOHel BeKTo-
pa M onuceiBaer (¢ 4acToTOM ®) Majblfi SMJIHIC BOKPYF MOJIOCA H2 OCH X3.

s onpeleJieHHs a6COMOTHOTO IBHXKEHHA BOJYKA B MPOCTDAHCTBE Ompeje:
NisleM ero siepoBHl yraul. B manmmom caydae yron makaoHa 0 ocm x3 K ocu Z
{Hanpasnenuio M) man, u coraacHo popmynam (37,14)

3)~M?+M§,

tg b= M/M,, 02~2(1—c039)-—2(1 v ——

noacrasass (2), noayuaem:

1
tev= \/12(13-1 y cte oh

02 = az[(—li- — l) cos? ot + (—%—- 1) sinzmt]. | (3)

[as BLYHC/IEHHMST yIVIa @ 3aMedaeM, YTO corjacHo Tpetbeit us dopmyn (35,1) npu
okl

Qozgsz\i}-}-@.
Q=0 — ¢ 4

(UpPOH3BOMBLHYIO MOCTOAHHYI HHTErPUPOBAHKA ONyCKaeM),

TTostomy
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Bonee narasaanoe NpeicTaBieHHe O XapaKTepe ABHXKEHHA BOJUKa moaydaercs,
€CA¥ NPOCAeAHTb HENOCPEACTBEHHO 33 H3MeHeHHeM HaNpaBiCHHsi ero Tpex Ocex
HHepUnH (eAHHHYHbLIE BEKTOPH BIOML STHX ocefi 0603nayuM NOCPEACTBOM M, Nz,
ns). Bektopw ny m Ny paBHOMepHO BpamialoTcss B NAockocTH XY ¢ wacroro#t Qo,
OIHOBPEMEHHO HCOHTHBA® Majue KojgeOaHHf C YacTOTOA « B TNONepeuHoOM Ha-
DpaBJeHHH; 9TH KoneGaHHs ONpelesnloTcs Z-KOMNIOHEHTAMH YKa3aHHLIX BEKTOPOB,

AJI1 KOTOPHIX HMEEeM:
M, /\/ I
N —— = — ~— 1 cos wt
MRy Tl 1, ’

M, I3 .
n2Z~T4—_a T, 1 sin wf.

Ilag BekTOpa ny UMeeM C TOl K€ -TOYHOCTDHIO:
nax~0sing, ny~—0cosq, nyg~1

(nonApHEIA Yyron m asEMYT HanpaBJeHHs ns NO OTHomeruio X ocsim X, Y, Z pas-

Ha O nop— -g—;cm. npumeyaHre Ha crp. 144). Haaee nuwem (mcnonansysa IpH
sToM opmyan (37,13)):
nax == 0 sin (Rot — P) = 6 sin Qy? cos P — 0 cos Qpf sin P =

. M
—M—2 sin Qot — TI cos Qof =

=a/\/%-—l sin Qqf sin 0! —a /\/—;i—l cos Qf cos af,
; 2

HJR OKCHYATEJNLHO:

na,,-:-—%(/\/—;‘i—l +/\/—}%——l)cos(90+m)t+

a l3 13 )
-+ -—-2 ( ———Il -1 — /\/—12 — 1 )cos (Qo -_— (1)) t.
AHaNOTHIHBIM 06p830M

n3y=——;—(/\/§—:—l +’z\/%—-l)sin(90+w)t+
l .
3 (VET A E s

OTcioga BHAHO, YTO JBHXKEHHE BEKTOpa ny NpeAcTaBjseT coGodl HajloxehHe
ABYX BpamieHuii BORPYT ock Z ¢ wactotamu (Qo = 0).

2. Onpepenuth cBOGOAHOE BpalleHHe BOJUKA npu M? = 2E],

Pemenue IDror cayuall oTBeYaeT B MOCTPOEHHH Ha pHC. Bl NepeMelleHHio
KOHLIA BekTopa M mo xpuBoii, npoxoAsileli uepe3 MOJIOC Ha OCH Xa.

Ypaenenne (37,7) npHHMMAaeT BHI

ds (L — 1) Us— 1) Qs
Nl =] — g2 = == —
dv s T=iaf Il Yoo 8
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rne Bpeneno o6Go3rademne Qp == M[I, == 2E/M. Wurerpupya sto ypasHedue, 2
saTeM BOCHO/b30BaBLIHCH Gopmynamu (37,6), moayumm: .

_ (=1 1
&= ’\/ L(I,—1I) chv’

92= Qo th T,

Iy(lp—1) 1T
13(13—11) chy’

QS=90

Ias onucanus aGCoMOTHOrO ABHKEHHS BOJYKA BBOJHM 5HIEPOBH YIVIH, Onpe-
Jnenus O kax yron Mexny ocklo Z (HampaBsemHeM M) H OCbIO HHEPIMH BOJYKa ¥z
(a He xs, KaK B TeKcTe), B ¢opuyaax (37,14), (37,16), cBsi3uiBaOUWIHX KOMIO-
HEHTH BekTOpa §2 ¢ 5HJepOBBHIMH YIJIaMH, HajQ NPH 9TOM CAeJATh UHKJIHUECKYIO
nepecTaHoBKY KEAeKCOB 123 — 312. IloxcraBms 3aTem B 3TH (ODMYJH BHpaxes
aus (1), noayunm:

cos@=tht, @=Qf-} const, *“"’V -f?ffiifii

M3 noayuenanx (opMyJ BHIHO, YTO BeKTOp R acHMOTOTHuUecKH (npu f-> co)
ApuONUKACTCA K OCH Xz, KOTOpasd OJHOBPEeMEHHO acCHMUTOTHYECKH NpPHOJHKaercs
K HenoABMXHOH ocH Z.

§ 38. ConpukocHOBeRHE TBEPARIX Ted

Ycaosun pasHoeecus TBepAOrO Tesa, KaK 3TO BHAHO H3 ypas-
HeHMH JBHIKEHHSA (34 1) u (34,3), MoxHO cq)opmymlpoaa'rb B BHIe
paBeHCTBA HYJI0 JACHCTBYIOIIHX HA HEro NOJHOA CHJB H TOJHOrO

MOMEHTa CHJI:
F=> =0
K=, [ri]=0.

CyMMHpoBaHUe NPOH3BOIUTCS 3/1€Ch 10 BCEM NMPHJIOKEHHBIM K TeJy
BHEIIHAM CHJIAaM, a I — PalnyC-BEKTOPHl «TOUEK MPHJOKEHHS» CHJI;
TIPH 5TOM TOUKa (HAYajo KOOPAWHAT), OTHOCHTENLHO KOTODOH ompe-
JIeJISIOTCST- MOMEHTH!, MOXKeT OblTb BLIOpaHA NPOH3BOJLHBIM 06pa«
3om: npu F=0 3nauenue K ne 3aBucut or 3toro Bubopa” (cMm.
(34,5)).

Ecnu MH HMeeM HeN0o C CHCTeMOfl CONPHKACAUIMXCSH APYr
¢ APYroM TBepIbIX TeJ, TO B paBHoBecHH yciosusm (38,1) moaxubl
BLINIOJIHATECA AN KaXEOIO H3' TeJa B OTAedbHOCTH. [lpu stoM B
YHUCJIO CHJI JOJIKHH OHTh BKJIIOUYEHB TAKXKE H CHJIb, AefCTBYOOUHe
Ha JaHHOE TeJO CO CTOPOHEl OCTaNbHHX CONPHKACaloIHXCS C HHM
Tesa, DTH CUAB NPUJIOKEHH B TOYKAX CONPHKOCHOBEHHs Telt H Ha-
sbIBaloTCs cusamu peaxyuu. OueBUIHO, UTO AJA KAXKAHX ABYX Tea
MX B3aMMHble CHJIBl PeaKuWH PaBHEl MO BEeJHYHHE H MPOTHBONO-
JIOXKHHI 110 HanpaBJIEHHUIO.

B ofmem cioyuae Kak BeJIMUHHBI, TAK 4 HANpaBJeHHS peaknwit
ONpPEC/AIOTCS B pe3y/abTaTe COBMECTHOTO PeIIeHHs CHCTEMBl ypas-

(38,1)
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HeHuA paBHOBecust (38,1) ana Bcex Ten. B HekoTOpHIX cayuasx,
OAHAKO, HANpaBJeHUA CHJ pPeaKLHH 3aJAI0TCA YiKE YCJIOBHIMU 34«
navyy. Tak, eciu JBa Tela MOTYT CBOGOAHO CKOJIb3UTH MO MOBEpPX-
HOCTH APYT JpYyra, TO CHJIB PeakIMHd MeX]y HUMH Halpas/ieHH N0
- HOpMAaJH K IIOBEPXHOCTH. )

Ecnn conpukacamouiyecs Ttesa ABHXYTCA JPYT OTHOCHTEJBHO
Ipyra, TO, KpOMe CHJ DeakuHHu, MOSABJSIOTCH TaKXKe CHJLl JHCCH=
NAaTHBHOTO XapaKTepa — CUAbl TPeHUs.

BosMmoOxHBI jgBa THUNA JBHXKEHHS CONPHKACAIOUWIMXCA TeJ—
croavxcene u Kadenue. Ilpu cKOJIbIKeHHH peakIndl NeprHeHIHKy-
JSAPHH K CONPUKACAIOIMUMCH IOBEpXHOCTSIM, a CHJIHL TPeHHd Ha-
IPaBJEHH N0 KacaTeJbHBIM K HHM.

UnucToe KaueHHe XapaKTepusyeTcsi TeM, UTO B TOUKAX COMNpH-~
KOCHOBEHHS HeT OTHOCHTEJNbHOTO JIBHXKEHHS TeJ; JPYTHMH CJIOBaMH,
KaTdAlleecad TeN0. B KAXAHA MOMEHT BPeMeHH Kak Gbl 3aKpelJieHo
B TOYKe CONPUKOCHOBeHHsA. IIpH 3TOM HampaBJeHHe CHAB pPeakUUH
NPOH3BOJALHO, T. €, He O00S3aTeJbHO HOPMAJBLHO K CONPHKACAO-
WHUMCA NOBEPXHOCTAM. TpeHHe e NPH KauyeHUM NPOABJAAETCH B
BH/le AONOJHHUTEJBLHOTO MOMEHTA CHJI, DPENATCTBYIOMIEro KaueHHIO,

 Ecnn npu cxosbxenun TpeHne HaCTOJABKO MaJjo, YTO HM MOXKHO
BOBCe InpeHeGpeub, TO NOBEPXHOCTH TeJ HA3LIBAIOTCA Q6COAHTHO
eaadkumu, HanpoTus, eciu CBOMCTBA TNOBEPXHOCTH JOMNYCKAiOT
JIMIIb YHCTOe KaueHue Tes 06e3 CKOJLXKeHHS, a TpeHHeM NpH Ka-
YeHHH MOXKHO IpeHeOpeub, TO NOBEPXHOCTH Ha3HBAIOT ab6COAOTHO
uiepoxosaTsimu.

B ofoux cayuyasx cuJbl TpeHUS He (QUIYPHPYIOT SBHHIM o6pa-
30M B 3ajade O JABHKEHHU TeJ, H IIOTOMY 3ajaya siBIsieTCsl YHCTO
MexaHudeckot. Ecin e KOHKpeTHble CBOACTBA TPeHHS CYLIECTBeH«
HH JIJ1sl JBHXKEHHS, TO IOCJelHee He fABJAETCA yxkKe YHCTO Mexa-
HuYeckuM npoueccom (cp. § 25).

CONpHKOCHOBEHHE Tesl YMEHbUIAeT YHCJIO HX cTeneHell cBOGOIHI
No CPaBHEHHIO C TeM, KOTOPHIM OHM 006/ajaann bl npu CBOGOJHOM
JBHAKEHHH. [0 CHX HOp IPHU pPAacCMOTPEHHH TAKOTO POJa 3a7ay MHL
VYHTBIBAAH 5TO OOCTOATENBbCTBO NyTeM BBEJEHHS KOOpDJAWHAT, He«
IOCPEACTBEHHO COOTBETCTBYIOUIMX peasibHOMY YHCJYy CTelleHel CBO-
6oxabl. [lpu KaueHnu Tes, OJHAKO, Takofi BHOODP KOOpAHHAT MOXKET
0Ka3aThCH HEBO3MOMKHBIM.

YcnoBue, Hak/JaJbiBaeMOe Ha JBHKEHHE TeJ NPH KadeHHH, 3a-
KJII0UaeTcs] B PaBeHCTBE CKOpPOCTeHl cONMpHKacaloluxcst ToueK (Tak,
OpH KaueHHH TeJa MO HENOJBHXKHON NOBEPXHOCTH CKOPOCTH TOUKH
CONPHKOCHOBEHHSI JOJiXKHA OBITb paBHa Hy/a0). B obmem ciayudae
TaKoe yCJIOBHe BHIPAXKAeTCs ypasHeHuamu cafaell BUAA

; caiqi =0, (38»2)

Tle Cqi— QYHKUMH TOJBKO KOOpAMHAT (MHAEKC of HyMepyer ypas-
HeHHs cBsidef), Ecam JseBHle CTOPOHB pPaBeHCTB He SBJSAIOTCA
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NOJIHBIME NPOU3BOJHBIMH 10 BpEeMEHH KaKuX-iu6o QyHRUHE KOOpAH-
HAaT, TO 3TH YPaBHEHHA He MOTLYT ObITb NPOHHTErpUpoBaHbl. Jlpy-
MU CJIOBAMH, OHH He CBeAYTCSI K COOTHOLIEHHSM MeEXAY ORHUMHU
TOJILKO KOODJAHHATaMH, KOTODBIMH MOXKHO O6bLIIO OBl BOCIOJbL30-
BaThed AJs TOro, 4ro0bl BLIPA3UTh NMOJIOXKEHHe TesJ Yepe3 MeHbluee
YMCJIO KOOPAMHAT B COOTBETCTBHH C peasibHBIM YHCJAOM cTemeHeit
cB060/5. Takue cBsI3W HA3LIBAIOT HEZOAOHOMHbIMU (B NPOTHBOMO-
JIOXXHOCTb @0A0HOMHbIM, CBSA3LIBAIOIIHM JIHIIb KOOPAWHATH CH=
CTEMBI).

PaccMoTpuM, Hampumep, KadeHde Iapa MO NJIOCKOH MOBePX-
Hoctd. Kax oOpMHO, 0603HAYHM NOCPeACTBOM V CKOPOCTh TOCTY-
naTeJbHOro JBHXKeHHs: (CKOPOCTb LieHTpa Iluiapa), a MOCPeJCTBOM
£2 — yrioByl0 CKOPOCTh BpalmeHuss ero. CKOPOCTb TOYKH KacaHus
1mapa ¢ MJIOCKOCTBIO NMOJNYUHTCH, €CAM MOJNOXKHTh == —an B 06-
el popMyse v=V -+ [Qr] (a—pajdgyc mapa, n— eIHHHUYHLIA
BEKTOp HOPMaJH K IJIOCKOCTH KauyeHHUd B TOYKEe CONPUKOCHOBEHHS).
Mcxkomas cBsizb mpencraBssieT COGOH yCJI0BHE OTCYTCTBHS CKOJb=
JKEHHA B TOUKE KacaHHd, T. e. JaeTCA YpaBHEHHEM

V —a[@n] =0. (38,3)

OHo He MoxerT GHTh NPOUHTErPHPOBAHO: XOTHA CKOpPOCTH V mpen-
craBasier co6Of TNOJIHYI0 NPOU3BOAHYIO NO BpPeMeHH OT pajuyc-
BEeKTOpa IeHTpa IUapa, HO 3aTO YIVIOBAA CKOPOCTb He sfBJseTCS
B ofIieM cayuyae MOJHOH MPOH3BOJHON Kakux-iubo koopauHart. Ta-
KHM o0pa3oM, cBsi3b (38,3) HerosoHOMHA!). A

[TockombKy ypaBHEeHHs] HErOJIOHOMHBIX CBsI3efl HeJb3sl HCMOJb-
30BaTh JJIfl YMEHbIIEHWST YHC/JAA KOOPAMHAT, TO NpH HaJMYHU Ta-
KMX CBfideft Heu3GeXHO NMPUXOIMUTCA T[OAB30BATHCA KOOpAHHATaMH,
KOTOpble He BCe He3aBHCHMBL. {5l cOCTaBJieHHS COOTBETCTBYIOUIHX
ypaBHenuil JlarpaH:xa CHOBa BepHeMCS K NPHHLIHIY HaHMeHbILEro
JeHCTBHUSA. :

Hanuune cBasef suga (38,2) Hamaraer onpejiesieHHble OrpaHH-
YeHHS] Ha BO3MOXKHBle 3HAUeHHS Bapuauuilt KoopaunHat. HmesnHo,
YMHOXHB 3TH ypaBHeHus Ha Of, MBI HaljJeM, 4TO Bapuauud 8¢;
He HE3aBHCUMBI, a CBA3aHBI COOTHOUIEHHSIMH

2, car89;=0. (38,4)

310 06CTOATENLCTBO NOJKHO GBITh YUTEHO NMPH BapbHPOBaHUH JeH-
crBusi. CorslacHo obmemy Merody Jlarpanxka A/ HaxOXAeHHS

1) 3aMeruM, ©TO Takas e CBA3b AJS KaueHHs IWJHHAPA Obla Ol roao-
HoMHO!. B sToM c/yuae oCb BpamieHHsl COXPaHsieT NPH KAUCHHH NOCTOSAHHOE Ha-
npaBJeHde B MPOCTPaHCTBe, H NoToMy Q = d@/df asasercs noaHOH mpon3BOLHON
0T yraa moBopora. ¢ IunmAZpa BOXpyr cBoed ocH. Coordomenme (38,3) mpum
5TOM HHTErPHPYETCS H [JAe€T CBA3b MEXAY KOODAMHATOH LEHTpAa HHEPUHH H yi-
a0M Q.
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YCJAOBHBIX 3KCTPEMYMOB, HaI0 K IMNOABIHTErpajbHOMY BbIDaiKeHHIO
BapHalUuH JeHCTBUA

oL  d aL
i

npuGaBuTh YMHOXEHHble Ha HeompejesieHHHe MHOXKHTeAH (YyHK-
IHMH KOOPAHMHAT) A, ypaBHeHHs (38,4), mociae 4vero mnorpeGoBaTh
o6pauleHns uHTerpaja B Hynab. [IpH 3TOM MOXHO yXKe CUHTaTb BCe
BapHaunH 8g; HE3aBHCHMBIMK, H MBI NIOJYYHM ypaBHEHHS

d oL oL
TG, o, ; AoCote (38,5)

Bumecre ¢ ypaBueHusmu cBsizefi (38,2) OHH COCTaBJAAIOT NOJHYIO
CHCTEMY yPaBHEHHH /11 HEM3BECTHBIX BEJNHYHH §; H Aq.

B u3/J0XKEeHHOM MeTOAe CHJIB pPeaKLHH BooOlie He GUrypupylor;
CONPHKOCHOBEHHE Tes LEJHKOM YYHTHIBAeTCS YPAaBHEHHSMH CBs3efl.
CylecTByeT, OJHAKO, U JPYrod METOA COCTABJIEHHS YpPaBHEHHH
JIBHYKEHHS CONPUKACAIOIMXCA TeJd, B KOTOPOM CHJIBI PeaKlHH BBO-
aarcst aBEbLIM 06pasoM. CYLIHOCTh 3TOr0 MeTOAa (COCTaBJ/ISIOLIETO
cogepXKaHUe TaK HaswiBaeMoro npunyuna 0'Asambepa) COCTOHT B
TOM, YTO AJIsi KaXAOro W3 CONPHKACAIOUHXCS TesJ THINYTCH ypaB-

HEHUA
dp dM
a4 = E f, w7 E [ff], (38,6)

npuYeM B YHCJIO AeHCTBYIOWIMX Ha Teso cHJ f BKJAIOYAIOTCH TaKke
H CHJBl PeaxklUHH; 3TH CHJB 3apaHee HEH3BECTHH H CaMH Ompeje-
JISIIOTCS BMeCTe C JABHXKEHUEeM Tena B pesyJbTare pelleHHst ypas-
HeHHfi. DTOT MeTOA B PAaBHOH CTeNeHH IPHMEHUM KakK IPH TroJo-
HOMHBIX, TAK U NPH HETOJOHOMHBIX CBA3AX.

3anauu

1. Monbsysich npyHuunoM X'AnamGepa, HafiTH yPaBHEHHS JBHXXEHHH OLHOPOX-
HOro wapa, KaTAIIErocs MO IJIOCKOCTH MOXA HAeACTBHEM NPHJIOKEHHHX K HeMy
puewHe#t cunst F u momenTa cua K.

Pemenue YpaBHeuue cBsa3u (38,3) mamucaHo yxe B Tekcre. Boas cuay
peakund (o6o3HauuM ee, XKak R), NMpPHJIOXKEHHYI0 B TOYKe KacaHWs Iiapa C mJo-
CKOCTBIO, Hanuwem ypasHeHHa (38,6):

dv
dQ
I—a-t—=K—'a[l‘lR] (2)

(snech yureHo, uto P = uV u uto gas waposoro Boauka M = IQ). Muddepen-
uHpys ypaBHeHnHe cBasH (38,3) mo BpeMeHH, MONTYHHM:

V=g [Qn].
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Moacrarus B ypabuenne (1) n ncxkaouas £ ¢ nomombio (2), nafinem ypasuenue
I
e {F 4 R) = [Kn] — aR - an (nR),

ceasbiBaloliee cuay peakuns ¢ F u K. Pacnucas 3to ypaBuenHe B KOMIOHEHTaxX
H NOJCTaBHB 1=€ pa? (cm. sajauy 2, 6, § 32),

6yneM HMeTh:

5 2
Re=dg Ko =7 Fxn
5 2
Ry=—-g Ke=7Fp Re=—TF,

(nnockocTh X, y BHOGpaHA B NJOCKOCTH KadeHwHs).
Hakonen, noacrasus stu Buipaxenust B (1), no-
AYYUM YpDaBHEHHA [BHXKEHHS, COJepKallde yKe
TOJbKO 3afaHHHE BHEUIHHE CHJY M MOMEHT:

dv 5 K
T = (re+ )

a T
iV_y=_5_(p _ Kx)
dt T \'¥ a J’
Puc. 52 KoMmnoHenTH R, Vymosoﬁ CKOPOCTH BHIpaXa-
forcsi yepes Vy m V, c noMompeio ypaBHeHHs
d
cesisn (38,3), a ans Q. uMeem ypaBHeHHe é—ua’ (?tz =K, (z-xoMnoHeHTa

ypaBHeHHs (2)).

2. Cm{oponﬂblﬁ crepxens BD Becom P u naMHoill | omHpaercs Ha CTeHy, Kag
NoKasano Ha pHC. 52; ero HuXuuil KoHeu B ynepxusaercs muthio AB, Onpepe-
JIKTh PeaKUHIO ONOp H HATSKEHHEe HHTH.

D
Vs
)/ {
A R, !
r = 8

-

¢ )3
Puc. 53

Pewenne Bec cTepiHS NPeACTaBJACTCS HNPHJAOKEHHOR K ero cepegdne
cuaoll P, nanpaBrennoll BepTHKaabHO BHH3. CHAB peakuuu Rs B Rc HalpabJeHH
COOTBETCTBEHHO BEPTHKAJNBLHO BBEPX H NEPNEHAHKYJAPHO K CTEPXKHIO, HATAXeHHE
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mutu T Hanpaeaeno oT B k A. Pewenne ypaBHeHHil paBHOBECHS Jaer:

RC=—§hL sin 2q, RB=P—RC sin @, T=Rccosa.

3. Crepxenp AB BecoM P onupaercs CBOMMH KOHIAMH ‘HAa TODH3OHTAJBHYIO
W BEPTHKAJbHYIO INIOCKOCTH (pHC. 53) H YAEPXKHBAETCS B ITOM NOJNONKEHHH BYMS
ropusonTaJbHpME HuTsAMH AD w BC; nute BC naxomutes B ONHOH (BepTHKa/Ib-
HOk) mnJIoCKOocTH €0 cTepXHem AB. Onpenennrb
peakuHH ONOD M HATSAXKEHHS HUTEH.

Pewenue Harsixesus Hurell To u Ts Ha-
upasienst or A k D u or B k C. Peakuuu Ry u
Ry nepneHAMKYJAPHN K COOTBETCTBYIOIUMM MJIO-
ckoCcTM, PelieHue ypaBHeHH]! paBHOBECHsT Jaer:

P .
RB==P, TB=3ctga, RA=TBsmB,
T,= TBcosb.

4. IlBa crepxHs AJHHON | coeinHEHHl CBep-
Xy UIapHHPOM, a CHH3y CKpensieHb HHTbio AB
(prc. 54). K cepenuHe O0ZHOrO H3 CTepXKHeH
npuioxeHa cuia F (BecoM cTepXHeil upeneGpe-
raeM). OnpefenuTh CHJB PEAKLHH.

Pemenne Harsxenne uutu T naefictByer
B Touke A or A X B, a B touke B—or B xA.
Peakunn Ry n Rz B Toukax A u B nepnenpu- Puc. 54
KyJaspHbe K maockocTH onops. Ilocpencreom Re '
0003HauHM CHJIy DeaklUHH B LiapHHpe, AEHCTBYIO-
myo Ha cTepKedb AC; Toriza Ha crepxenn BC peiictByer peaxuus — Re. Yeao-
BHE PaBEHCTBa HYJIO CyMMBl MOMeHTOB cul Rp, T u -—Rc, AeficTBYlOmMX Ha
crepxens BC, TPHBOAMT X pe3yabTary, uto BekTop Rc nanpasnen Brone BC.
OcTanbHBle YCJOBHA DaBHOBECHS (AJs1 KaXKAOro K3 ABYX CTePKHefl) NPHBOASAT K
3HAYEHHAM

-3 F

F

= ————— T ==
4sina’

1
TF Ltg(l,

rae o — yroa CAB.

§ 39. JisMxkenHe B HeHHEPUHAJILHOH CHCTEME OTCYETA

Jlo cux nop, paccMarpuBasi JABHKeHHe JI000H MeXaHHYeCKOff
CHCTEMBI, MBI BCerja OTHOCHMJIM €ro K HHepHHaJbHON CUCTeMe OT-
cgdera. TonpKo B MHepUHAaJbHBIX cHCTeMax orcuera ¢yHKUuua Jla-
rpaHka, HanpuMmep, OLHOH YACTHUBEI BO BHEHIHEM fl0Jie WMeeT BUJ

=23 —v, @9,
H COOTBETCTBECHHO ypDaBHEHHE ABUXKEHUSA
dvo __ QU
M= = " o

(Mbi Gynem B 3TOM naparpage oTiHYaTh HHAeKcoM (O BeJHYHHB,
OTHOCSIIIMeCst K HHepLUaNbHON cHCTEMe OTCcYera).
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3afimeMcsi Teiepb BONPOCOM O TOM, KAK BBIIVISAAT YpaBHEHHS
. ABMIKEHHS YaCTHIH B HeHHePUHaJbHOW cHcTeMe orcuera. Ormpas-
HHM INYHKTOM OpY PelIeHHH 3TOrO BONPOCA CHOBA ABJSETCH HNPHH-
UM HaHMeHbIIEero JAeHCTBUSA, NPHMEHHMOCTb KOTOPOrO He OrpaHH-
yeHa HHKAaKHM BBIGODOM CHCTEMBl OTCYETa; BMECTE C HUM OCTAKOTCA
B CHJie W ypaBHeHHs Jlarpanxa

d oL aL

Tl Tl Fab (39,2)
Oguako ¢yskuusa Jlarpanxa yxke He umeer Buaa (39,1), u aas
€e HaxOX/eHHs Heo6X0J¥MO MPOH3BECTH COOTBETCTBYWOLIEE Hpeol-
pasoBaHue QyHKUHH Lo.

dro npeo6pasoBaHHe MBI NPOM3BeJeM B JBa npuema. Paccmor-

puM cHadasa cucTemy orcyera K’, KOTOpasi IBHIKETCH OTHOCHTEJb-
HO HHepuHaJbHOH CHCTeMbl Ky mocTynarenbHO €O ckopoctbio V(7).
CKOpOCTH Vo U V/ YaCTHIB OTHOCHUTeJBHO cHcTeM Ko H K’ cBsizaHH
JApPYr ¢ APYrOM COOTHOIIEHHEM

Vo=V + V(). (39,3)

TloacraBus sto Bripamenue B (39,1), noayuum ¢yuxuuio Jlarpan-
*a B cHcreme K’

2
L = ”“2’ + mv'V +%v2——U.

Ho V2(f) ectp 3amaHHas ¢YHKLHSI BPEMeHH; OHa MOXKeT OBbITh
npe/CTaBleHA KaK IOJIHAas NPOH3BOJHAS 1O { OT HEKOTOPOH APYyro#
GYHKUMH, ¥ [OTOMY TPEeTHH UYJeH B HaNMCAHHOM BBIDAXKEHHH MO-
XKeT ObiTh onyuleH. [anee, v/ =dr’/dt, roe r’— paanyc-Bekrop
yacTHUH B cicreMe KoopauHat K’; moaromy
dr’ d dv
’ — A 4
mV () vV =mV —-=— (mVr’) — mr TR
Moxacrasus 310 B yHKIHMIO Jlarpanxka H CHOBa ONYCTHB IOJIHYIO
NPOH3BOJHYIO IO BPeMeHH, NOJYyYHM OKOHYATe/bHO:

. r2
L'="——mW@r —U, (39,4)

rie W = dV/dt — ycKopeHHe NOCTYNaTeJbHOrO JABHKEHHS CHCTEMBI
orcuera K'.
Cocrasass ¢ nomoinio (39,4) ypaBHeHHe JlarpaHixa, MOJTYYHM:

dv’ ou
m—r-=— - mW (). (39,5)
Mu BHJAHM, 4YTOo B CMBICJIe CBOEr'o BJHUAHHA HA ypaBHEHUSA IBHU-
JKeHHST 4YacTULbI YCKopeHHOC ﬂOCTyHaTeJIbHOC JBHXXEeHHEe CHCTEMHBI
OTCYE€Ta 3KBHUBAJIEHTHO IMOSBJEHHIO OIJHOPOAHOTO CHJIOBOI'O IOJIA,
inl‘leM ﬂ,eﬁCTBylomaH B 3TOM IIOJi€ CHJia paBHA Hp0H3BelleHHlO
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Macchl 4acTHILl Ha yckopeHHe W U HanpaBjieHa B [POTHBONOJIOX-
HYI0 3TOMY YCKODEHHIO CTOPOHY.

BBenem Temeps ellle 0OJHy CHCTEMY otcuera, K, KOTOpasi HMeeT
ofimiee ¢ cHcreMoii K’ Hauaso, HO BpallaeTci OTHOCHTEJNbHO Hee
€ yrioBOfl CKOPOCTbi0 Q(f); MO OTHOUIEHHID XKe K HHepUHaJbHOH
cucteMe K cucrema K coBepuiaer Kak MOCTYNaTelbHOe, TAK H Bpa-
I1aTeJbHOE JBHIKEHMUE. '

CKOpOCTb V' 4acTHIB OTHOCHTENbHO CHCTeMBl K’ cKiajbiBaercs
H3 ee CKOPOCTH V OTHOCHUTEJbHO cucTeMbl K u ckopoctd [Qr] ee
BpallleHUs] BMeCTe C CHCTeMOll K:

vV =v+[Qr]

(paznyc-BekTOpH r H ' yacTHuw B cucremax K u K’ coBnanaior).
TlogcraBuB 3TO0 BHpaxeHue B ¢yHkuuio Jlarpauxka (39,4), mo-
JYYHM:

L= ’"” + mv [@r] + 3 [Qrf —mWr — U. (39,6)

1o ecThb OOWMA BUA (QYHKHHM JlarpaHxKa YacTHUB B IIPOH3-
BOJILHOH HeHHepHHaJbHOH cHcTeMe orcdera. OTMeTHM, YTO Bpalle-
HHe cHCTEeMBI OTCYETa NPHBOAHUT K NOSBJIeHHIO B QyHKHuH Jlarpan-
*a ujaeHa oco6Oro BHAA — JHHEHHOrO 1O CKOPOCTH YaCTHILHL.

Jdns pbluKc/ieHHsi NPOM3BOLHBIX, BXOASIIMX B ypaBHeHue Jla-
rpaHxa, nuuieM noJHsil AuddepennHan

dL =mvdv -+ mdv[Qr]+
+ mv [Qdr] + m [Qr][Qdr] — mW dr — $Ldr =

— v dv + m dv [9F] + m dr [v@] + m [ [2r] @) dr — mW dr—3C dr.

Cob6upas uieHbl, cojepxauiue dv u dr, HaAfAeM:

%?,— =mv -+ m [Qr],
aL U
o5 =m[ve] + m[[Qr] Q] —mW — .

TonctaBpus 3TH BhpaxkeHus B (39,2), mMOJYYHM HCKOMOE ypaBHe-
HYe JBHKeHHS

m 3 — U W+ m[rQ] +2m [vQ] + m [Q[rQ]). (39,7)

MB BHAHM, YTO «CHJIB HHEPHHH», OGYCJOBJEHHBE BpallleHHeM

cucTeMHBl OTCUeTa, caaralprcs H3 Tpex uvactefl. Cuna m[rQ] cssa-
3aHa C HEPaBHOMEPHOCThIO BpallleHus, a [Be APYrHe NPHCYTCTBYIOT
¥ npu paBHOMepHOM Bpallenud. Cuna 2m[vQ] naswiBaetcss cuqod
Kopuoauca; B OTIHYHe OT BCeX paHee pacCMaTpHBABUIMXCH (He
JAYMCCHIIATHBHBIX) CHJ OHA 3aBHCHT OT CKOpPOCTH vactuub. Cuiaa
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m[Q[rQ]] nasbBaercs yenrpobescnoii., OHa HANpaB/eHa B IIO-
CKOCTH, NPOXOoAAWEed Yepe3 r ¥ Q nepneHAUKYJIAPHO K OCH Bpamie-
HHA (T. e. HANpaBJeHHIO ), B CTOPOHY OT OCH; 10 BeJHUYHHE LeH-
TpoGexkHasi cuia paBHa mpQ2, rae p— PacCTOsSIHHE YacTHUH OT
OCH BpalleHHs.

Paccmorpum oco6o cayuali paBHOMepHO BpamlaloLIENcs CHCTe-
Mbl KOOPAWHAT, He HMMeIOIleH HOCTynaTeJbHOro yckopenus. [loso-
xHB B (39,6) m (39,7) Q=const, W =0, noayium ¢yHKiH©0
Jlarpanxa

L= ”;" mv [Qr] + Z[Qrp — (39,8)
H ypaBHeHHe JABHXKEHHA
L = — S 4 om VO] + m (2 [r Q). (39,9)
BHYHCIHM TakKxe 3HEPTrUI0 YacTuibl B 3TOM CJyyae. HOZICTaBHB
p="25 = mv + m Q] (39,10)
BE=pv—1L, no.nquvi: ' |
E=" _ T4, (39,11)

O6parum BHWMAaHHE HA TO, YTO B JHEPrHUH JHHEHHLI 1O CKOpOCTH
YjieH OTCYTCTBYeT. BiusHMe BpAaIlleHHS CUCTEMBI OTCYETa CBOJHTCH
K A00aBJIEHHI0O B HEPTHI0 YJeHa, 3aBHCALIETO0 TOJLKO OT KOODAH-
HAT YaCTHUL M HNPONOPUHOHAJNBHOTO KBAaJpaTy YIJIOBOH CKOPOCTH.

. m .
DTa . AONOJHUTENLHAS NOTEHUWAJbHAA 3Heprna——2—[ﬂr] Ha3H-

BaeTcs yeHTpobescrol.

CKOpOCTbh V HACTHLIB OTHOCHUTEJNbHO PABHOMEPHO Bpamariueiics
CHCTEMbl OTCUETA CBsI3aHA C €e Ke CKOPOCTHIO Vg OTHOCHTENBHO
UHepUHaNbHOHA cucTeMu Ko OcpeacTBoM

= v+ [@r). (39,12)

ITosTomy umnyabc p (39,10) uwacTuusl B cucreme K coBnanaer ¢
ee Xe HMMIYJBCOM Po==mvy B cucreMe Ko Bwmecre ¢ HuMu coB-
NajaloT TAKKe MOMEHTH UMmy/abcoB Mg ={rpo] ¥ M =|rp]. uep-
THH Ke uactaus B cucreMax K u Ko paSJIH‘{Hbl IMoacraBus v u3
(39,12) B (39,11), nonyuum:

2

2
E=220 — vy [@r +U="2 4 U—mirvil Q.

[JepBble ABa YieHa MNpeicTaBJslOT co6ol sHepruio Ey, B cucreme
K,. BBoasi B MOCHEeAHHH WIeH MOMEHT HMIYJbCa, TOJYUHM:

E=E,— MQ. (39,13
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Jrol dopMys0fi onpenenseTcst 3aKOH NpeobpasoBaHUs SHEPTHH
NpH nepexojle K PaBHOMEPHO Bpalaloulefics CHCTEMe KOOpAHHAT.
XoTsi Mbl BBHIBEJH €ro 11 OAHOH YacTHllbl, HO OYEBHIHO, UTO BhbI-
BojJ MOXeT OBITh HelmocpeAcTBeHHO 06o6iieH Ha cayyail Jo0of cu-
CTeMH YaCTHI W TNpHBeneT K Tofl e popmyne (39,13).

3anauwu

1. Haiitu oTRAOHERNE CBOGOAHO NajAlOUWIEro Tesna OT BEPTHKAMM, 00yCJOBIEH-
Hoe BpailleRneM 3JeMmun. (YTJOBYIO CKOPOCTb BpallleHHs CYHTATh MaJiof.)

Pewenune B noae taxectn U= —mgr, rie g — BEKTOP YCKOPEHHS CHJIbI
TsXKecTH; TpeHeGperas B ypaeHenun (39,9) uenrpobexuoit cuioil, conepxaueh
KBaapaT , NOJNYYHYM ypaBHEHHe ABHXKEHHH B BHIE

v=2[vQ] +g. n

PewiaeMm 3T0 ypaBHeHHeE NOCJeLOBATEJNbHHIMH NpuGIIKeHHsiMH. Hdas storo no-

JlaraeM: V = Vi - Va, e vy — pellieHHe ypaBHeHHA Vi = g, T.e. vy = g+ vo
(Vg — HavanbHas ckopoctb). [ToRcTaBusis v = v;+ v, B (1) H ocraBass cmpasa
TOMADbKO Vi, [ICJAYUHUM YpaBHeHHEe AJS Vil

ve=2[v,Q] = 2f [gQ] + 2 [voR).
Hnrerpupysd, noayunm:

gt? 3 2
r=h+vot+—2—+ T[g9]+l‘ [voQ], (2)

rae h — BeRTOp HAYATLHOrO MOJOMEHHS UACTHIHL.
BrGepeM oCb 2 NO BePTUKAJNH BBEPX, a OCb X — MO MePHAHAHY K MNOJIOCY;
TOrAa

gx=gy=0: g2=—"g; szQCOSA, 9y=0; Qz=95inl,
rie A — wHpoTa (KOTOpYIO AJs1 ONpEJeJIeHHOCTH Npejnosaraem cesepHoil). IToso-
*KuB B (2) vo = 0, Haiinem: .

8
x=0, =-——3—g$2wsh.

Tloacrasue ciona BpeMs mnajenns ! =2 1/2h/g, HafileM OKOHYATEJbHO!

3/2
x =0, g=—-:‘1}—(—2§,1-)/g£2cosk

{oTpHuaTe/bHBe 3HAYEHHS § COOTBETCTBYIOT OTKJOHEHHIO Ha BOCTOK).

2. OnpegenuTh OTKJIOHEHHE OT INIOCKOCTH Jif Teda, GPOLIEHHOro € MoBepX-
HOCTH 3€MJIH C HayaJbHOH CKOPOCTBIO V.

PemenHde BrGupaem miocKocTe ¥2 Tak, YTOGH MJIOCKOCTh Vo Aekasa B
Hel. Hz)manbuaﬂ Beicora h = 0. [laa Gokosoro oTkaoHeHHs noayuum H3 (2) (3a-
nagsa 1):

e
y=—-—3 89 + 12 (Qx00z — 200x),

HAY, DOACTABHB BpeMs nosera ! & 200./g:

405, (1
y= &z ? V0225 — Vox8z |-
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3. OmnpegeiuTh BAHsIHHE, OKa3nBaeMoe BpallleHdeM 3eMJIH Ha MaJnle KoJeGa-
HHA MafATHHKa (TaK Ha3biBaeMblli maatnux Pyko).

Pemenne [lpeHeGperast BepTHKaJbHHM CMellleHHeM MafTHHKA KakK MaJoi
BEJIHYHHOM BTOPOTO NOPAJAKA, MOMKHO CYMTATh [BHXKEHHe TeJa NPOHCXOJAIHM B
TOpH30OHTaNbHOA nyocKocTH xy. Onyckas uieHbl, cofepxaiie Q2, HanHeM ypas-
HEHHsS JABHXKEHHS B BHIe

%+ o%x = 29,7, i+ 0%y = — 2Q,%,

FAEe ® — 4YacToTa KoJebaHHH MasiTHHKa Ge3 ydera BpamleHHs 3emyd. YMHOXUB
BTOpOE YpaBHEeHHe Ha { H CJIOXKUB C NepBHIM, MOJYYKM OJHO ypaBHeHHe

E+ 20,8 + 0 =0

NI KOMTLIEKCHOH BesHunHb & == x - iy. Ilpn Q. <« o peleHHe 3TOro ypaBHeHHSA
HMeeT BHJA

E=e "% (4,07 4 Mpemio%)

MR
—iQt
xtiy=e % (x5+iyo)
rae Gynkuun xo(f), yo(f) KaOT TpaekTOpHIO MasTHHKAa 6e3 yuera BpamieHHs 3em-

Jau. Bausinde 3TOro BpalleHHs CBOAHTCS, CJAEAOBATENbHO, K MOBOPOTY TPaeKFOpHH
BOKDYI BEPTHKaJIH C YIJIOBOH CKOPOCTbIO Q..



FJIABA VIl

KAHOHHYECKHUE YPABHEHHUSA

§ 40. ¥Ypapuenns amuabrona

QopMyanpoBaHHe 3aKOHOB MeXaHHKH C MOMOIBI0 dyHKUHK Jla-
rpamxka (M BHIBOAMMBIX K3 Hee ypaBHeHH# Jlarpawxka) mnpenmo-
Jaraet ONHCAHHE MEXaHHUECKOro COCTOSIHHSA CHCTEMBl TyTEeM 3ajaa-
Husi ee O6GOOLIEHHBIX KOODAHHAT B cKopocrtefi. Takoe omnucanue,
OJHAKO, HEe ABJAETCS €IUHCTBEHHO BO3MOKHbBIM. PH}I NpeuMyIiecTs,
B OCOGEHHOCTH NpH HCCJIENOBAHUH DAasJHYHBIX OGIIHX BONPOCOB
MCXaHHKH, Npeac¢TaB/asieT OINHCaHHe ¢ ITOMOLILIO OﬁOﬁHJ.eHHbIX KO-
ODAMHAT H MMIYJbCOB cHCcTeMbl. B ¢Bfi3M C 3THM BO3HHKaeT BO-
NpoCc O HAaXOXK/[IEeHHH YPABHEHHI J[BHIKEHHf, OTBEYAIOMIHX TAaKOH
hopMyIMpOBKE MEXAHHKH.

[lepexon ot oaHOro Hab6opa He3aBHCHMBIX NMePeMeHHHIX K Ipy-
TOMy MOIKHO COBEpHIHTb IyTeM IpeoOpa3oBaHus, H3BECTHOIO B Ma-
TeMaTHKe NojJ HasBaHHeM npeo6GpasoBarHs Jlexanapa. B panuoM
cjiyyae OHO CBOJHUTCS K CJAEAYIOLIEMY.

* Honumit aubdepennnan ¢yukuuu Jlarpanxka kKak ¢yHKIHH
KOOpAYHAT H CKOpPOCTeH paBeH

aL oL ,.
=Yy L 4.,
dL Zi 5‘71 q; +Z 6d1 4t
310 BbIpaiKeHHue MOXXHO Hamnucarth B BHIE

dL=Y, p,dq, + X p,di;, (40,1)

NIOCKOJIbKY NMPOH3BOAHEE OL/J¢; SBASIOTCA, N0 ONpefeseHnIo, 0606-
HIeHHBIMH HMINyJabcaMH, a OL/0q;==p; B cuay ypasnenul Jla-
rpasxa.

Ilepenucas Teneps sropoii usen B (40,1) B Buge

Z pidd; =d(Z Ptq'z) - Z g.dpy,

nepeHecss NOJHLI AMdPepeHnHan d(z piq';) B JIeByI0 CTOPOHY
paBeHCTBA M H3MEHHB BCe 3HAKH, Hoayuum u3 (40,1):

d(szth—L)='—- Zﬁzd‘?i+ Z‘?idpi-

Benuunna, crosiass noj 3HakoM JIHbepeHnHaNa npexcTas-
JaseT coGoli sHepruio cucreMun (cm. § 6); BhHipaxeHHasa uepes
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KOOPAHHATH H HMIYJbChi, OHA HA3bIBAETCS 2AMUALLTOHOBOU Pynk-
yuet CHCTeMBI

H(p, 9, )= 2 pidi— L. (40.2)

W3 nuddepennnanbHOro paBeHCTBA
dH =— Y, pidq; + X 4.dps, (40,3)

C/IelylOT ypaBHeRHSA

. oH . oH
¢h=‘a—g, hi=""g," (40,4)

3T0 — HCKOMble ypaBHEHUsI [BHXKEHHSI B [IeDeMeHHHX p H ¢,
Tak HasbiBaeMble ypasHenus Iamuabrona. OHU COCTABJAIOT CHCTe-
My 2s auddepeHUHANbHBIX YPaBHEHHH Ie€PBOTO NOpAAKa Wi 2s
HEH3BeCTHHX PyHKuui p(f) u g(f), 3aMendoumux cobofi s ypasHe-
HHH BTOPOrO MOPSAKA JarpaHKeBOro Merola. Beuay ux ¢opmans-
HOJ TIPOCTOTHI H CHMMETPHHM 3TH ypaBHeHHs HAa3LIBAIOT TaKXKe Ka-
HOHUYeCKUMU.

TMoanas nponspoauasi or GyHKUHH [[aMH/IBTOHA 1O BpeMeHH

dH oH o . o .
G ="art L, Gt Y e

IMpu moacraHoBKe coia ¢; ¥ p; u3 ypabuenudt (40,4) nocnennue
IBa YJieHa B3aUMHO COKPAaIaloTCA, TaK 4TO

dH oH
ar = ot (40,5)

B uwacTHocTH, ecau QyHKUHA [aMHJIbTOHA He 3aBHCHT OT BpEeMeHH
sBHO, T0 dH/dt = 0, T. e. MBI CHOBAa NPHXOJHM K 3aKOHy cOXpaHe-
HHS HEPTHH.

Hapsjy ¢ AHHAMHYeCKMMH IE€DEMCHHBIMH ¢, § HIH ¢, p QYHK-
nup Jlarpadxa u [aMH/IbTOHA COAEPIKAT pa3/IMUHble MapaMeTphl —
BEJIMUMHB], XapaKTepH3YIOllHe CBOHCTBA CAMOH MeXaHHYeCKOH CH-
cTeMB WM NeHCTBYWOINEero Ha Hee BHewmHero monad. Ilyets A —
tTakofi mapamerp. PaccmaTpuBag ero Kak IepeMeHHYIO BeJHUYHHY,
6yaem umers BMecTo (40,1):

. . aL
dL=szd‘h+ZP1dqt+‘aTd7\u

nocsae yero Bmecto (40,3) moayunm:

. . oL
dH:”"Zpidqi_l"Zqidpi_a_;bd)W

Otclona HAaXO0AUM COOTHOHIEHHE

(?3_17{ ma %’_)d. g’ (40,6)
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CBsI3bIBAIOLIEe YacTHHEe NIPOU3BOJHLIE MO MapaMerpy A OT QYHKUHH
Jlarpanxka u [aMH/IbTOHA; WHIEKCH y NPOM3BOAHBIX YKa3bIBAIOT,
uto auddepeHnnpOBaHHE JOJKHO IPOH3BOJHTHCS B OXHOM Cjyyae
DU MOCTOSIHHHIX p H ¢, @ B JAPYTOM — NIPH TOCTOSIHHLIX ¢ H (.

3TOT pe3yabTaT MOXET ObITb NPEACTABJAEH M B APYI'OM acliekTe,
Ilycte dynkuusa Jlarpamxka umeer Bux L == Lo+ L', rne L’ npea-
cTaByisieT cobof Maayio noGaBKY K OCHOBHOA ¢yHkuuu L, Toraa
cooTBeTCcTBYIOIIAA Ho6aBka B ¢yHKuunm [amuabrona H = H, - H’
cBsizaHa ¢ L’ mocpexcTrom

(H,, g=— L, ¢ 40,7)

3amerum, uTo B npeoGpasoBaHuu ot (40,1) k (40,3) mb He
NHCAaNn 4/leHa ¢ df, YYHTHIBAIOUIETO BO3MOXHYIO fIBHYIO 3aBHCH-
MocTh (yHKUHH JlarpaHxka OT BpeMeHH, MOCKOJbKY IOcheqHee
urpajso OH B NaHHOM acIeKTe JHIIb POJb [lapaMeTpa, He HMelo-
ero OTHOWUIEHHS K MPOH3BOJMMOMY Npeo6pa3oBaHuio. AHAJOTHYHO
¢opmyae (40,6) uvacTHble MpoH3BOAHBIe HO BpeMenu oT L u ot H
CBSI3aHBl COOTHOLIEHHEM

(%_[t{ oa (%% aq (40,8)

3anaunm

1. Ha#itu dynxumo TamuibToHa AJf OXHOH MaTepHasbHOR TOYKE B JeKapTO-
BLIX, UHJIBHAPHIECKAX H ChepHUecKHX KOOPAHHATAX.
OtBeT B nekapToBHX KOOpAMHATAX X, y, 2:

1
= (Pi+py+02) +U (x5 2).

B umnuHApHYECKHX KOODAHHATAX I, @, 2t

I p2
H=3”—1(P3 +',%+P§)+U(f. P, 2).
B ciepHuecKHX KoopamHaTax 7, 0, @

He (2+”‘2’+ i )+veo
Tom \Ir T2 T TTgnZe r 9 ).
2. Hafttu dynknmo TamMuibTOHA 4acTHIL B PAaBHOMEPHO Bpalalmedcs CH-
cTeMe OTCuera.
Pemenune Wz (39,11) u (39,10) nonyuum:

2
H=LP_ —Qpj+ 0.
% (rp}-+

3. Haiitn ¢yuxumio I'aMHNIbTOHZ CHCTEMH M3 OZHOM dHacTHUB! ¢ Maccoii M m
n YaCcTHU € MacCaMu mi, C HCK/IOYEHHHM NBH)KEHHEM LEeHTPa HHEDUXH (CM. 3apauy
K § 13).

Pemenne Oueprua E nosnyuaerca u3 HafilenHofl B samaue K § 13 ¢yHk-
unn Jlarpanxa usmenenneM sHaka nepel U. DGollieHHbBIe UMITYJIbCHL:

o oL v m? Z

== — Va.
a 6va a TR a

a
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Orclona HMeeM:

Zpa==m Zva— ":’z Zva=—'%zv¢n Va"'gnf‘“}'%zpa.

TMoncrasassa 8 E, nafinem:
| 9 1 2
H=5r Zl’a”fm(z "a) T U
a a

§ 41. dynknus Payca

B HEKOTOpHIX C/Aydyasix MOXKET OKa3aThCs 1LeecoO6pasHbIM IpH
nepexojle K HOBHIM [ePeMeHHBIM 3aMeHNTb HA HMIYJbLCH He BCe
06061IeHHble CKOPOCTH, a TOJbKO HekoTopbie H3 HHX. CoOTBeT-
CTByOLiee NpeoGpasoBaHHe BIOJHEe AHAJOTMYHO IPOH3BEIEHHOMY
B npeawlaylieM naparpade.

[ns ynpouleHust 3amucd ¢opMyJ NPeANOJONKHM CHAYana, 4To
HMEIOTCS BCETO ABE KOOPJAHHATHL, KOTOPhIe MH OOO3HAYHM, KakK ¢

u &, ¥ NpOHM3BesleM mnpeobpasoBaHue OT NepeMeHHHX ¢, §, ¢, § K
nepeMeHunM ¢, &, p, §, rae p — o600LieHHRA HMIYJILC, COOTBET-
CTBYIOIIHH KOOpAHHATE . )
Ouddepennnan dyaknuu Jlarpauxka L(q,§E, ¢, §) pasen:
aL oL . aL oL .
=—d —d —dE+ = g =
dL q+6é q+a§ £+ 3% dg
R oL oL .
== d —_ — »
pdqg+pdqg o dg + pry dag

9q

OTKy/la mojydaeM
. . oL oL .
—p)=pdg—q¢dp+—dE+ —
d(L—pg)=pdg—qdp+ P g+ ot d&
Beenem ¢yHkuuio (Tak HasplBaeMyio ¢ynxyuro Payca)

R(q; p, E, g)zpq——L’ (41!1)
B KOTOPOH CKODOCTb ( BBbIpaKeHa 4Yepe3 HMIYJILC p NPH MOMOIIH
paBeHcTBa p = 0L/dq. Indpdepennunan

, . oL aL .
dR=—pdq+qgdp % dg ot dt. (41,2)
Orciona caenyer, 4To :
. dR . R
=F;)—‘ p_——_&-v (41’3)
oL OR  oL __ OR (41.4)
3t ot i3 ot - ’

Tloacrasisis nocaelHMe paBeHCTBa B ypaBHeHHe Jlarpamxa s
KOOPJAMHATH §, MOJYYHM:
d OR _ OR

dt ot 9% (41,5)
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Takum o6pasom, ¢yHkuus Payca sisisieTcsi TaMHJABTOHOBOH IO
OTHOLIEHHI0 K KoopiHuate ¢ (ypaBHeHust (41,3)) u ;narpamxesolt
II0 OTHOWIEHHIO K KoopauHate £ (ypaBHenue (41,5)).

Coraacso ofLieMy onpeje/ieHsio SHEPrus CHCTEME

_gOL gOL g . 0L

Ee BhipaxkeHHe uepes GyHkuHio Payca moaydaercs myTeM HopcTa-
HOoBK: ciona (41,1) u (41,4)

—R—t IR
E=R Eag- (41,8)

O6o6meHne noJyYeHHBIX GOPMYJST Ha caydaldl, KOrjaa UMeercs IO
HEeCKOJIbKY KOODAHMHAT ¢ M E, oOueBHIHO.

IMpumenenne ¢yHrRunu Payca Moxer GHITH Leaecoo6pasHbiM,
B YaCTHOCTH, NPH HAJHUHM OMKIHYECKHX KoopauHaT. Ecau Koop-
AHHATH g — ULHKJHYECKHE, TO OHH He BXOIST SIBHLIM o6pa30M B
tdyuxnmo Jlarpanxa, a notromy u B dyuxumio Payca, tak uro
nocneansia Oyaer dyukuHe#i toabko ot p, §, E. Ho umnyasch p,
COOTBETCTBYIOlHe IMKJIMYECKHM KOODIHHATaM, IOCTOSHHH (370
cJefyeT H H3 BTOPOro M3 ypamHenuil (41,3), KoTopoe B 3TOM CMBEIC-
Jle He jaeT HHYero HOBOro). Ilocse 3aMeHBl HMOYJILCOB P HX 3alaH-
HEIMH TIOCTOSIHHBIMH 3HauyeHHsMH ypaBHeHus (41,5)

4 OR(p&E _ OR(p% &)
dt ot 08

NpeBpaTHATCS B YypPaBHEHHS, CO/AEPKAUIHE TOIBKO KOODAHMHATH E,
TaK YTO IUMK/JIHYECKHE KOODAWHATH T€M CAMBIM HCKAKUYAIOTCH TOJ-
HocTbIO. Ecan 3TH ypaBHeHHs pelleHHl H QYHKUHH E(f) HalizeHbl,
TO, NIOACTABUB UX B [PaBYI0 YaCTh YpaBHeHHH

. dR(p, & E)
q= ap ’

MHl HaiizieM NPAMBIM HHTerpHpoBaHHeM GYHKUHE g (f).

3anpava

Hajitn ¢yskuuio Payca cuMMeTprueckoro Bo/iuka BO BHewweM noae U(g, 6),
HCKJIIOUMB HAKJHYECKYI0 KoopaunaTty ¢ (P, @, 0 — sfinepoBul yrim).
Pemwenue ®ynxuus Jlarpanxa
’

I . I, .
L= (8 + §* sin?8) + = (b -+ § cos ) — U (g, B)
{cp. samauy 1 § 35). dynkuna Payca .
R= @—L=—’i-— 'cose——ﬁ—(é’+¢’sl 20) 4+ U (g, 6);
"‘"pﬂi 213 p"bq) 2 n P, )v

nepewfi WieH B 5TOM BHIPaiKeHHH NpeiAcTaBiseT cobofi MOCTOAHHYI, KOTOpasds MO-
XeT OHTb OnyuleHa,
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§ 42. Cxo6ku Ilyaccona

Tlycts f(p, g, t) — HekoTOpasi QyHKIHS KOOPAHMHAT, HMIYJILCOB
u Bpemend. CocTaBHM ee NOJIHYI0 NPOH3BOAHYIO O BPEMEHH

%=—g§—+z};(%‘7k +0Lpfk'ﬁk)-

Ioncrasus ciofa BMeCTO §r H pPr UX BHIPAXKEHHA H3 ypaBHeHUH
Tamunbrona (40,4), nosyuum:

daf

A 4 (mp, (42,1)
TrAe BBeleHO o603HAUYeHHEe
. OH df  9H of
{Hf}—zk:(apk S~ G0 o)’ (42,2)

Buipaxenue (42,2) HaswBaloT ckobkamu I[Tyaccona niaa BeauduH
Huf.

Takue ¢GYHKUHE OT JUHAMHYECKHX T€DEMEHHBIX, KOTOphie
OCTAIOTCSl TIOCTOSIHHBIMU TIPH ABHXKEHHH CHUCTEMBI, HA3BIBAIOTCS, KAK
Mbl 3HaeM, HHTerpanaMu [BHKeHHA. Mul Buaum u3 (42,1), uro
ycJIOBHe TOro, 4roOnl BesnnuuMHa [ Obljla HHTErpajoOM IBHXKEHHS
(df/dt = 0), MoxKHO HanucaTb B BHJe

d
I+ {Hf=o. (42,3)
Ecau xe HHTErpana ABHXKEHHA He 3aBHCHT OT BPEMEHH ABHO, TO
{HI}=0, (42,4)

1. e. ero cko6ku Ilyaccona ¢ ¢yHxknuelt I'aMuIbTOHA RONXKHE 06-
pamiathcsi B HyJb.

Oas nwo6oi napel BeguydHH [ W g ckoOKu Ilyaccona ompese-
JAITCH aHajoruuHo (42,2):

of @8
{fg}= Z '%k—‘&'k‘ ~ 25 ): (42,5)

Cko6xu Ilyaccona o6/azaioT caelylOHIHMH CBOACTBAMH, JIEFKO BHI-
BOJMMEIMH H3 ONpejeJeHNs.

Ecau nepecTaBHTh GYHKUUH, TO CKOGKH NepeMeHST 3HAK; ec/H
onHa u3 QYBKUMil — nocTosHHAA (¢), TO CKOOKa paBHA HyJIO:

{fg} = —{gf}, (42,6)
{fe}=0. (42,7)

Jauee,
{f1+f2’ gy =1{g} + {f.g}, (42,8)

{flfz» g} = [ {l.&} + [ {8} (42,9)
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Bssas uactHylo mpousBoaHyio oT (42,5) mo BpeMeHH, MOJAYYHM:
9g
St ={La}+{r%} (42,10)

Ecan onna us ¢yHkuuii f waum g coBmajaer ¢ OfHUM H3 HM-
NyJabCOB HJIM KOODAMHAT, TO ckKob6ku [lyaccoHa cBoasitTcsi mpocto
K 4aCTHOH IPOH3BOJHOM:

{fqe} =—(% . (42,11)
{fpe} = — aquk (42,12)

Q@opmyay (42,11), nanpumep, HOJIy4uM, TOJOXKHMB B (42,5) g =
= gr; BCA CyMMa CBejJeTcsl TMPH 3TOM K OJHOMY uJIeHY, TaK Kak

a a
-j—’f—=6k,, a -3k 0. Tonoxus B (42,11) u (42,12) ¢ysxuuwo f

9q; In,
PaBHOM g; U p;, OJYYUM, B YaCTHOCTH,
{7:9:3 =0, {pwpe} =0, {p;gs} =0.. (42,13)

Mexny ckobkamu Ilyaccosa, coctaBieHHBIMH H3 TpPeX (yHK-
O¥f, CylecTByeT COOTHOHICHHE

{t{gh}} + {g (hf}} + {h{fg}} =0: (42,14)

OHO HaswIBaetcs TosxldecTgom fAKobu.

Jng ero nokasaTesabCTBa 3aMeTHM cieayiomiee. CoraacHo onpe-
penenuto (42,5) ckobxu [lyaccona {fg} sBasiorcs 6Gunnuelinof ox-
HOpOJHOM (YHKUHeHd NOPOM3BOJHLIX NEPBOTO MOPSAAKA OT BEJHYHH
f u g. IlosTomy, Hampumep, ckobka {h{fg}} mpeacrasaser coGoii
JHHERHYIO OJHOPOIHYI0 (PYHKUHIO npousaoﬂﬁblx BTOPOro mopsijika
or f u g. Bea xe seBasi cropona paBeHCcTBa (42,14) B uesnom ecth
gunefiHas oAHOpOJHAA (YHKLHUA BTOPHIX TPOU3BOAHBIX OT BCEX
tpex ¢yHxkunit f, g, h. Cobepem BMecTe uJeHb, COAepKallHe BTO-
pele NPOU3BOAHBIE OT f. TlepBas cko0xa TakuX YJIEHOB He cojep-
XKHT — B Hefl eCTb TOJIbKO NepBble Npou3BogHble oT f. CyMMmy xe
BTOpPOfi M TpeThell CKOGOK NepenuiuleM B CHMBOJIMYECKOM BHJE, BBe-
I JuHeliHBle AuddepeHUHaNbHbie oneparopu Dy u D, coraacso

D (9)={ge}, D,(¢)={ho}.
Torna
{g{hi} +{h{fgly ={g{r}} —{ri{gil}=
= Dl (D, (f)) — D, (Dl (f)) = (DID‘J_ - Dle) f
Jlerko BHJeTh, OAHAKO, YTO TaKasi KOMOMHANUs JMHEHHHIX Au(de-

peHLHaJbHBX ONEePATOPOB HE MOXKET COAEePKATh BTOPHIX NPOH3BOL-
HuX OT f. B camoMm Jeste, o6muit Buj JHHEeHEBX AuddepeHitnatsHbx
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OnepaTopoB €CTh

a J
Dx=;§k5k—. Dz=;nkm,

rle £k, Nr — DPOU3BOJbHBIE QYHKINH NEPEMEHHBbIX Xi, Xz, ... 1OTAa
02 an, 9
DD, = Z Ees ox,, ax, + Z & dx, 0x;’

08 9
DyD, = angl 6x dx, +Z'ﬂk ax, a—xl

a pa3HoCTb ITHX npousBe,aeHuu

an (23 2
D\D; — DyDy = Z (8o — e ax;) =

€CTb CHOBa ONEpPaTop, COMePIKAalHA TOJbKO OJHOKpaTHbie Au(pde-
penuHpoBaHHus. Takum o6pa3oM, B JieBOl CTOpPOHEe pPaBEHCTBA
(42,14) B3aMMHO COKPAILAIOTCH BCE YJIEHBl CO BTOPHIMH NPOH3BO/-
HBIMH OT [, a DOCKOJIBKY TO € caMoe OTHOCHTCS, OYEBHAHO, H K -
yHKUHAM g ¥ A, TO H BCce BbipaXKeHHe TOXIECTBEHHO obpamlaercs
B HYJIb.

BaskHoe cBoficTBO cK060K Ilyaccona cocrour B TOM, 4TO ecuu f
B g — [Ba HHTerpaJjia ABHKEHHS, TO COCTaBJCHHBIE M3 HHX CK06KH
TOXe SIBJAIOTCS HHTErpajioM ABHXKEHHS

{fg} = const (42,15)

(rak HasbiBaeMas Teopema [lyaccona).
Jloka3aTenbCTBO 3TOH TeOPeMLl COBCeM NPOCTO, ecau [ H g He
3aBHCAT OT BpeMeHH sBHO. FlosoxxuB B ToxaecrBe HArobu h = H,

HONYIUM:
AH{fe)} + {F{eH}) +{g {Hf}}=0.

Ortcrofa BuAHO, uTo ecn {Hg}=0 u {Hf}=0, o n {H{fg}}=0
YTO M CJIeA0BAJIO A0KA3aTh.

Ecau e HHTErpansl IBHIKEHHS [ U g 3aBHCST SIBHO OT BPEMEHH,
TO MUlIeM Ha ocHOBauuu (42,1):

4 (te) =g} + (H {fe)).

BocnosssoBasiucs ¢opmyaof (42,10) u 3amenun cko6ky {H {fg}}
OBYMsi IDYTHMH IPH MOMOULIH TOXJAecTBa SIKOGH, moaydyum:

sl ={Le}+{r3&} -t tery — (e tHm} =
—{ T+, e} +{F 5+ Ha}
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HJIH '
wia={Fe}+{1%}. (42,16)

OTKyJa OYeBHAHO AOKAa3aTeabcTBO TeopeMbl Ilyaccona B oObieM
cayuae, .

Pasymeercs, mpumensis teopemy I[lyaccona, Mul He Bcerxa Gy-
JeM 1oJydaTh HOBble HHTErpajbl [IBHXKEHHS, TAK KaK HX YHCJIO
Boobuie orpaHHdyeHo (2s — 1, rie s —uHcho cTemeHell CBOGOALI).
B HexOTOPHIX CIyYasix MBI MOXeM IMOJYYHTh TPHBHAJIBLHBIH Pe3yJib-
Tar — ckoO6kn [lyaccoHa cBeayTcs K noctosiHHofi. B apyrux cay-
4Ya2AX BHOBb MOJIYYEHHBII HHTErpaj MOMKeT 0Ka3aThCs MPOCTO (PYHK-
uHel MCXOAHBIX uHTerpanoB [ u g. Ecnu Xe He MMeeT MecTa HH
TOT, HH Jpyro#i cayuad, to cko6ku IlyaccoHa naiotT HOBBHIF HHTe-
TPasn NBHIKEHHS. -

3anauwu

1. Onpenenuts cko6ku I[IyaceoHa, cocTaB/eHHble H3 [AEKAPTOBBIX KOMIOHEHT
HMIyJbca p M MoMmenta HMnydsca M = [rp] maTepuaibHOR wuacTHUBH.
Pewenune C nomowsio bopmyas (42,12) naxonum:
aMx

0
{Mypy} = "W = ’(‘37(!!172 —2py)=—pz

¥ anaJoTHUHBIM o6pasoM eule ABe GoOpMyJaH
{Myps} =0, {Mypz}= Py-

OcranpHble CKOOKA [OAY4AlOTCs OTCIOfA LHKJIHYECKOH NepecTaHOBKOR HHIEKCOB
X 4, 2
2, Onpenenuts ckoGku [Tyaccona, cocraBiieHHEIe H3 KOMIOHeHT M.
Pemenue [Mpamoe BouucieHue 1no dopmyse (42,5) naer:

{MxMy} =— M, {MyMz} =— My, {MMyg}=— My~

[TocKOMBKY MMHEYJALCH W KOODAHHATH DASJHYHBIX YACTHI SBJAIOTCH HEe 3aBH-
CUMBIMH APYL OT APYyra NEDeMeHHBLIMH, TO JETKO BHAETb, UTO MOJYUYEHHHIE B 3a1a-
yax | u 2 Gopmynpl CIpPaBeAJHBH H AJA [MOJAHBIX HMIIYJbCa H MOMEHTa J060i
CHCTEMBl YacTHIL

3. Tlokasatpb, 410

{oM;} =0,

rje @ — aiobas cKaJspHas GYHKUHS KOODAHHAT H HMOYJAbCAa YACTHIIHL
Pemernue CgransipHas QYHKIHS MOXET 3aBHCETh OT KOMIOHEHT BEKTOpDOB
r ¥ p TOJbKO B KoMGHHamuax r2, p?, rp. ITostomy

99 _ Je 9
=00 T aen P

# aHaJorHuuo Aas 0g/dp. Mickomoe cooTHOMeHHe MpOBepAeTcs HPSMBIM BhLIUHCe-
tinem no dopmyne (42,5) ¢ ydeToM yKasaHHEIX npaBua AdddepeHHpeBaHK].
4. Tloka3ats, 4TO

{tMz} = [fn],

rae f-— BekTOpHaA (YHKIHA KOODAHHAT M HMIYJbCa YacTHUBL, a N — eIHHHYHBLIH
BEKTOD B HANPABJEHHH OCH 2.
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Pemenne [Ipoussonpuutii sexrop f(r, p) MoxeT OHITH Hanucaw 8 BHAE

= rQs + pP: + [rplgs, rae @1, ¢a2, s — ckaaspanie ¢pyrxuud. HMckomoe coorHo-

{leHKHe IPOBEPSeTCA NPAMBIM BHUHCJAEHHeM ¢ NoMomlibio dopmya (42,9), (42,11).
(42,12) a dopmyas, ykasausoil 8 3anave 3.

§ 43. JeificTeue KaK PyHKUHSR KOOPAMHAT

ITpu GpopMy.HPOBKe NPHHIUINA HAHMEHbIIEro AEACTBHS MBI pace
CMAaTpHBAaJK HHTErpas
t:
S = S Ldi, (43,1)
)

B3SITHIl N0 TPaeKTOPUM MeKAY ABYMS 3aTaHHLIMH HOJOXKEHUSIMH
gV u g?, KoTOpHle CHCTEMA 3aHWMAaeT B 3aJaHHLIE MOMEHTH Bpe-
MeHn fy " fp. [Ipn BappHpOBaHUH Xe AEHCTBHS CPABHHUBAJHCh 3HA-
4eHHSl 3TOrO HHTerpaja AJf OJM3KHX TPAeKTOPHH C OJHHMH H TeMy
xKe 3HadeHHUAMH ¢(f) u g(f;). Jlumb ogxa n3 ITHX TpaekTOpui
OTBeyaeT J[AeHCTBUTENLHOMY JBHXKEHHIO — Ta, AJNA KOTOPOH HHTe-
rpaa S MUHHMAaJeH,

PaccMoTpuM TeNepb MOHATHE JeHCTBHS B JPYrOM acliekre.
lmenno, O6yldeM paccmarpuBaTh S KaK BeJHUYMHY, XapaKTepU3YIo-
myio ABHXKEHHE N0 MCTHHHHIM TPAeKTOPHSAM, W CPaBHHM 3HAUeHUH,
KOTOpblie OHa HMeeT IJ51 TpaeKTOpufi, mMewomux obumee Hauajo
g ()= ¢V, HO NPOXOAAIIEX B MOMEHT f; Hepe3 pasjiyHbBIE HOJIO-
)Kenaud. Jipyrumu cjaoBamu, OyleM paccMaTpuBaTb HHTerpaJ Jed-
CTBHS /JI HCTHHHBEIX TPAeKTOPHUH KaK (YHKIHIO 3Ha4YeHMH KOOp- -
JHHAT B BePXHeM IIpefesie HHTErPHPOBAHHS.

H3MmeHeHne peficTBHs NpH Nepexofe OT OAHOH TPAeKTOPHH K
6au3Koi K Hell Apyrofi TpaeKTOpHH ZaeTcst (MPH OJ4HOR CTeleHh
cBOOOALI) BHpaxenueM (2,5)

£
S dL d JoL

a

L‘
8§ =55 8q1; -+

t

[MockonbKy TpaexkTopuy AeACTBHTENLHOTO JABHKEHHUS! YIOBJETBO-
psOT ypaBHeHHsAM Jlarpania, TO CTOALIMH 3jech MHTerpaa obpa-
maercs B HyJb. B NepsoM e uWjeHe fojiaraeM Ha HHXHeM Impe-
nene 8q(t) =10, a sHauenume 6g(f;) o603HaUHMM MNpoOCTO, Kak &q.
3amenuB Takxe 0L/0¢ ma p, mosydyuM OKOHYaTeabHO: S = pdg
Wiy B 061eM c/ayuae Jo60oro uucnaa creneHefl cBoGOAH

88 =2 pidqu. (43,2)
H3 3TOr0 COOTHOWIEHUA CJaeldyetr, 4YTo YaCTHbI€ NPOHU3IBOAHLIE OT

JefiCTBHs RO KOOpPAHHATAM paBHH COOTBETCTBYIOIIUM HMIIYyJbCaM

as
Tq: = Pi. (43,3)
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AunanoruusbiM o6pazoM [JeHCTBHE MOXKHO MOHUMATb KakK SIBHYIO
GyHKIHIO BpeMeHH, paccMaTpHBas TPAeKTOPHMH, HayWHAIOUIMecs B
3aJaHHBII MOMEHT BDeMeHH {; B 3aJaHHOM nonoxenun ¢, Ho
3aKaHUMBAIOIIHECH B 3aJaHHOM IMOJIOXKeHHH ¢P B pasjHuHBlE MO-
MeHTbl BpeMeHn f, =t [loHUMaeMyl0 B 5TOM CMBbICJAE 9YacTHYIO
NpOoH3BOAHYI0 OS/0f MOXKHO HaHTM 0OyTeM COOTBETCTBYIOHIErO
BapbHpoBaHua uHTerpasa. [Ipome, olHaKo, BOCHONB3OBATBCA YXKe
U3BeCTHON HaM QopMmy/aoi (43,3), NOCTYNHUB CJaenyOmuM 06pa3oM.

ITo camomy onpeneneHuio AefiCTBHsS ero NOJHAs HPOU3BOLHAS
10 BpeMeHH BJOJb TPAeKTOPHUH paBHA:

dS

= L. 43,4y
C npyroi#l cTopoHH!, paccMaTpHBas S Kak (YHKHHMIO KOOPAMHAT H
BPEMEHH B ONMCAHHOM BbIllle CMBICJIE H HCIOAb3yd ¢opmyay (43,3),

HMeeM: s
ds a8 as . as .
F = T Z—‘aqi qi=—r -+ ZP:‘]:-
z 1

CpaBuupas 06a BHpaXKeHHS, HAXOLUM:

4S .
7=L—sz‘h
i

HJIM OKOHYATEJAbHO:

as
S =—H. (43,5)

®opmyan (43,3) u (43,5) BMecTe MOXKHO 3amHCaThb B BHIE
BHIpaKeHHSA

dS= ), p,dg,— H dt (43,6)

oas nonHoro AuddepeHnuana AeHCTBHA KAaK (YHKIHH KOOPAMHAT
H BpeMeHH B BepXHeM Mpenese MHTerpupoBanus B (43,1). [lpen-
NOJNIOXKHM Telephb, YTO M3MEHSAIOTCS KOODJAMHATH (XM BpeMs) He
TONLKO KOHIla, HO M Hadaja JBuxkeHHs. QUeBHAHO, YTO COOTBET-
CTByIOLlee H3MeHeHHe S OyAeT AaBaTbCA DPAa3HOCTbIO BHIPpaXKEHHR
(43,6) Ha 060OMX KOHIaX, T. €.

dS= Y, pPdgd — HO d1® — ¥, pd dgih 4 HO dav,  (43,7)

dT10 coOTHOUIEHHe yKe caMo N0 cebe NOKa3bBaeT, YTO, KAKOBG
65 Hy OLITO BHELIHee BO3NeHCTBHEe Ha CHCTEMY BO BpeMs IBHIKe-
HHf, ee KOHeYHOe COCTOsIHHE He MOXeT OBIThb NPOM3BOJIBHOH (YHK-
HMefi HA4aadbHOrO, — BO3MOXKHB TOJBKO TaKHe ABHXKEHHS, NPH. KO-
TODHIX BBIPA)K€HUe B NPaBOH CTOPOHE paBeHcTBa (43,7) sBasercs
nosHeM M OepenunanoM. Takum o6pas3oM, yKe caMbiii pakr cy-
IecTBOBAaHUWA HNPHHUHIA HAMMeHbIIEro HeHCTBHA, HE3aBHCHMO OT



180 KAHOHUYECKHWUE YPABHEHUSR {rJ. vit-

KOHKPETHOro BHAa QyHKUuM JlarpaHxka, Hak/JaJAbBaeT HA COBOKYI-
HOCTb BO3MOXHBIX JBHXKEHHH onpeleseHHble OrpaHHYeHHA. B gact-
HOCTH, OKa3biBaeTcsi BOSMOXKHBLIM YCTAHOBHTb PfJ OGIIMX 3aKOHO-
MepHOcTeli (He 3aBHCANIMX OT BHJA HMMEIOLIHXCH BHEUIHUX I0JeH)
AJie NyYKOB YACTHI, pasjieTalolluXcsl M3 3aJaHHHX TOYeK Mpo-
cTpaHcTBa. M3yyeHue 3TMX 3aKOHOMEPHOCTedl COCTaBJIsieT NpeaMeT
‘TaK Ha3bIBACMON eeomeTpudeckol ontuku ).

HHTepecHO OTMETHTb, YTO ypaBHeHHS | aMHJIbTOHA MOTYT GHITH
BHBEACHH (HOPMATbHHM 0GPa30M H3 yCJOBHA MHHMUMAJbLHOCTH Hefi-
CTBUSl, €C]{ HalHCaTh NOC/IefHee, HA OCHOBaHWH (43,6), B BHIe

HHTErpasia
s=\ (Z pidg,— H dt) 43,8)
i

H paccMaTpHBaTh KOOPAHHATH H MMIYJbCH KaK HE3aBHCUMO Baphbi-
pyeMble BeJuyHHbL. [Ipeanonaras cHOBa JAf KPATKOCTH, YTQ HMeeT-
Csl BCETO OfHA KOOPJMHATA (M OXHH HMIYJbC), NHUIEM BapHALHIO
JelicTBusA

a H
5s=S{6pdq+pd6q—-a—f,{~6th—%p—5pdt}-

IIpeo6pasoBanue BTOPOro WieHa (HHTETPHPOBAHHE 0O YaCTAM)
Jaer:

6S==S<§p(dq-———gp1 dt)—{—péql—syéq(dp-i—%g-dt).

Ha rpanunax HHTerpupoBaHHS MBI JO/DKHBEL NOJOXHTL 8g == 0, Tak
YTO NPOMHTEIPHPOBAHHBIR 4ieH Bhinajgaer. Ocraiomeecs ke Bhpa-
KeHHe MOXeT ObITb PaBHBLIM HYJIIO NPH MPOHU3BOJNbHBEIX HE3aBHCH-
MbiX 8p ¥ 8¢ JIMIIb NPH yCIOBHH OGpAlleHHs B HyJb MOALIHTErPaJb-
 HHX BHIPaXEHHH B KaXKIOM H3 JIBYX HHTErpasioB:

dqz—‘;—I:—dt, dp=——gf,idt,

T. €. Mbl TOJyYaeM Noc1e AeJeHHs Ha df ypaBHeHusi ['aMHJbTOHA.

§ 44. Npuauun MonepTion

[lpuHUMIOM HanMeHbUIero IefCTBHS NBHIKEHHE MeXaHHUeCKOR
CHCTeMBI OMpeAeJAeTCs MOJHOCTBIO: NyTeM PeHIeHHS CJAEIYIOUWHUX U3
9TOr0 MIPHHUHKNA YPABHEHHH [BHKEHHS MOXKHO HafTH KakK dopmy
TPaeKTOPHH, TAK H 3aBUCHMOCTh IIOJIOXKEHHST HAa TPAEGKTOPHH OT
BPEMEHH.

Ecau orpanuyutbcs Goslee Y3KHM BOIPOCOM 06 onpencneHHd
JHUIbL CaMOft TPAaeKTOPHU (OCTaBJ/AsS B CTOPOHE BPEMEHHYIO YacTb

1) Cm. «Teopus mosgs, 7-e H3g., ra. VIIL
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3aj7ayl), TO OKa3HBaeTcsl BO3MOXKHBIM YCTAaHOBHTb IJIS 5TOH LeJH
YRpOIIEHHY0 GopMy TMPHHIHNA HaHMeHbIIEro AeHCTBHs.

[Tpennonoxum, uro ¢yHkuua Jlarpanxka, a ¢ Helw ¥ QYHKUHS
FamuabroHa He colep:KAaT BpeMeHU SBHO, TaK 4TO 3HEPrus CH-
CTeMBl COXpaHseTcs:

H (p, gq) = E = const.

CornacHo NPHHUHITY HaWMeHblIero JeficTBHSA, BapHauus Jefi-
CTBHS 17151 33JlaHHBIX HAYaJbHBIX H KOHEUHBIX 3HAYEHHUN KOODAHHAT
M MOMEHTOB BpeMeHH (CKaxeM, f, u ) paBHa mymo. Ecan xe no-
MycKaThb BapbUpPOBAHHE KOHEYHOTO MOMEHTA BPEMEHH ! NIPH (QuK-
CHPOBAHHBIX I[IO-TIPeXKHEMY HaYaJbHHIX W KOHEUHBIX KOOPJAMHATaX,
ro umeeM (cp. (43,7)): ,

0S = — H 81, (44,1

ByjeM Tenepb CPaBHHBATb He BCe BHPTyaJbHBIE JBHIKEHHS CH-
CTeMbl, a JHUIOb Te, KOTOpbie YIOBJETBOPHIOT 3aKOHY COXPaHEHHS
sHeprud. J/is TakHX TpaeKTOPHIl MBI MoxeM 3aMeHuTb H B (44,1)
nocrosinHol E, 9T0 naer

0S4+ Edt=0. (44,2)
Hanucas meficteue B Buie (43,8) u cHoBa 3aMensia H na E, uMeeM:

s={ Y pida,—E¢t—1). (44,3
i

[Nepsuiit usieH B 3TOM BHIpaXKeHHH

So =" " pidy, (44,4
i

HHOrfla Has3bBalOT ykopouenwsvim OelicTeuenm. Tloxcrasus (44,3)
B (44,2); nahgem:
6S,=0. (44,5)

Takum 06pasoM, YKOpPOUeHHOe J1eHCTBHEe HMeeT MHHHMYM [0
OTHOIIEHHIO KO BCEM TPAEKTOPHSM, YIOBJIETBOPSIOUIUM 3aKOHY CO-
XpaHeHHsi SHEPTHH H IPOXOAALIMM 4Yepe3 KOHEUHYI0 TOUKYy B HpO-
U3BOJbHEIT MOMeHT BpeMeHH. [ljg TOro 4rofbl MONBL30BaThes Ta-
KHM BapHalHOHHBIM IPHHUIHKIOM, HeOOXOLUMO NpeiBapHUTeSbHO BHI-
pasHTb HMOYJbCH, a C HHMH H BCe NOJALIHTErpajbHOEe BBIPAXKEHHE
B (44,4). uepes KoopAMHATH ¢ ¥ HX Auddepenunans dq. Aas sro-
ro Haflo BOCIOJIb30BATbCSA PAaBEHCTBAMH

-9 dq
p,———ﬁL(q, ) (44,6)
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fIPeJCTAB/IAIOIMMMH 060l Onpeje/ieHle HMIYJIbCOB, H ypaBHEHHEM
33aKOHa COXpPaHeHUs 3HEepPTHH

E(q, %‘) = E. 44,7)

Boipasus u3 mocaeinero ypaBHeHus Aubdepenunan df uepes Ko-
OpJAMHATH ¢ H HX Aup¢epeHUHaJB dg H MOACTABHB B (GOPMYJbl
(44,6), MH BHIPAa3HM HMIYJbCH uepes g W dg, npudeMm sueprus E
Gylder urpatb poab napamerpa. Ilonydamommuiica Takum oGpasoM
BapHALMOHHBIA IPHHLUHN ONpEAe/sieT TPaeKTOPHIO CHCTEMBI; 3TOT
TIPHHIIHN Ha3bIBAIOT OOMYHO npunyunom Monepriou (xotsi ero Tou-
nasi GOPMYJHPOBKaA Oblia naHa Jiljiepom u Jlarpanxkem).

- TlpousseneM ykasaHHble NefiCTBHS B SBHOM BHIE AJSI OGBLIYHOR
¢dopmbl Qynkuuu Jlarpamxka (5,5) KaK pasHOCTH KHHETHYECKOH H
IOTEHUYAJbHOR SHeprui:

=13 0@ dude— U (9.
i, k

Tlpu stom uMmy./bCH
pi= == Z a1: (9) G

2 sHeprus

E——Zazk(q qids +U ().

U3 nocaennero paBeHCTBa uMeeM

dt =AY ay, dg, dg,/2(E — U) (44,8)

U, NOACTABJASA 3TO BbIPAXKCHHE B
dq,
Z pidg, = Z Qie—g7- 4494
i i, k :
HalileM YKOpPOYeHHOe JieHCTBHE B BHIE
= S N/ 2(E —U) lee 4, dq, dg, . (44,9)°
i,

B JaCTHOCTH, AJS OJHOH MaTepHaanoﬁ TOUYKH KHHETHYECKasi

v m ( )
2

{rhe m-—wmacca 4acTHub, a dl— 31eMeHT AJWHB TPAEKTOPHH) M
BAPUAUMOHHBIA NPHHUMD A4S onpeleseHus GOPMBI TPaeKTOPHH

8 S Vaem(E — Uy di =0, (44,10)
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rfle uHrerpan Oepercsl MexAy ABYMs 3aJaHHBIMH TOUKaMH NpO-
cTpaHcTBa. B TaKoM BHAe OH OblI mpeacTasyien SkoGu.

[pu csoGognom aBmxkenun dactuuel U =0, n (44,10) naer
TPUBUAJILHEIH PE3yJbTAT

agdz=o,

T. €. YaCTHIA JBHIKETCS IO KpaTuafiieMy NyTH — IJO NPSAMOH.
BepreMcsi CHOBa K BhIpa)eHHI0 aiast AeicrBua (44,3) u mpo-
H3BeleM HA TOT pas ero BapbHpPOBaHHe TaKXke M N0 napamerpy E:

950 §E — (t —1,) 6E — E8t.

88 =—F

Tloacrasue ato B (44,2), HaxoAMM:
a8
_—a% ={—{. (44,11)
Jl1a ykopoueHHOro aeficTBus B dopMme (44,9) 31O paBeHCTBO mpHu-
BOJAHUT K COOTHOLIEHHIO

(VT andadg2 E—0) =t — 4, (44,19

KOTOpOe MPeACTaBJAsieT cOfOfl He YTO HHOe, Kak HHTerpasJ ypae-
nenus (44,8). BMecTe ¢ ypaBHeHHEM TPAeKTOPHH OHO MOJHOCTBHIO
onpejesiieT ABHIKCHHE.

3anava

W3 saprauuonsoro npaauuna (44,10) noayusts suddepenunansioe ypasme-
HiHe TPAEKTOPHH. :
Peurenue [IpodsBoxs BapbHpOBaHHe, HMeeM:

GSVE—_U“dl=—S{aU N S dl—»\/E—U'%dbr}.

or 24E—=U

Bo Bropom useHe yureHo, yto dI? = dr? u notomy dl dbl = dr dbr; npoussens B
9TOM uJleHe HHTErPHPOBAHHE [0 YACTAM H NPHUPABHAB 3aTeM HYJMO KO3(dHUHenT
npy Or B MOABIHTErPaJibHOM BHIPAXKeHHH, HONYYHM KHMdepeHuHaNbHOE YpaBHewude

TpaeKTOpH“ d d OU
7 r
o NE—T ﬁ(1/1:‘— 7] ’Z_T)‘:_TF'

PackpbiB NPOH3BOJHYIO 8 J€BON CTOpOHe paBeHCTBa H BBOAS cHay F =
= —@gU/dr, MOXKHO TIPEACTaBHTb 3TO ypaBHeHHe B BHIE
d’r — F— (Ft)t
di? 2(E-0U)"

roie t = dr/dl —enunnunLi BeKTOp KacaTeNbHON K TpaekTopHH. Paznocts
F — (Fi)t ecTh HOpmanbHas K TpaekTopuu komnoseHra cuian F, TIpomzsoanas
we dxr/dl? = dt/dl, kax usBecTHO M3 AHddepeHUnajbHON reOMeTpHH, paBHa n/R,
rie R -— pasnyc KPUBHMSHB TPAGKTODUH, a @ — eJUHHYHHI BEKTOP rJaBHOH
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HOpMany K Hell. 3ameHnB Takxe E — U Ha mv?/2, nonyunwm:
mv?

R
B COOTBETCTBHH C M3BECTHHIM BhHIpaXKeHHeM IJIs HOPMaJbHOIO YCKOPeHMst NPH XBH-
XeHHH N0 HCKPHBNEHHOR TPaeKTOPHH.

n =Fn

§ 45. Kanounueckne npeoGpa3osanus

Bri6op 0006IIeHHBIX KOOPAMHAT ¢ He OrpaHHUYeH HUKAKHMH
VCJAOBUSIMU — HUMH MOrYT OBITh, JI00ble § BEJHYHH, OMHO3HAUHO
onpefensiollne TOJOXKeHHe CHCTeMbl B IipocTpaHcTBe, Dopmansublil
Bu ypaBHeHu# Jlarpamxa (2,6) He 3aBHCHT OT 3TOrO BHIGOpA, M
B 3TOM CMBIC/Ji€ MOKHO CKas3aTh, UTO ypaBHeHHs Jlarpanxka uusa-
PHAaHTHB [O OTHOIIEHHIO K INpPeoGpa3soBaHHIO OT KOOPIHHAT g,
gs, ... K JIOOBIM JAPYIrHM HE32aBUCHMBbIM BesuuuHam @, Qs ... Ho-
Bble KOOPAHHATH Q ABASIOTCH GYHKUUAMU CTapblX KOOpIHHAT g,
IpHYeM JONYCTHM H TaKOH HUX BHIOOpP, IPH KOTOPOM 3Ta CBSI3b CO-
JepXUT B ABHOM BHIE TAKKE W BpeMd, T. €. peyb HAET O npeob-

pasoBaHHAX BHAA
Qi=0Qi(g, 1) (45,1)

(¥X Ha3HIBAIOT HHOTA TOHEYHbLIMU NPEeoOPa308AHUAMU).

Hapsay c ypaBHenusamu Jlarpanxa npn npeo6pasoBanun (45,1)
COXPaHsIoT, padyMeercs, cBowo dopmy (40,4) u ypasuenus [amuin-
ToHa. [locjiefHye, OLHAKO, JONYCKAIOT B JeHCTBHTEJIbHOCTH rOpasio
6osiee MIHPOKHUI KJacc npeobpazoBaHui. ITO O6CTOATENBCTBO ecTe-
CTBeHHbIM O6pa30M CBSI3aHO C TEM, YTO B T'AMHJBTOHOBOM MeTojie
HMOYJbCH p HTPAIOT HAPAAY C KOODAHHATaMH § pOJib paBHONpPas-
HBIX He3aBHCHMBIX nepeMeHuHX. IlosTomy noHsATHe mpeo6pasoma:
HHUsl MOXeT GBITh pacllHpeno Tak, 4TOOH BKJIOUHTH B cebs mpeol-
pa3oBaHHe BCeX 25 He3aBUCHMBIX NepeMeHHHX p M g K HOBHIM Iie-
peMeHHBIM P 1 Q no dopmysam

Qi == Qi (p’ q, t), Pi = Pi (P: q, t)- | (4512)

Takoe pacliHpeHHe KJjacca JONYCTHMBHIX Npeo6pasoBaHuii ABageTCH
OJHMM H3 CYHIeCTBEHHBIX NPEHMYILIECTB T'aMHJBbTOHOBOTO MeETOZa
MeXaHUKH. '

-OHaKo OTHIOAb He NPH NPOU3BONBHBIX NPeo6pa3OBaHUAX BHAA
(45,2) ypaBHEeHHsA JBHKEHHS COXPAHAIT CBOH KaHOHHYECKHH BHI.
BhisesieM Tenepb ycsaoBHs, KOTOPBIM JOJIKHO YIOBJETBOPSTHL IIpe-
obpasoBanue, AJS TOTO YTOOH ypaBHeHHs ABHMEHHS B HOBHIX Ie-
peMeHHbIX P, Q UMeau BHJ

: aH’ ; aH’
U=5p P=—73q (15.3)

¢ Hekotopo# Hoso#i ¢yHkuuell I'amuaprona H' (P, Q). Cpenn Takux
npeo6pa3oBaHuii 0cOGEHHO BaxKHHl TaK HasblBaeMble KAHOHUYECKUe.
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K ¢opMynam s KaHOHHYECKHX Npeo6pasoBaHUil MOXKHO MApHi-
TH caexyomuM nyteM. B konue § 43 6n10 nokasaHo, 4TO ypaB-
HeHUst aMuJbTOHA MOLYT OHITh NOJAydYeHBl 43 NMPUHLHIA HAHMEHb-
miero neHCTBHS, IPeACTaBJAeHHOro B hopme

8 S (Z p,dg, — H dt) =0 (45,4)

[(npuueM BapbUPYIOTCH HE3aBHCHMO BCEe KOOPAMHATHI H HMIIYJbChH).

Jsi TOro 4roObl HOBhie HepeMeHHble P u Q TOXe YAOBJETBOPSAJH
ypaBuenusiM [amusnbroHa, A8 HHMX TOXe JOJKeH OHITH CIpaBen-
JIKB NMPUHIUN HAaHMeHbIIEro AefcTBUs

8 S (Z P,dQ, — H’ dt) =0. (45,5)

Ho ppa mpumnunma (454) u (45,5) 3aBefOMO 3KBHBaJeHTHH APYT
Jpyry TIPW YCJIOBHH, UTO HX NOJHHTErpaJbHble BBHIPAXKEHHSA OTJIH-
YalTcs JHIIb Ha NOJHBHE nuddepeHnnan Npou3BoabHOH QYHKUHK F
KOOpAMHAT, HMIYJIbCOB U BPEMEHH; TOT/la Pa3HOCTb MeXAy 000HMU
HuTerpanaMu Gyder HecyLleCTBeHHOH NpPH BAPbHPOBAHHMHU IOCTOSH-
HO¥ (pasHoCTh 3HaveHuil F Ha npejesnax MHTerpupoBaHus). Taxum
o06pa3oM, NOJNOKUM

Y. pidq, —Hdt= Y, P,dQ, — H' dt + dF.

IlpeoGpazoBaHud, yaOBJCTBODAIOUIHE TaKOMy TpeGOBaHHIO, H Ha-
3HBAIOT KaHOHMYeCKUMH !). Besikoe kaHoHHueckoe npeofpasoBauue
XapaktepusyeTcsl cBoedl GyHKUHMe# F, KOTOPYIO Ha3LIBAIOT NPpouU3-
sodauweli pynxyued npeo6pasoBaHuA.

IlepenucaB nosyyeHHOe COOTHOLIEHHE B BHJeE

dF =}, p;dq; — ). P,dQ, + (H' — H) dt, (45,6)

Mbl BUAHM, YTO

oF oF , oF
Pr="3g7 Pi=—55- H'=H+-5r; (457

NpH 3TOM IIpeAnoJiaraercs, YTO INPOU3BOAsIlaf GYHKUHS 3ajaHa
Kak (YHKUHSI CTaphlX H HOBBIX KoopAuHAaT (# BpeMeHH): F =
= F(q,Q, t). Ilpn 3anannofi ¢ynkuun F Qopmynst (45,7) ycra-
HaBJUMBAIOT CBSI3b MEXKAY CTapbiMH (p, q) H HOBbiMH (P, Q) mnepe-
MCHHBIMH, 4@ TaKXe AT BHIpa)KeHHe AJA HOBOH IaMHJIbTOHOBOH

(pyHKIHH.

1) 3ameruMm, uro, KpoMe KAHOHHYECKHX NpeoGpa3oBaHuii, COXPAHSIIOT KaHO«
HUYECKHil BHA YDABHEHHH NBHIKeHHss H npeo6Gpa3oBaHHs, NPH KOTOPHX MOAHIHTe-
rpajabHble BolpaxceHHss B (45,4) u (45,5) OTIHYAIOTCS NMOCTOSTHHBIM MHOXKHTEJEM.
TipumepoM MOXKeT CayXuTh npeoGpasoBanue BHaa Py =ap;, Qi = q;, H = aH
€ NPOH3BOJLHOH IOCTOAHHOH a.
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Moxer oKa3aTbCs yAOGHHM BHPaXXaThb HPOH3BOAAMYI0 (YHK-
HHI0 He 4Yepe3 NepeMeHHbe ¢ H Q, a Uepe3 CTaphle KOOPAMHATH §
¥ HOBble HMNyJabchl P. Il BhiBoZa (OPMYJ KAHOHHUECKHX Ipes
o6pa3oBaHuii B 3TOM CJayuae HaJIO INPOH3BECTH B COOTHOUIECHHH
(45,6) cooreercrBymoliee npeoGpasosanue Jlexanapa. Muenno, ne-
EGHHCbIBaEM €ro B BuIe

d(F+ Y PQ) =), p;dq;+ 2. Q,dP,+ (H' — H) dt.

BripaxeHnne, crosmee Aoj 3HaKoM auddepeHunana B JIEBOA CTo-
pOHe paBeHCTBA, BHIPAXKEHHOE Uepe3 MepeMeHHbE ¢, P, U sBjseTCA
HOBOHi mupousBojauielt ¢ynxuuefi. OOCO3HAYHB ee IOCPEICTBOM
®(g, P, t), umeem !):

90 o0 , 90
pi=a—qi’ Qi=a_Pi—1 H “‘H_l_—a—' (45’8)

AnanornusbiM 0Gpa3oM MOXKHO NepefiT K (GOpMyJaM KaHOHH«
YeCKHX nmpeoOpa3oBaHHil, BHPAXKCHHHX Yepe3 NPOH3BOAAIIHE (HYHK=
IMH, 3aBHCAIIHE OT IepeMeHHBIX p ¥ Q HaH p u P.

OTMeTuM, YTO €BSI3b MEXKAY HOBOH H CTApPOH TaMHJILTOHOBHMH
(QYHKUMSME BCerfla BHpaXkKaeTcsl OJHHAKOBEIM 00pa3oM: PasHOCTb
H" — H paercsl 4acCTHOfl NPOH3BOAHOA MO BPEMEHH OT NPOHU3BONS-
mef ¢yHKuUUU, B 49acTHOCTH, ecsqu MNMOCJICAHAS HE 3aBHCHT OT Bpe«
Menu, 1o H’==H. [IpyrnMu cJOBaMu, B STOM cJydae sl MOJY-
yeHHs1 HOBOH ¢yHKuuM [aMuJIbTOHA [NOCTATOUHO MOJCTABHUTE B H
BeJIHUHHBL p, ¢, BHIpaXKeHHHe Uepe3 HOBHE HepeMeHHble P, Q.

Mupora KaHOHHYECKHX MpeoOpa3oBaHUA B 3HAUHTENLHON Cre-
NeHH JiNIIAaeT B FAaMHJIBTOHOBOM MeTOJe NMOHATHe 06O0O6INeHHBIX KO-
OpJAHHAT W HMIYJbCOB HX [epBOHadgaJpHOro cMulcna. [Tockoasky
npeo6paszoBanus (45,2) CBA3LIBAIOT KaXAyl0 H3 BeJHYHH P, Q
KaK C KOOPAMHATAMU ¢, TAK H C HMIYJbCAMH p, TO NlepeMeHHHE Q
yKe He HMEIOT CMBICJA YHCTO NPOCTPAHCTBEHHHBIX KoopawHAT. Pasz-
Juyre MeXAy OGEHMHM rpynnaMH IepeMeHHbIX CTAHOBUTCH B OCHOB-
HOM BOMPOCOM HOMEHKJATYPHBIM. DTO OGCTOSTENLCTBO BecbMa Has
TASIAHO TIPOfIBAETCS, HANpUMep, B npeoGpasoBanuu Q; = p;, P; ==
== —¢;?), ABHO He MEHSIOIeM KAaHOHHYCCKHH BHJ YypaBHeHUH H
TBOAAIMIEMCH TPOCTO KO B3aHMHOMY IIeDeHMEHOBAHHIO KOODIHHAT
H HMIIYJIBLCOB.

1) 3amernM, YTO, B3AB MPOH3BOAAINYIO GYHKUHIO B BHIE

®=73 fi(g )Py

(rme f: — npousBoJbENe (YHKUMH), MBI moJyunM npeofpasoBanue, NPH KOTOPOM
HoBHe KoopiuHathl Qi == [i(q, f}, T.e. BHIPAXKaOTCA TOMBLKO Uepe3 CTaphie Koop<
JEHATH (HO He HMIYAbCH). ITO — TOYeuHHEe npeoOpPa30OBAHMA, KOTOPHIE eCTe-
CTBEHHHIM OGDa3OM OKa3LBAIOTCH YaCTHRIM C/AydaeM KaHOHHUECKHX npeolpaso-
BaHHH.

2) EMy orseyaer mponsBonsimas ¢yrxkuus F= Z qug;
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BBuly 5TOf ycNOBHOCTH TePMHHOJIOTHH NepeMeHHbIE p H g B
raMHJIbTOHOBOM METOJ€ YacTO Ha3LIBAKIOT NPOCTO KAHOHUHUECKU CO-
NPANMCEHHBIMU BEAULURAMU.

YcnoBHe KaHOHHYECKOH CONPSKEHHOCTH MOXKHO BHPA3HThH C IO-
Mombio ckoBox Ilyaccoma. Ilas aToro JgoOKaxKeM IpeABapHUTENBLHO
ofulyio TeopeMy o6 HHBapHaHTHOCTH ckoGok Ilyaccona mo OTHO-
IIEHHIO K KAHOHHYECKUM NpeobpPa3oBaHUAM,

Hycrs {fg}p, s — cko6ka Ilyaccona Besmuun [ u g, B KOTOpPOH
AAQdepeHUMPOBAHMe NPOU3BOAUTCA 110 IEepeMeHHEIM p, ¢, 2

g}, o — ckoGka IlyaccoHa Tex XKe BeJHYHH, AU(bdepeHnHpyeMBbIX
o KaHoHWYecKuM nepeMenuuM P, Q. Torna

{ig}y, o =1{lg}p, o (45,9)

B cmpaBeasHBOCTH 3TOrO COOTHOINEHHSI MOXKHO YGeIHTbCS Mps-
MEIM BHIYHCJEHHEM C HCIOJb30BaHHEM (POPMYJ KAHOHHUECKOro Ipe-
obpaszoBanus, MoxHO, ONHAKO, 000HTHCL U 63 BHUMCICHHH € NO-
MOUbIO CJAEAYIOUIETO PacCyKICHHS.

ITpexxne Bcero saMeuaem, YTO B KaHOHHYECKHX Npeo6pa3oBa-
HusAx (45,7) unu (45,8) Bpemsa urpaer posp napaMerpa. Ilostomy,
€CIH MH JOKameM TeopeMmy (45,9) [is BeauuuH, He 3aBUCHIIHX
SIBHO OT BpeMeHH, To oHa OyleT BepHa H B ofniem cayuae, Pac-
CMOTPHM Telepb YHCTO (OpMasNbHHIM 06pa3oM BeJHYHHY g Kak
FaMHJIbTOHOBY (YHKUMIO HEKOTODO# (UKTUBHONK cucTeMHl. Torja
cornacHo Qopmyne (42,1) {fg}p. ¢ = —df/dt. Ho npoussopnas
df/dt ectp BesMuKHHZ, KOTOpPas MOXKET 3aBHCETb JIHUIL OT CBOHCTB
JBuxeHNs (Hamell UKTHBHOM CHCTEMBI) KaK TAKOBOro, a He OT
T0ro WAH HHOro Bnibopa nepeMeHHHX. [losToMy m cko6xa Ilyac-
coHa {fg} He MOXKeT H3MEHMTHCH NPH Mepexoje OT OJHHX KAHOHH-
MECKUX NEePEeMEHHBIX K JPYTHM.

Hs dopmya (42,13) u Teopemur (45,9) nonyunm:

{QiQep, e =0, {PiPi}p,q=0, {PQu}p,q="3s. (45,10)

D10 — 3anucaHupie ¢ noMomsio ckoGok Ilyaccona ycaoBusl, KoTO-
PHIM LOJIKHBl YAOBJETBOPATL HOBLlEe NepeMeHHbE, IJs1 TOr0 YTOGH!
npeo6GpasoBanue p, g — P, Q 6blJI0O KAHOHUYECKHM.

HurepecHO OTMeTHTb, YTO H3MEHEHHe BeJIHYHH p, ¢ OPH CaMOM
JBIXKEHHH MOXKHO paccMaTpUBaTh KaK KaHOHHYeCKHe Ipeobpaso-
Banusa. CMBICT 3TOrO YTBepP/JEHHSI COCTOHT B CJeRyouieM. Ilyers
gt, p:— 3HAUEHHUsS KAHOHMUYECKHX IJIePEMEHHHX B MOMEHT BpeMe-
HH [, & iy, Pt4r— UX 3HAYEHHss B Apyro#i Moment ¢ - . [Tocnesn-
AHe SBJAAIOTCH HEKOTOPHIMH (QYHKIHAMH OT IepBHX (K OT BeaH-
YHHEl HHTEpBaJa T KaK OT Imapamerpa):

‘It+r=‘l(qi, ph t9 T)’ Pt+t=P(¢7t, Pt t: T)'

Ecnn paccMaTpusatb sTH (OPMYJE Kak Npeo6pasoBaHHe OT me-
PEMEHHBIX 41, Pt K NEPEMEHHBIM (i, Piyr, TO 8TO nmpeobpasoBanue
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6yzeT KaHOHHYECKHM. 3T0 OUEBHAHO M3 BBEIpaKeHUs

dsS= Z (pt+': dqt+1 — P dqt) - (Ht+‘c - Ht) dt

s anboepennnana gefctBust S(Giir, g1, L), B3ATOrO BAOJND HCTHH-
HOH TPAaeKTOPHH, NPOXOAAIIeH Yepe3 TOUKH ¢t H §ryy B MOMEHTH
BpeMenu ¢ n {4 1 npu 3axannoMm t {cp. (43,7)). CpaBuenne 310H
dopMynn ¢ (45,6) moxasmiBaer, wr0 —S ecTh HPOHU3BOAAIIAS
¢yHKUNg npeo6pa3oBaHus.

§ 46. Teopema Jluysnaas

a5 reoMeTpHuecKo#l MHTepNpeTauud MeXaHHUeCKHX SBJeHHH
YacTo NOJb3YIOTCA MNOHSITHEM O TAaK Ha3bBaeMOM (Ha3080mM npo-
CTPAHCTBE KAaK O NPOCTPAHCTBE 2§ W3MepeHUi, HA KOOpDAHHATHHIX
0CSIX KOTOPOTO OTKJaJBIBAIOTCA 3HAYeHHUS] S OOOOLIEHHHIX KOOPAH-
HAaT U S MMIYJbCOB JAHHOR MeXaHH4ecKoH cHcreMBl. Kaxnas tou-
Ka 3TOro NPOCTPAaHCTBA OTBeYAET ONPeNeJeHHOMY COCTOSHHIO CHe
creMnl, [Ipu ABHKeHHHU CHCTeMBl H3o0paxarolilast ee pasoBas To4ka
OTNMCHIBaeT B ()a30BOM IPOCTPAHCTBE COOTBETCTBYIOLLYIO JHHHIO,
HasbiBaeMylo (asoBoil Tpaextopueil. Ilpoussesenne nuddepen-
1HaJI0B

dl =dq, ... dq;dp; ... dps

MOKHO paccMaTpHBaTb KaK «3JeMeHT o6beMa» (pa3oBOro mpo-
crpadcrBa. PaccMOTpHM Tenepn HHTerpail Sdl’, B34THH 1O HEKO-

TOpPoOfl ofaacTH (asoBOro NPOCTPAHCTBA M H300pakaoWMK coboft
ee o6beM. [TokaxkeM, uTO 3Ta BesNMYHHA 06JafaeT CBOHCTBOM UH-
BAPHAHTHOCTH MO OTHOLIEHHI0 K KAaHOHHYECKHM Npeo6pas3oBaHHAM:
ecJi TIPOM3BECTH KAaHOHWYECKOe Ipeobpa3oBaHHe OT INepPeMeHHLIX
P, ¢ K nepeMeHHbM P, Q, T0 06beMbl COOTBETCTBYIOMIUX APYT APYTY.
o6JacTell NPOCTPAHCTB p, ¢ ¥ P, () OAUHAKOBHI:

{... { aq, oo dgodpy ... dp,=\ ... {dQ, ... dQ,dP, ... dP..
(46,1)

Kak usBecTHo, npeoGpa3oBaHHe IEePeMeHHBIX B KDaTHOM HH-
TerpaJje NpoU3BOLUTCS MO Qopmye

S San, .. dQ,dPy ... dPszs deq, ... dg.dp, ... dp,

rie

— 6(Q11 vesy Qs, Pl; ...,Ps)
D—_‘ a(qb vees gy Pry osses ps) (46)2)

ecTh T4K HasbiBaeMblii siko6uaH npeobGpasoBauus. [losTomy noka-
3aTe/IbCTBO TeopeMbl (46,1) cBOAMTCA K AOKa3aTeJLCTBY TOrO, UTO
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AKOGHAH BCAKOro KaHOHHYECKOro npeoc6pas3oBaHUs paBeH eQHHHIE:
D=1. (46,3)
Bocnosnb3yeMcs HM3BeCTHBIM CBOHCTBOM  SIKOGHAHOB, KOTOpOE

no3BosisieT 06pamaThcd C HUMH B ONpeJeNeHHOM CMBIC/Ie, KakK ¢
opobsimu. «Pas3nenuB uHCAuTeNb U 3HaMCHaTeJ b» sKOOHAaHa Ha

0(q1, ..., gs, Py, ..., Ps), nonydnm:
p=29Qu .., Qs Py, .., Ps /a(qn-.-,qs,pn,..., ps)
a(qh"':quPb'-- PS) O(ql,...,qs,P,,...,Ps)'

Cor/iacHO JPYroMy H3BECTHOMY MpaBHJy $IKOGHAH, Y KOTOpPOTo B
QUHCTHTENIe» M «3HaMeHaTesne» (GHUIYPHPYIOT OJMHAKOBHIE BesH-
YHHBI, CBOAUTCS K SKOGHAHY OT MEHBILETO YHCJIA MepeMeHHBIX, npHu-
yeM npHu BcexX AH(PQepeHIpPOBaHUSIX B HEM BhIIaBINHE OJAHHAKOBbLIG
BeJIMYMHEL JOJKHE CYHTATBCS NOCTOHHEMY. TlosTomy

D= 3(Qy, s Qs) } /{ 0 (p1s - -4 Ps) } N (46,4)
0(gu -0 qs) P=const 0Py, ooy Ps) Jgconst

PaccMoTpuM fiIKoGHAH, CTOALMIA B YHCJIWTENE STOTO BBIPAXKEHHS.,

CorsiacHo ompeZeseHUI0 3TO €CTh OIpeJesHTesNb paHra §, COCTaB-

JIeHHHI M3 3/eMeHTOB 0Q;/0q: (3/1€eMeHT Ha NepeceveHdd i-# crTpo-

KM H k-ro cronbua). [IpeacraBuB kaHOHHYecKoe npeoGpas3oBaHue

¢ nomouiblo mpousBoasuiell ¢ynxuuu @(g, P) B dopme (45,8),
NOJy4dHM:

Q; 0%
dq, aqdel :

Takum xe o6pasoM HafijeM, uto i, k-l sJeMeHT ompeaejuTenast B

3HaMeHaTeNe Belpaxenusi (46,4) paseH . DTo 3HaAYMT, YTQ

0D
dq,0P,
00a OmpeleJuTelsl OT/IHYAIOTCH TOJLKO 3aMeHOl CTPOK Ha CTOJG-
e ¥ ob6parno. [losToMy OHM PaBHH APYL APYrY, Tak YTO OTHOs
menne (46,4) paBHO efUHHIE, YTO M TPEOOBANOCH NOKA3aTh.

[TpencraBuM ceGe Temepp, UTO Kaxkjaast TOYKA JAHHOI'O Y4YaCTKa
(ha30BOro NPOCTPAHCTBA TMePEMEINAeTCs C€Q BpPEMEHeM  COrIACHO
yPaBHEeHHAM JABHKEHHS PACCMaTpHBAEMOR MEeXaHHYECKOH CHCTEMHL
Tem cambiM GyneT mepeMelnaTthcs H Bech ydactoK. IIpu aToM ero
06beM OCTaeTcsi HeH3MEeHHBIM:

S dl = const. (48,5)

D10 yrBepxkiAeHue (TaK Ha3biBaeMmas Teopema Juysuanrs) Hemno-
CPEACTBEHHO CJe[yeT M3 HHBAapHaHTHOCTH (pa3oBoro obbeMa IpH
KaHOHHUECKHX Npeo0pa30BaHHUAX H M3 TOrO, YTO CAMO@ H3MeHeHue
p H ¢ TPpH IBHXeHHM MOXKHO paccMarpuBaTh (Kak OBLIO yKasaHO
B KOHIle HpeAbAyLIero naparpa(’pa) KaK KaHOHUYECKOe mnpeobpas
30BaHuUe,
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CoBeplIeHHO aHaJOTHYHHIM O00pa3oM MOMHO [OKasaTb HHBa-

PHEHTHOCTb HHTETPaAJOB
{§ > da:ap,
4

SSSS Z dq, dp; dqy dpy,

ik

s e s 2 s s 2 s s s @ y

B KOTOPHX HMHTErPHPOBAHHE MNPOU3BOAHTCA IO 3afaHHBIM ABYX-,
yeTHpeX- H T. [. -MePHHM MHOroo6pasusM B ($a3oBOM NPOCTPaH-
cTBe.

§ 47. YpaBHenne F'ammiabtoHa — Slko6H

B § 43 O6nu1o BBeJeHO NOHSITHE O AERCTBHH Kak QYHKIUH KO«
OpAMHAT H BpeMeHH. DHlJIO NMOKasaHo, 94TO WacTHAs NPOH3BOXHAA
no BpeMmeHH orT srtofi ¢yHKuum S(g,?{) cBA3aHa c ¢yuruueds la-
MHJIbTOHZ COOTHOILIEHHEM

aS
S+ H, p, =0,

a ee YaCTHBIe TPOH3BOAHLIe N0 KOOPIAMHATAM COBHAJZAIOT C HM-
OyJbCaMH. 3aMeHHB B COOTBETCTBHH C 3THM MMINYJbCH p B (YHK-
uug [aMuabTOHA NpOH3BOAHBIMH O0S/dq, MBL MOJAYYHM YpaBHeHHE

A H(qh s G5 g oo 9 1) =0, (47,1)
KOTOpPOMY JOJIXKHA YHOBIeTBOPATH (yHKuua S(g,f). D10 ypaBHe-
HHE B YAaCTHHIX MPOH3BOAHLIX NEPBOTO MOpsALKa; OHO Ha3LIBaeTcs
ypasrenuen Ianurvrona — fxobu.

Hapsay ¢ ypasHenusamu Jlarpanxa n KaHOHHUECKNMH ypaBHe-
HUSIMuH ypaBHeHHe [amunbpToHa — KOGH TakXe ABJASETCS OCHOBOM
HeKOTOporo ofuiero MeroLa HATErPHPOBAHHSL YpaBHEHWH JBH-
KeHH.

TTepexoas K H3JA0XKEHWO 3TOT0 METOA2, HANOMHHM MNpeiBapu-
TeJbHO, YF0 BCfKoe aH(depeHUHalbHOe YDaBHEHHE B HACTHHY
OPOU3BOAHBIX MEPBOro MOPSAAKA HMEeT pellleHue, 3aBHCALIEE OT
NPOU3BONBHON (YHKIMH; TaKOe pellleHHe Ha3bIBAIOT OGIIUM HHTe-
IpasoM ypaBHeHHs. B MeXaHHYeCKHX NPHMEHEHHUSX, OAHAKO, OCHOB«
HYI0 pOJib Hrpaer He of6muit HHTerpaj ypasHeHHs [aMHIbTOHA —
Slko6H, a TaK Ha3BBaeMBIl noaxbidl uHTE2pan; TAaK Ha3HBaeTCd
peilerne avuéGdepeHNNaJbHOIO YPaBHEHHS B YacCTHLHIX NPOH3BOA+
HHX, cOJepiailee CTOJIbKO HE3aBHCHMBIX NPOW3BOJIBHLIX TIOCTOAH-
HBHIX, CKOJIbKO UMEeeTCsl He3aBHCHMHX IePeMeHHHX.

B ypaBuenmu ['aMuibToHa — JIKOGH HE3aBHCHMEIMH INepeMeHs
HHIMH SIBASIOTCS BpeMs M KoopAuHatil [losTomy ans CHCTEMH ¢
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'S CTeNEHsiMH CBOGOJBI MOJIHBIE HHTEIPat 2TOrC YPaBHEHHS JOJMKEH
COIepXKaTh § -+ 1 NPou3BOJMbHBIX NOCTOAHHBIX. Ilpn sToM, mockoan-
Ky QyHKINA S BXOAHT B yPaBHEHHE TOJbKO UePe3 CBOH NMPOH3BOJ-
HBle, TO OJHA M3 IPONU3BOJIbHBIX TOCTOAHHBEIX COLEPIKHUTCH B IOJHOM
HHTErpaje aJAuTHBHHIM 06pa3oM, T. €. NOJHLIA HHTErpasj ypabHe-
Hust TamMuabTOoHa — $IKO6U HMeeT BHJ

S=f(t) 41, 200y qs; al’ * ey as)+Ay (4712)

TIE Oy, +.., Os B A — IMPOU3BOJIbHEIE NOCTOSIHHBIE 1),

BhIICHUM Telepb CBfi3b MeXK/y INOJHEIM HHTErpPajioM ypasHEHHs
TamunpToHa — $IKO6HM M UHTEpeCcYIOLlMM Hac pelleHHeM YypaBHeHUH
IBuxkeHns, Jlyus sToro mMpousBejneM KaHOHMYecKoe mpeobpasoBaHue
OT BEJHYHH ¢, p K HOBHIM IlepeMeHHbIM, npuieM GyHKUHIO f(¢, ¢, @)
BbifepeM B KadeCTBe NpOU3BOAAIIeH (YHKUHM, a BeJHYHHH o,
o3, ..., Os—B KauyecTBe HOBHIX HMNyJabcoB. Hombie KoOpauHaTH
obosnauuM mnocpenctsoM i, Po, ..., Ps. Tak xak npouUsBOAALIAS
(YHKIHS 3aBHCHT OT CTapblX KOOPAHHAT H HOBHIX HMIyJbCOB, MH
JIOJIXKHB! IONB30BaThes QopMyaamy (45,8):

__©of __ of r__ oF
P:—EE' Bi—’a—(;i‘: H' =H+ 3"

Ho nockonbky QyHKUHA [ yA0BAeTBOpSeT ypaBHeHHIO [ aMu/b-
ToHa — $KOGHM, TO Mul BHAWM, 4T0 HoBad ¢yHKuu#A [aMuabpToHA
ofpaliaercs TOXAECTBEHHO B HYJb:

v of S
H —H+6t—H—}— a1 =0.
TMosToMy KaHOHHYeCKHe yDaBHEHHs AJist HOBBIX NepEMEHHBIX HMEIOT
L] ]
Bup o; = 0, B; = 0, oTKyAa caexnyer, 4TO
o; ==const, p,;==const. (47,3)

1) Xorg oGwHi HHTerpaA ypaBHeHHWs | awmuabroHa -— SIxoGum EaM He noHajo-
6uTCH, HO YKaXkeM, 4TO OH MOXeT GhiTb HaWleH, eCH M3BECTEH MOJHBI HHTerpaJ.
Ina sroro OyneMm cuwTaTh BeJHYnHY A NPOH3BOJMbHOH (GYHKHHEA OCTANLHBIX N1O-
CTOSIHHBIX:

S=f(t g, .0, g3 G0 ovvy W) Aoy, .o, as)

3aMeHUB 3/leCb BEJHYHHH ¢; OYHKUHAMH KOOPAHHAT H BDEMEHH, KOTOPHE Haxo-
INM u3 § ycnoBHf
as

oa;

=0,

nosayyum OOmHA  MHTerpajd, 3aBuCsmufi OT BMA2 TIPOH3BOJbHOH  YHKUHM
A(ay, ..., 0s). [elicturenpro, AJf HOJYYEHHOH TaKUM croco6oM OQYHRUEH S

Ameen: as as a8 0 208
O (L2 90} o __~)
04 0q )a + ; (aak q 991 o9y Ja’

Ho sennunnnt (38/3q;)q ynoBaersopstor ypasuenno IamuantoHa — SIkoGu, mo-

¢cxombKky GyHKuMS S(f, g; o) €CTh NO MNPEANOJOKEHHIO NOMHBI HHTErPaj 3TOTO
ypasuenus, IToaToMy yA0BAETBOPAIOT eMy H Npou3Boaunie 4S/dq,
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C npyroft cTOpOHLI, § YpaBHeHuUH

Jal0T BO3MOXKHOCTb BHIPA3HTh § KOODAHHAT ¢ depe3 BpeMd # 2s
nocTostHEMX o ¥ B. Tem camblM Mbl Hafifem o6muil uHTerpa’ ypae-
HeHUll ABHIKEHUA,

Taxnm obpasoM, pemieHue 3anadyu O ABHKEHHH MeXaHHUYECKOH
cucteMbl MerofoM [amuneTOoHa — fKOOM CBOANMTCH K CJELYIOIHM
onepauusm,

[To ¢ynrkumu [aMuabTOHA cocTaBasieTcsl ypaBHeHHe [ aMHIBbTO-
na — $SIko6u W HAXOAWTCA NOJHHI uuterpan (47,2) storo ypasue-
uua. Huddepenunpysa ero 1o npousBOJbHBIM NOCTOSIHHBIM o #
OPHDaBHNBAs HOBLIM NOCTOSIHHEIM B, IONyyaeM cucteMy s anare6-
panuyeckux ypaBHeHU#

a8
a_ai = ﬁl: (47)4)

pelmasi KoTopylo, HallieM KOOpAHHATH ¢ KakK (YHKUUH BpeMeHA
d 2 NPOM3BOJIBHBEIX NOCTOSTHHBIX., 3aBHCHMOCTh MMNYJIbCOB OT Bpe-
MeHH MOJXHO HAaWTH 3aTeM N0 ypPaBHeHHAM p; = 0S/0q:.

Ecan MB HMMeeM HeNOJIHBLIA HWHTerpaJ ypaBHeHHs [ aMuibro-
Ha — §Iko6H, 3aBHCALINH OT MEHbINEro 4eM S YHCIA TPOU3BOJILHHIN
IOCTOSIHHBIX, TO XOTS C €ro NMOMOILILIO HeJab3sT HANTH O6IIMA HHTes
rpana ypaBHEHMH JBHXKeHHS, HO MOXKHO HECKOJBKO YIPOCTHTL 3a«
lavy ero Haxoxnaenus. Tax, ecau u3BecTHa OyHKuus S, comepxas
[[asg OJHY NPOU3BOJBIYI0 NOCTOSHHYIO @, TO COOTHOLIEHHE

_6_\?.-— nst
o == COIlS

laeT ONHO ypaBHEeHHe, CBA3LIBAIOIIEE g1, +.+, s U L,

Ypasueune I'amunvToHa — fIKOGH npUBHMAaeT HECKOABLKO GoJee
npocryio $OpMy B TOM chyuae, koraa ¢yukuusi [ He 3aBHCHT OT
BPEMeHH #BHO, T. €. CHCTeMa KOHCepBaTUBHA., 3aBHCHMOCTb fefi
CTBHA OT BpeMEHM CBOJAHTCS NPH 5TOM K cJjaaraeMoMmMy — Et:

S=3S8,(g9) — Et (47,5)

(cM. § 44), m noncranoBkoit B (47,1) Mbl mosayyaeM Iast yKopo-
yennoro AeiictBHA So{(g) ypaBHenue ['amMmabTOHA — §IKOGH B BHIE

98, 4S,
i/

H( G oees 95 5250 venr 22 ) =E. (47,6)

§ 48. Pa3nenenne nepeMeHHbBIX

B psle BaXKHBIX CJyYyaeB HAXOX/JeEHHE NOJHOIO MHTErpa.sia
ypaBHeHuss ['aMHaIbTOHA ~— fKO6u MOKET OHTbL NOCTUTHYTO METO~
JIOM -TaK Has3bIBAeMOr0 pa3fefeHus NepemenHblX, CYIIHOCTh KOTO-
POTO COCTOHT B CJEAYIOLLEM,
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HonyceTtuM, uro Xakas-iu6o KoopAuHaTa — 0603HAaYUM ee §;—
H COOTBETCTBYIomIasi efi mpousBojHasi 0S/0g; BXoAAT B ypaBHEHHE
TaMuibrona — SIko6u TOJBKO B BHIe HEKOTOPOH KOMGUHAUMH

o) (ql, %), He cojepXkallefi HUKAaKUX JAPYTHX KOOpAWHAT (Hid
1
BPEMEHH) H.IIPOM3BOJHBIX, T. €. yPaBHEHHE HMeeT BUJ,

aS a8 4S8
CD{qh t’ —6‘7_1’ Bt (p(qu 'a';l')}=0, (48,1)

rie ¢; 0603HauaeT COBOKYMHOCTb BCeX KOOPJAMHAT 3a MHCKJI0Ye
HHEM ¢.
ByzeM ucKaTb B 9TOM CJyuae pelieHye B BHAE CYMME

S=258"(g;, ) + S (q). (48,2)
TloncraBus 5T0 BHIpaxeHHe B ypaBHeHue (48,1), moaydnm:
a8’ 9§’ ds,
q){qia f, _05:1 ot (p(qla dl] )}“—O (48,3)

IlpeamonoxuM, uro pemente (48,2) wmaiineno. Torma mocae non-
CTAaHOBKH ero B ypaBHeHue (48,3) mnocnennee moMKHO o6paTHTLCA
B TOXJAECTBO, CNpaBelJNBOe, B YaCTHOCTH, NPH JOO0OM 3HAaUEHUHU
KOOpJAMHATH ¢;. Ho NIpH M3MeHeHHH ¢; MOXET MEHATbCS TOJBKO
GOYHKIHA @; TOITOMY TOXKIECTBEHHOCTh paBeHctBa (48,3) Tpe-
6yer, yTo66l U QYHKUMA ¢ caMa no ceGe GHJa MOCTOAHHOH. Takum
ob6pasomM, ypaBHeHne (48,3) pacna,uaeTc;l Ha [Ba ypaBHEHHA:

o (a1 )=, (48,4)
a8’ as’
(D{Qb Z g, " oi 0‘1}=0, (48,5)

Tle o — NPOH3BOJbHAsE nocTodAHHAdA. [lepBOE H3 HHUX €CTb OOHIKHO-
Bennoe auddepenuuansbHoe ypaBHeHHe, H3 KOTOPOro (yHKUAS
Si(q1) Moxer ObTb ofipefeseHa NPOCTHIM HHTerpupoBanueM. [loc-
Jle 3TOro ocraercd AH(depeHuNaTbHOE YpaBHEHHE B YaCTHHIX Mpo-
w3BOAHHIX (48,5), HO yXKe C MeHbIUHM YHCJAOM HE3aBHCHMBHIX Ie-
peMeHHbBIX,

Ecau TakuM crmoco6oM MOXKHO MOC/J€T0BAaTENbHO OTIE/IHTh BCe
S KOOpPJIHHAT H BPEMs, TO HAXOXKJEHHEe IOJHOr0 HHTErpasia ypas-
penus [aMuibTOHa — §lKO6U UENNKOM CBOAUTCA K KBaJpaTypaw.
Jlns KOHCePBATHBHOM CHCTEMH peub (paKTHUeCKH HAeT JHIUL O pas-
JeJeHMH S TepeMeHHBIX (KOOpAMHAT) B ypaBHeHuu (47,6), u mpu
HOIHOM DAa3Je/cHHM HCKOMBIH HHTErpasl ypaBHeHHS HMeeT BHJ

S= ; Sk (qk; Qpy sesy as)—E(ab oy (Is) t (48x6)

rie Kaxjaas M3 QYHKUMA Sp 3aBHCHT JHIbL OT ORXHOH U3 KOOpAH-
Har, a sHeprus E Kak QYHKUHA NPOU3BOJBHBIX NOCTOSTHHBIX O, . ..

er:, Os MOJYUAETCH NOACTAHOBKOR Sy== Z S: B ypaBuenue (47,6),
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YactHeiM cIydaeM pa3feseBHs fBJIAeTCHS CAydal UHKINUECKOR
nepeMennofi. lluknuyeckas KoopAuHATa g BOBCE He BXOJMT B $IB-
HOM BHJe B (QyHKIHI ['aMHJIbTOHA, a NOTOMY H B ypaBHeHHe I'a-

Munbrona — Jdxo6u. @yHKUHUA q)(ql, a:) CBO/JHUTCS NPU 2TOM OpO-
cto k 8S/dqy, n us ypaBHeHus (48,4) umeeM npoctro S; == a4,

TaxK 4YTO
S=58(q;, ) + o4 (48,7)

TMocTosnrnas o) ecTb NpW TOM HE YTO HHOE, KakK NOCTOSIHHOE 3Ha-
YeHHe HMOyJabca p; = 0S/0q,, oTBevaollero HHKJIHYECKOH Koop-
aunarte. OTMETHM, UTO OTHEJEHHE BPEMeHH B Bule ujeHa —Ef ana
KOHCEDBATHBHOH CHCTEMBl TOXKE COOTBETCTBYeT METOAY pasieseHus
nepeMeHHBIX AJS <HHKAAYECKOH NepeMeHHon» f.

Takum o6pas3oMm, Bce paccMaTpHUBABIIHMeCs paHee CJaydad YIpo-
UleHUsT MHTErPHPOBAHHA YDaBHEHHH ABHKEHHS, OCHOBAaHHLIE HA HC-
[OJb30BAHUH UHKAUYECKUX IepeMeHHBIX, OXBATBHIBAIOTCH METOJAOM
pasJesieHus IepeMeHHHX B YypaBHennn [I'amuabrona — fko6n,
K mnm poGaBagercs eime psig cJAyyaes, KOrja pasjeneHHe nepe-
MeHHBIX BO3MOXKHO, XOT KOOPJAHHATHl He SBJIAIOTCH NHKJAHYECKH-
Mu. Bee 310 npHBOAMT K TOMY, 410 MeTOox l'amumasrona — Jxkobu
sBasiercd HanGoJiee MOTYHIECTBEHHBIM METONOM HAXOXACHHA 00~
LIEr0 WHTErpasia ypaBHeHHH ABHIKEHHS.

Oast pasgeneHus nepeMeHHLIX B ypaBHeHHH [aMuabTOHE —
Ako6u cyutecTBeH yAauHbH BHOGOD KOODAMHAT. PaccMOTpUM HeKo-
TOpble TpPHMEpHLl pa3liefleHHs] MepeMeHHBIX B DAa3/IHUYHEIX KROOPAH-
HaTaX, KOTOphle MOryT NPeACTaBHTD (puanecxnﬁ HHTEpEC B CBSA3H
€ 3afayaMy O IABHKEHHH MAaTepHaJbHOH TOYKH B paSJIH‘{HbIX BHeI-
HHX NOJSAX.

1. Cdepnueckne xoopaunatel. B stux xoopaunarax (r, 0, ¢)
dynkuna I'aMuabTona

H . p
Hziﬁz—(p;_{_ re rzsm29)+U(r 9, 9)

U paslejieHde NepPeMeHHbX BO3MOXKHO, €CJH
b (9) _cle)

+ e r?sin?0 ’
rae a(r), b(0), ¢(¢) — mpoussoavubie Gyuxkunn. [ocnienuuit anen
B 5TOM BBIPAXKEHHM BPSL JIH MOXET NpPEICTABUTH QH3UYECKHHA HH-
Tepec, U MOTOMY MBI PACCMOTDHM IOJE BHAA

U=a()+Z2. (48,8)

B sToM cayyae ypaBHeHHe I'aMuiibTona—jlko6H miasa dyHruun Sy

o (B8 Y s a ) g [(S2)" 4 2mb 0] + g (52) =E.
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VuuTHIBAsT UMKJHYHOCTh KOOPAHHATH ¢, HIIEM peileHHe B BHIE
So=P¢¢+Sl(f)+S2(e)
A g ¢oyHenui Si(r) u S2(0) noayuaem ypaBHe_Huﬂ
( S0 2 0) -+ 25 smza —8,
dSl
N bag) +

=E.

2mr2

Hurerpupys ux, NOAyuyHM OKOHYATE/IbHO:
" S=—Et+ p,® -+

+§ /\/5 — 2mb (9)—5’;5)5—5de+ { ’\/Qm{E—a(r)]———rﬁ; dr. (48,9)

TTpou3BOMBHBIME TIOCTOSIHHBIMH 3/leCh SIBASIOTCS pPo, B, E; And-
depeHUHPYST 1O HUM R TNIPHPaBHUBAsA pesyabTaT AnddepeHIHpo-
BaHWs HOBLHIM [OCTOSHHBIM, HalieM ofllee pellleHHEe YpaBHEHHHA
JIBHKEHHS.

2. MapaGoauueckne KoepxuHatol. [lepexon K napaGoauveckuam
KoopauHataM E, 1, ¢ COBepuIaeTcs OT UHJIHHAPHYECKHX KOODJMHAT
(xotoprle B 3TOM Haparpade Mbl 6yjaem o603HauaTh, Kak O, @, 2)
no ¢opMysaam

z=1E—mn), p=+/E. (48,10)

Koopaunatel § B 1 npo6eraloT 3HawueHHs1 OT HyJd A0 oo; MOBEPX-
HOCTH IIOCTOSIHHBIX § M 1 MpPEACTaBJAAIOT co60H, Kak JieTKo ybe-
INTHCH, ABa ceMeiicTBa napaboJsioHf0B BpamieHus (C OChIO 2 B Ka-
yecTBe OcH cuMMeTpuH). CBsisp (48,10) MoxXHO mpexcraButh eme
u B Apyro#t ¢popme, BB pajaHyc

ZT0 =G+ (48,10)
trbz n—r—z (48,12)

CocraBuM ¢yHKNHIO Jlarpam:ka MaTepHaJbHOR TOUKH B KOOD-
nunatax &, v, ¢. Auddepenunpya suipaxenns (48,10) no Bpemenn
¥ NOACTAaBJIAS B

L="5 @+ 0" +2)~Ulp, o 2)

Torna

[(pysknus Jlarpanxa B HHJIMHIPHYECKHX KOODAMHATAX), NOJNYUHM:

L= (E+ ) Lo - U n 9. @819)
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HWmMnyabcs paBHBI
pp=-rC+nt  po=7rCFnh pp=ming

U pyuxuua I'aMuIbTOHA

2 tpf+ oy 2

— 9
dusnyecKu HHTEPECHBbIE cJaydan pa3iacieHud NepeEMEHHBIX B
9THX KOOpAHHATax COOTBCTCTBYIOT l'IOTeHIJ,HaJIbHOﬁ SHEPrHu BHIA

y—a@Lom afrtatbr—m (48,15)

I/IMeeM ypaBHeHHe

m(§+n) [g(aso) +n aso)]+ 2mEn (aso) + a(géiﬁl(n) E.

Ilakanyeckasl KOODAHHATA ¢ OTHENSETCH B BHAC Po@. ¥YMHOKHB
sareM ypaBHeHHe Ha m(§--7) W neperpynnmupoBaB YJeHHI, HO-
JIy4YHM:

2 2
2(252) + ma® — mes + 5+ 2n (G

2
+mb(n)—mEn+—g-%= .

IMonoxus
Sy= Po® + 8, €) + Sz (n),

NONYYHM JBa ypaBHEHHS
S, \2 p2
=) +ma<§)-m5§+—2g—=ﬁ,

on(S2) -+ mb () — mEn + J2 = —

4, HHTeTPUupya HX, HallieM OKOHYATeJIbHO:
S=—Et+ pe® +

(48,16)

¢ IPOU3BONBHBIMH MOCTOAHHBIMH Po, B, E.
3. JAnHNTHYECKHe KOOPAMHATHI. DTH KOODAMHATH &, 7, ¢ BBO-
JATCS coryiacHO GopMyaaMm

p=0+/E—-1(1—1), z=qkn (48,17)
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TocrosinHag ¢ sBasfercs napamMeTpoM npeoSpasosanus. Koopau-
HaTta & npo6eraeT 3HAYEHUs1 OT eIMHHUB JO oo, a KOOpAUHATA 1)
or —1 g0 —+1. TeoMeTpuueckn O6oJee HATVISLHBIE COOTHOUICHHS
MOJIy4aloTcsl, €CJH BBECTH PACCTOSIHUA ri B rz 10 Touek A; u A,

Ha OCH 2z C KOOPAHHATAMHZ=0 U 2= — 0 I): r,__«\/(z—o)2+p

Y

IMoncraBuB ciona Buipaxkenusi (48,17), momyunm:

n=¢E—m), r=0tE+n)

E— r2+r, n_rz—r, (48,18)
= ' ="

TIpeoGpa3ys ¢yukunio Jlarpanmxa OT HHJIHHAPHYECKHX KOOP-
LUHAT K 3JIMNTUYECKHM, HalijeM:

L~—(§2~—n?)(§z_1 +s) +
2@ — P —UE n 9. (48,19
Orcrofia s GyHKIMH [aMHJIBTOHA TTOJYYHM:
1 1 1 2
H =W—n27[@2 — )i+ (1 —n)pl+ (ET:T + l—_—n—z)%]-l-
+UGE n 9. (48,20)

dpu3HUeCKH MHTEpeCHble cAyYaH pasfie/eHHs NepPEeMEeHHBIX COOT-
BETCTBYIOT NOTEHIMANbHOR SHEPruH

U=t 2 [o(52) +5(252)).

rae a(E) u b(n)——nponsaonbﬂme dyaknun. PesysabraT pasgene-
HHSI TIepeMeHHbIX B ypaBHennu [amuibTOoHa — §IKOGM Ti1acuT:

B — 2mo’a (&) J
S.—_-_——Et—l—pq)q)—l—g’\/QmO'?E-l- gz_l ""(gz_q_,l)z dg_l—

B + 2ma®s (n) Pg
+{ A oot — B o gy as22)

1) Jluapy TOCTOAHHBIX & npencraBasioT co6ofl CeMeHCTBO JIJMNCOHIOB
2

22
o T o= !

¢ hoxycamu B Toukax Ay U As, a JHEHE NOCTOSHHBIX 1) — CEMEACTBO COQOKYCHEIR
¢ HUMH ranep6oJoKL0B
22 p?

R (T
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4

3anaum
1, Haéitn noasbi mHTerpan ypasuesus IamuabroHa—S$IKo6u AN ABUKEHHS
YaCTHON B NOJR
a
U=—=Fz
r

(nanoxenne KyJOHOBCKOrO H OXHOPOXHOrO noJjefi); HaliTH crenuHdHYeCKYI0 Ras
TAKOro ABHXKEHHA COXPAaHAIOUIYIOCH GYHKIMIO KOOPAHHAT H HMIYJbCOB.
Pewenue Jansoe noae orHocHTed K THNY (48,15), mpunuem

a® ==t bm=at

Tloanwi muTerpasn ypasresHsi ammirroma — flkoGu naercs ¢opmynofi (48,16) ¢

sruMn dyukuuamu a(§) u b(n).
Jas BHNCAeRMA CMBICJAAZ NOCTOSHHOA § mHIneM ypaBHeHHA
2
P2
2p; + ma <§>—mE§+—2‘g—=ﬁ,

2
P
2npj + mb (n)—mEn+—2%=—

Biuta ONHO M3 STHX YDaBHEHHE S ADYTOTO H BHPASHB HMNYIbCH p, = 0S/0f
u p,==0S5/0n uepes mMnyabcul p,=0S/0p u p.==0S/0z B UEMHHAPHIECKHX
KOODABHATAX, NOMYYHM TNOCJAE NPOCTOTG NPHUBEACHHH:

2
az  p, Py ] mo_
ﬁ-——-m[—r—+7(zpp sz)+m—pzz — 5 Fo’.
Buipaxenye B KBapaTHHX CKOOKax npeacTaBiser coGofl HHTErpan ABHIKEHHS,
cneupUIeCKIY AJA YHCTO KYJIOGHOBCKOTO
nons  (z-xomnosenta Bektopa {15,17)),
2, To xe B moJse )

Oy Ty

U= r + r2
@2 25 &4 (xyn0HOBCKOE ROMe ABYX HENOABHIKHEX
Puc, 55 LEeHTPOB Ha PpacCTOAHHE 20 Apyr ot

apyra).
Pemesne Jlannoe noae oTHOCHTCH K Tuny (48,21), mpuuem
a o —Q
a(§)=_“*_'&‘:_‘ig’ b(n)=—__—lc Z 0.

Hefictsre S(B, n; @, f) moaydaerca NMOACTAHOBKOH 3TUX BHpaxeHu#t B (48,22).
CMbicA TOCTOAHHOHR P BHIACHAETCA aHAJOTHYHO TOMY, K@K 3TO OLIJI0 CAENIAHO B
sajgage 1; OHA BRpakKaer coGol B AAHHOM CAyYae COXpaHEHHe CleAylolleHd Besns

QHBH .
f= o2 (p?, -} %’L) — M? 1+ 2mo (o cos 8; 4+ o, cos 0y),

Trie 9.0

P
92

M? = [rp) = pl2® + plo’ + — 22pP,Py,

a 0, g 02 — yran, yxasamsse Ha puc, 55,
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§ 49. AnuaGaTMuecKne MHBAPHUAKTERE

PaccMoTpHM MexaHHUeCKyl0 CHCTEMY, COBEPIUAIOLIYI0 OIHO-
MepHOe (QUHHTHOE IBHXKEHHE H XapaKTEPHIYIOULYIOCH HEKOTOPHLIM
napaMeTpoM A, onpeleJsONIEM CBOHCTBA CaMOH CHCTEMHl HJH
BHEIIHErO MoJsl, B KOTOPOM OHa HaxOAuTCs ).

[Ipennonoxum, uyTo napaMerp A NOA BJAHSIHHEM KaKHX-IHGO
BHOIIHMX MNPHYHH MeAJeHHO (KakK roBopAT, aduabarudecku) Me-
HsieTcs co BpeMeHeM. [lon Mel/ieHHBIM MOApa3yMeBaeTcst Takoe H3-
MeHeHHe, NIPH KOTOPDOM A MaJso MeHseTCsd 23a BpeMs IepHojia ABH-
JKeHUsl cHCTeMHl T

di
T <M (49,1)

ITpu nmocrosinHOM A cHcTeMa Obla OB 3aMKHYTOH H CoBepmiasia
6Bl CTPOrO IEepPHOJHYECKOE ABHIKEHHE C IOCTOSIHHON aHepruelt E mn
BIOJIHe omnpeleieHHbM nepuoaom T(L). Ilpu mepemendom mapa-
MeTpe A cHCTeMa He SABJIETCS 3aMKHYTOH M ee SHeprus He coxpa-
Hsaercsd. Ho B cuny mpennonoxeHHOH MeNJeHHOCTH H3MEHEHHS A
ckopocTh E H3MeHeHHd SHeprHH OyleT Toxe Masoi. Ecam ycpen-
HHUTb 9Ty CKODOCTb IO mepuony T W TeM CaMblM CFIaJHuTh «6LICT-
phie» KoJeGaHHS B ee BeJNHUYHHE, TO IIOJyHalollleecst TakKuM ofpa-
30M 3HaueHHe E ONpeleJHT CKOPOCTb CHCTEMATHUECKOr0 MeJJIeH=
HOTO H3MEHEHHs 3HePrHd CHCTEMBl; 00 5TOH CKOPOCTH MOXHO

yTBepKaaTbh, YTO OHa OyJeT NPONOPUHOHAJbHA CKOPOCTH A H3MeE»
HeHAs napamerpa A. DTO 3HAUWT, JPYTHMH CJ0OBAMH, YTO IIOHH-
Maemast B YKa3aHHOM CMEICTIe MEIJIeHHO MeHSIoInascs seanuyuua E
Oyzer BecTd cela xak Hekotopas ¢yHKuus or A. 3asHeumoctb E
OT A MOXKHO NpPeICTaBHTb B BHJe HOCTOSIHCTBA HEKOTOPOH KOMOH-
Hanuu u3 E u A Taxyio BenuunHy, OCTaIOHIYIOCS NMOCTOSHHOH NpH
IBHKEHHH CHCTEMBLI C MeIJIEHHO MEHSIOILIHMHCA NapaMerpaMH, Ha-
3LIBAIOT afuabaTuiecKum UHBAPUAHTOM.

IMycts H (g, p; M) —raMuJIbTOHOBA (YHKUMS CHCTEMBl, 3aBHCS<
masi ot napaMerpa A. Cornacro (40,5) CKOpPOCTh M3MeHeHHS SHep-
TUH CHCTEMBI :

o= = dr (49,2)

BripaxkeHHe B NpaBolt CTOpOHe 3ToH (OPMYJH 3aBHCHT HE TOJNBKO
OT MEAJICHHO MEHAIMEeACs NepeMeHHOH A, HO H OT GHCTPO MEHS-
H{AXCS TePeMeHHHX g H p. Jn4 BHAeJNeHHA HHTEpeCyIOIlera Hac
CHCTEMAaTHYeCKOro X0/Ja H3MeHEHHS HEpPTHH Haj0, COIVIacHO cKa-
3aHHOMY BBIIIE, YCPEAHHTL paBeHCTBO (49,2) mo mepuoay ABHKe-
nud. [Ipu sTOoM BBHAY MEIJIGHHOCTH M3MeHeHHS A (a ¢ HHM H A)

1) Jina KDaTKOCTH 3amicH dopmya Mbl npelnonaraeM, ITC HMEETCS BCEro
ONHH TaKOH NapaMmerp, HO BCE PEBYABLTATH OCTAIOTCA B CHJC B OPH JNO6OM uHcle
napaMeTpos,
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MOXKHO BBIHECTH A 34 3HAK YCpeAHEHUA:

dE d\ 0H
= ar o (49,3)

a B ycpenusemoil ¢yHkuun 0H/0A paccMaTpuBaTh KakK H3MeHsIO-
HMecss BEJMYHHBL JHIIL ¢ H p, HO He A. JIpyruMu caoBamu, ycpex-
HeHHe NPOM3BOJMUTCS [0 TAKOMY ABIKEHHIO CHCTEMBI, KAKOE HMEJO
6Bl MeCTO IpH 3aJAHHOM NOCTOSTHHOM 3HAYEHHH A.

3anuueM ycpejHeHHe B SIBHOM BUJe Kak

CornacHo ypaBHeHuw ['amuabroHa ¢ = 0H/0p nmeeM
—_
dt = —a_‘H/Tp .

C nomoupio 3TOTO paBeHCTBA 3aMEHSAEM HHTEIPHPOBAHHE IO Bpe=
MEHU Ha HHTErpHpoBaHHe 110 KOOpAHHATE, NPHUYEM H IEepHON T
3anucblBaeM B BHAEC

T
_ dg |
T={dt=§5 (49,4)
0

8HAKOM @ 31ech 00603HavaeTCs HHTerpupoBaHue MO IOJHOMYy H3-

MeHeHHIO KOOPAMHATHl («BIepeld» H «Ha3al») 3a BPeMs mepHoxa '),
Taxum o6pasom, ¢opmyna (49,3) npuHEMaeT BUJ

_ onjon

dE __ dr Y 9H]dp

=T TE A (49,5)
AH[dp

Kak yxe ObUIO yKa3aHO, HHTEIDHPOBaHHMS B 3TOH ¢opMmyne
JOJXKHBl TPOU3BOAUTBLCA IO TPACKTOPHH JBHXKEHUS [PH MAHHOM
NOCTOSIHHOM 3HaueHHH A. Baoab Tako#h Ttpaekropun ¢yHkuusa Ia-
MH/JIbTOHA COXDaHseT NMOCTOSAHHOe 3HadeHue £, a uMmysanc ABasercs
onpesneneHHON (yHKLUUel NepeMeHHOH KOODAWHATHI ¢ W JBYX IIO-
CTOSIHHBIX He3aBucHMbIXx napaMerpoB E u A. [lonamas mumnyasc
HMeHHO Kak Takywo ¢yekumio p(q; E,A) u nuddeperuupys pasen-
crBo H(p, ¢; )= E no napamerpy A, NOJyUHAM:

oH |, 0H dp _ OH[ON _ dp
T Ty =0 Wi ggmae=—g5

1) Ecou gBuXKeHHe CHCTeMBI MpelcTaBJser co0ofi BpallleHHe, a KOOPAHHATOMH ¢
siBJIeTCH HEKOTOPHIl yros MOBOPOTA ¢, TO HHTErPHPOBAHHE MO d¢ JOJKHO IIPO-
H3BOAMTLCA IO «IOJHOMY O6OPOTY», T.€. OT HyJd A0 2m,
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IToxcraBuB 310 B BepxHuit mHTerpan B (49,5) m wanucaB B HIK-
HeM NOABIHTErpadbHyo GYHKUHKIO B BUAe Op/0E, uMeem:

9 ,
dE __ di an Y dp dE apdx) .
_dt‘—_‘it‘®apd @(05 ar tox ar)49=0
OF

37to PaBEeHCTBO MOXKHO OKOHYATEJBHO NEpeNucaTth B BHAE

dl
-E. = O' (49»6)
rie / o6o3HayaeT HHTErpas
1
5= § pda, (49,7)

B3ATHIl 10 TPAaeKTOPHU OBHXKeHHs1 IpU 3agaHHeix E W A, 10T
pesy/abTAaT NOKa3biBaeT, 4TO BeaHYHHAa [ ocraercs B paccMarpu-
BaeMoOM NpPHOJIMXKEeHHH [OCTOSIHHOH NpPH H3MEeHeHHH NapaMmerpa A,
T. €. ABJsgeTcs agnadaTHIECKUM HHBapHAHTOM.

Bennuuna [ sBaserca QyHKUHeH 3HePruH cHcTeMbl (H mapa-
Merpa A). Ee uyacrtHas npou3BosHas 1O SHePrUH OUpPeeJaseT mne-
PHOJ ABHIKEHHS: COrVIaCHO (49,4) HMeeM

ongr=§ L dg=T (49,8)
HJIH HHa4e:
oE
==, (49,9)

rie o = 2nT — uyactoTa KoJMeGaHui CHCTEMBL.

Hurterpany (49,7) Moxer OBITb NPUIKCAH HAIVISIAHBIA TeoMeT-
pPUYECKHH CMBIC/I, €C/IH BOCIO/NLb30BAThCA NOHATHEM O (a3oBoil
TPaeKTOPHU cucTeMsl. B maHHOM cayuae (011Ha cTefieHb CBOGOAbI)
¢azoBoe TNPOCTPAHCTBO CBOJHTCA K JABYMEDHOH CHCTeMe KOOpAH-
HaT p, ¢, 1 (asoBasg TPAEKTOPHS CHCTEMHl, COBepllalomiell mepuo-
IHYecKoe MABHXKEeHHUe, NpelcTaBiasieT coOoi _3AMKHYTYIO KDHBYIO B
stofi maockocTd. Murterpan (49,7), B3ATHH BROJAb 3TOR KpuBOil,
npeAcTaBiser cofoit 3aKAIOYEHHYI0O BHYTPH Hee mJjoinagb. OH Mo-
sKer ObITh HANHCaH W KAK ABYMEPHBIH WHTErpajd mo IJIOLIAAH;

I———Sdp dq. (49,10)

B kauecTBe mpumepa onpejesnM aiuadaTuueckuil HHBapHaHT
IJjsd oAHOMepHoro ocumanaropa. Ero ¢yHkumsa amuanToHa

H=L 4 1o (49,11)
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rle ® — coGCcTBeHHAasi YacToTa OCHHJANTOPa. YpaBHeHHe (Hhas3oeoit
TPAGKTOPHH AAETCH 3AKOHOM COXPaHCHHS JHEPTHH

H(p, g)=E.

D10 ecTh 9MIHNC ¢ moayocaMu A/2mE u A/2E/me* u ero nio-
maay (menensast Ha 2m)

[ = EJo. (49,12)

Anna6atnueckas HHBAapHAHTHOCTD 3TOH BeJHUHHBl O3Hayaer, HTO
npn MeNJeHHOM H3MCHEHHU IIapaMeTrpoB OCUHUAAATOpA €ro 3HEpPrud
MEHACTCA NMPOIIOPLUNOHANABHO JaCTOTE.

§ 50. KaHoHHYeCKHe MepeMeHHbIE

[lycte Tenepp mapamerp A IOCTOfIHEH, TaK YTO paccMaTrpHBae-
Mas CHCTeMa 3aMKHyTa,

IIpousBelileM KaHOHHYecKoe Hpeofpa3zoBaHHE NEepeMEHHHX ¢, .p,
BHIGpaBR BeJuuHBY [ B KauecTBe HOBOTO <«HMIyJasca». Poab mpo-
H3BOAANIel QYHKIHM LOJXHO IPH 3TOM HIPaTh «YKOpOUeHHOe Jeil-
~ crBEE» S), BhpaKeHHOe B QYHKUHH OT ¢ H I, JkelicTBHTeabHO, S
onpelesieTcsi KaK HHTErpaJ .

Solg, B N={pG E 1 dg, (50,1)

B3ATHIA NpH 3aJaHHOM 3HaueHHH 3Hepruu E (m mapamerpa A).
Ho nns samkuyrtofi cucreMu / siBaserca (QyHKuuedl OXHOH TOJNBKO
3HEPTHH; NMO3TOMY So MOXKHO € T€M 3Ke NPAaBOM BHIPA3UTb B BHJE
oynkuun So(q, I; A), a wacTHasg npoussopHaa (0So/0¢)z==p cos-
nanaer ¢ npousBomHoR (0So/dq); npm moctosirHoM [. Iloatomy

HMeeM : as Ea
p= “”’0‘(3'2{“‘)" (50,2)

4T0 CQOTBETCTBYeT NepBofi 3 HOopMyJ KaHOHHYECKOro NpeoGpaso-
anua (45,8). Bropas xe ¢opMyna ONpelesHT HOBYIO <KOODAH-
HATy», KOTOPYIO 0603HAYUM Yepes w:

- al :

P

+ (50,3)

[Mepemennsle [ U @ Ha3LIBAIOT KOAHOHUYECKUMU NePEMEHHbIMU, TIPH-
yeM | HasmBaercs B STOH CBA3H nepemensol Oelcreus, a w —
yea0801 nepemerHoi. ,
Tlockoanky npousBoisimas ¢yHknus Sp(g,[;A) He 3aBucur
SBHO OT BpeMeHH, TO HoBad ¢yHKuHsa [amunbroHa H’ cosmanaer
co crapoii H, BLIpaxKeHHOH uepe3 HOBHeE NepeMeHHHE. JIpyruMu
caoBaMi, H’ ectb sHeprus, BHpaxeHHas B (QYHKUHH nepeMeHHOH
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neicreas, E(I). CoorBercrBeHHO ypaBHeHHs laMuawnTona AAS KH<
HETHYECKHX MEePEMEeHHBIX HMEIOT BHA

H . dE (J
f=0, w=250 (50,4)

W3 nepsoro mmeeM, Kax u caenosano, [ = const—smecre ¢
oHeprueli nocrofHHa W BeauuuHa I. M3 Broporo ke BHAHM, YTO
yryiosas nepeMeHHas sBJifeTCs JHHEHHOA (QyHKuHeHR BpeMeHH:

w =%EI— 1 -+ const = (/) { -} const; (50,5)

OHa npejcrasasier coGolt ¢asy konebauuil.

Heticteue So(g, /) — HeoarosHaunasi ¢yHKumsa koopauuart. [lo
HCTeYeHHH KaXKAOTo NepHoja 3Tta (QYHKHHS He BO3BPAIAeTCHd K
HCXOAHOMY SHAUeHHIo, a NOJydaeT NpHpallcHue

AS, = 2nl, (50,6)

Kak 570 oueBnAHO H3 (50,1) u onpenenenus I corsacHo (49,7). 3a
910 Xe BpeMs YIVIOBas IieDeMeHHAd IoJiyuaeT NpHpalieHHe

as, a .
Aw=AS0 =2 AS,=2x. (50,7)

O6patso, ecu MH BHpasuM ¢ u p (unn J06yi0 HX OAHO3HAY-
uyio ¢ysxusio F(g,.p)) depe3 KaHOHHYEeCKHE NepeMeHHBbIE, TO 3TH
dyHKIEAR He OyAyT MeHATb CBOM 3HAYeHHA NPH H3MEHEHHH w
Ha 2n (npm 3azaHHoM SHauenun [). JIpyruMH ciaoBaMH, Bcgkas
onHosnayHasa ¢ynkuus F(q, p), GyAyduu BHpa)keHa vYepes KaHOHH-
yecKpe IepeMeHHbBle, ABJAsAETCA NepHOZHYecKOR (yHruueli w ¢ nes
pHOZOM, PABHHIM 2,

YpaBHeHHs] JIBHXKEHHS MOTYT OHITb CPOPMYJHPOBAHH B KaHO-
HUYECKHX NEPEeMeHHHX TaKkKe H [ He3aMKHYTOH CHCTEMH C 3aBH+
cAmUM OT BpeMeHH napamerpoM A. IlpeoGpasoBamme K o9TuM ne-
peMeHHBIM OCYHIECTBJSIETCSL Mo-npexkHeMy ¢opmynamu (50,2)—
(50,3) ¢ mpomsBoAsmeln QyHKuHER So, ONpenenseMofi MHTErpasoM
(50,1) n BBHIpaxKeHHOH Yepes HepeMeHHYIO /, ONpeleNIgeMyl0 HHTE-
rpaisom (49,7). Heonpenenennwit uuterpan (50,1) u onpenenen-
Hoifi uHTerpan (49,7) BHIYHCAAIOTCS NPH 3TOM TAK, KAK €CJHH Gb
napaMerp A(f) uMesn 3ajaHHOe NOCTOSHHOe 3HAYEHHE; APYTHMH
caosamu, So(q, [; A(f)) —npexHsas QyHKHMS, BHYHC/JCHHAs NpH
NOCTOAHHOM A, 3aMeHEHHOM 3aTeM 3aJaHHOH (yHKumeR A(f)1).

[TockonbRy npouspoisHias GYHKHHA OKasSbIBaeTCH Telmepb (BMes
cTe ¢ napametpoM A) ABHOH ¢(YyHKUMeHd BpeMeHH, TO HOBast (hyHK-
nusi Tamuabrona H' yxke He Oyner coBmagars co cTapofi, T, e,

1} TlopueprEeM, OAHAKO, 4TO onpenencHRas TakuM oSpazom ymEURA S; yxe
OTHIONb HE COBNANAET C HCTHHHHM YKOPOYEHHHIM ACHCTBHEM AAf CHCTEMH C 8as
Bucsmell OT BPEMEHH TaMHJbTOHOBOH (yHKHHed!
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¢ sneprueit £(/). Cornacno o6uum ¢popMysaM KaHOHHUECKOrO Ipes
obpasosanud (45,8) umeem

H =E(l; ) +S0=E(; )+ Ad, (50,8)
rje BBeleHO 0603Ha‘{eHHe
[ 3S,
A=(G), . (50,9)

npuueMm A Jo/KHa OHITh BHIpaXKeHa (mOCJe OCYLIECTBJIEHHST Aud-
¢GepenunpoBanus no A) ¢ nomouiswo (50,3) uepes I u w.
YpapHenus [aMHIbTOHA IPUHHMAIOT TENEPhb BHI,

: aH’ oA ;

j=—2T — .W)” , (50,10)
. oH’ aA :

=" =ol; ’“)+('5r)wx’“’ (50,11

rlie ® = (0E/dl)p— yacrora KoneGanuit (CHOBa BBIYMC/EHHAS Tak,
KaK ecqi 661 A OBIIO HOCTOSHHDLIM).

Banaua

Hanucarb ypaBhenus ABHKeHHS B KAHOHHUYECKMX NEPEMEHHHX AJS TAPMOHH-
geckoro ocumaastopa (¢yukuus amuabrora (49,11)) ¢ wactorod, sapucsuedi or
BpEMEHH.

Pewmenne Iockombky B (50,1)—(50,3) BCe [MeficTBHS COBepIIAIOTCA NPH
nocTosHHOM A {pOJib KOTOPOro Hrpaer B JaBHOM CJydae caMa YacToTa ©), TO
CBA3b ¢ M P C W HMeeT TOT e BHA, YTO H NPH NOCTOSHHOHA uacrore (KOTha
w = ot):

2E T ‘
q= /\/mm’ sin w = e Sin w, p=4/2lom cos w.

Orcona
So=Spdq=Sp ”3% jl 0)dw=21Scoszwdw

_0S\  _ (9Ss aw) I
A“(am)q,,“ aw),(am " 2 SN 20

Vpasuenus (50,10), (50,11) mpuummaior Tenepb BHA

H 3a1eM

1'=—1—0—)-cos2w, ub=(a+-isin 2w,
[0} 20

§ 51. TouHoCTb COxpaHeHHsI anabaTHYECKOTO HHBAPUAHTA

Vpapnene npuxkenust B gopme (50,10) nossossier cHoBa yGe-
JUTbCcs B aauabaTUyecKoil MHBAPHAHTHOCTH NeEPeMeHHOH AeHCTBHA,
®yukuusa So(q, I; &) — HeogHo3RauHaa QYHKUMA §; NPH BO3BPa-
HEHHH KOOPAMHATH K MEePBOHAYaJbHOMY 3HaueHHI0O K Sp npubas-
asercsl neaoe kparthoe ot 2m/. [lpomsBommasi ke (50,9) — oxno-
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3HayHaa (YHKUHA, TaK Kak AuP(epeHHHPOBAHHE TPOU3BOAUTCS
npu mocrosiHHOM [ W npuGaBasiomHecs K S, NpUpaIieHHs OpH
aTOM ucuesaoT. Kak u Bcsikast oAHO3HAYHAS QYyHKUHA, QYyHKUuI A,
Oynyud BBIpa)KeHa uepe3 YIJIOBYIO MepeMeHHYI0 ®, OGyAeT mepuo-
Judeckofi pyHKuuelr 3Tol mepemennofi. CpeiHee xe (Io mepuony)
3HauYeHHe NPOH3BOAHOH JA/Jw oT nepuoanueckoll ¢GyHKUuU 06pa-
naercsa B Hyab. IlosTroMy, ycpenusis ypasaenue (50,10) u BoiHOCH
npH sToM A (NPH MeJJIGHHOM H3MeHeHHH A) W3-NMOX 3HaKa cpej-
HEro, MOJYYHM

1'_=—(i“- A=0, G1,1)

YTO # TPeGOBAJIOCh.

VYpasnenust jasuxenua (50,10), (50,11) nossoasioT paccmor-
perb W BOIPOC O TOYHOCTH, € KOTOPOH coxpaHsercs ajHabaTHue-
ckuit uuBapuanT. [locTaBUM 3TOT BONPOC CJIEAYIOIUM 06GpasoM:
nycts napamerp A(f) crpemurcs npu f——oo0 H {—> 400 K 10-
CTOSIHHBIM TIpefesiaM A_ H A4; 3afaHO HavajbHOe (MpH = —o0)
3HadeHHe [_ aanabaTHYeCKOrO UHBapHaHTa, u Tpebyercs HalTH ero
npupantenne Al = [, — I_ Ko BpeMeHH { = -0,

Hs (50,10) umeem

o aA .
Al = — Sg—w—kdt. (51,2)

-—00

Kaxk yxe 6buI0 yKasaHO, BelHudHA A — NepHoaudecKasi (¢ IepHo-
JOM 27) OYHKIHA DepeMeHHOR w; pas3iokuM ee B psaa Oypbe:

o0
A= Y e'up, , (51,3)
=-—00
{B cuny BeutecTBeHHOCTH A KO3 (HUIHEHTH Pas/oKeHHS CBS3aHB
NpH 3TOM COOTHOWeHHAMH A_;=Aj). OTciona njs npou3BOLHOM
OA /0w umeeMm
aA (L] o0
o= 2. ie"™A =2Re ) ile'"A,. (51,4)

l=—o0 I=1

Ilpu npocraToyHO MaJOM A NPOM3BOJHAS @ NOJIOXKHTENbHa (ee
3HAK COBIAJAeT €O 3HAKOM o, cM. (50,11)), T. e. w — MoHOTOHHAR
¢yukuns Bpemenu f. Ilpn mepexoge B (51,2) or marerpmposanus
no df K HMHTETPHPOBAHHIO MO dw Ipeess OCTAHYTCS MO3TOMY
TNpexXHUMU;

=+

OA dA dt
A=— { ST, (51,5)

-0

IoacraBum coona (51,4) u npeobpasyem uuTerpan, paccmar-
puBas B HEM (OPMAJbHHM 006pasoM ® KaK KOMILIGKCHYIO
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nepemenyo. [1pefnonoKuB, 94TO MONBIHTErPaJbHOE BHpa’keHHe HE
HMeeT OCOGBIX TOUEK NPH BelleCTBeHHHX 3HAUEHHSX &, CMECTHM
NyTh HHTErPHPOBAHHSA C BEUICCTBEHHOH OCH © B BepPXHIOO NOJY-
HJOCKOCTb 3TOH nepemeHHo#. IIpH 3TOM KOHTYD «3auemaseTcsi» 3a
0co6Hie TOUKH MOJHHTErpa/JbHOTO BHPAaXKeHHs M, orufas ux, npu-
HUMaeT BHJ, NMOKAa3aHHB cxeMaTHueCKH Ha puc. 56. Ilycts we—
6amxafimas K BellleCTBeHHOH ocH ocofas T0o4Ka, T. €. TOUKa ¢ Hau-
MeHbUIeH MO BesuuuHe (HOOJOKHTENIHHOH) MHHUMOH Yacreio. [1as-
HHil BKJax B uHTerpan (51,5) BO3HHMKAaeT OT OKPECTHOCTH 3TOMH
TOUKH, MpHUYEM KaXKJIbIH H3 YICHOB
pana (51,4) maer BKJaax, cozepxa-
mui Muoxuteab exp(—I!Imwg). Co-
@ XpaHaAs ONsATb-TAKU JHHIb YJIeH ¢ Hau-
MEHBIIHM 0O aGCOJMIOTHON BeJnYHHE
OTpHIATENbHBIM MOKa3zateneM (T. e.
unen ¢ [ == 1), naiizem, uro '),

Al oo exp (— Im wy). (51,6)

Ilycts  fp— «MOMEHT BpEeMEHH»

Puc. 56 (koMiteKCHOe uHcJ0!), OTBedalouiuit

oco6oit Touke wo: w (fo) = wo. ITo mo-

PAAKY BeJHUHHH |fo| coBmajaer, BooGmie IroBOpsA, ¢ XapaKTepHBHIM

EpeMeHeM H3MEeHeHHSI NapaMeTPOB CHCTeMHl; O0003HaUMM 3TO Bpe-

M uepes T2). TTOpANOK Ke BeJNHUYHHBH NIOKa3aTels crenenu B (51,6)
6yner

Wo

Im wy ~ ot ~ 7/T. - (LT

TMockosbKy, MO Npeanosnoxennio, 3> T, To 3TOT MOKasaTesb Be-
auk. Takum o6pasoM, pasHoctb [, — /. yGBHIBAeT 3KCIIOHCHIHANb-
HO NIPH YMEHBIUIEHHH CKODOCTH W3MEHEHHs NapaMeTpoB CHCTeMH %),

Ilna ompeneseHHsi w, B NepBoM npubnuxenuu no T/t (1. e.
¢ coxpaHeHueM Jumb wiena ~ (7/t)~! B mokasarese) MOXKHO OT-
6pocuth B ypaBHeHuu (50,11) maublii uien, colepxamuii A, T. e.
nHucaTth

B =, 1), (51,8)

1) B creyuatbHHIX CTYUasX MOXKET OKasaThCs, UTO Pa3JioXKeHHe {51,4) ue co-
zepxut unena ¢ [ =1 (oM, mampmmep, sagagy 1 x sromy naparpady); BO Bcex
cyuasix Hajo GpaTh UieH ¢ HAHMEHBbIUAM HMEIOIMHMCS B PANY SHAUCHHEM L

2) Ecam MeRJeHHOCTb H3MEHeHHs mMapamerTpa A BHpaXaeTcs B TOM, UTO OH
SaBHCHT OT { JHIIb B BuAE OTHOMIeHHs & == #/v ¢ GOABUIUM T, TO fo = 1&o, rue
£, — He 3aBHcAmAasn OT T ocobas Touka QYHKIHK A (E). '

%) OTMeTHM, UTO €C/IH HaUaJbHOE H KOHeyHoe 3HaTeHMS (GYHKIHM A(t) coB-
mapaloT (A4 = A_), TO DKCIOHEHIHabHO Majof OYAeT He TOMNBKO Pas3HOCTb Al
HO BMecTe € Helo Takxe H pasmocts AE = E4 — E_ xoHeuHofi n HavyajbHOR
sHeprEY; coriacHo (49,9) Gynem HMeTh AE = wAl,
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npuyeM apryMenr / ¢yuxuum o(/,A) nosaraercs NOCTOSHHBIM,
ckaxeM, pasusiM /_. Toraa
fg

%=§mnumm (51,9)

(B KauecTBe HUXKHETo Npeiesa MOXKHQ B3SiTh JI060E BeLleCTBEHHOE
3gaueHHe {; MHTEPeCyoINas HAac MHHMAad 4acTh wo OT 3TOrO 3Ha-
YeHHS HE 3aBHCHUT) !),

Hurerpan xe (51,6) ¢ @ m3 (51,8) (1 ¢ onHum ureHom psia
(51,4) B KauectBe 0A/0w) npuHHMaeT BUJ

lw A dw

PR (51,10)

AlmRegie

Orciona BHAHO, YTO B KadyecTBe KOHKYPHPYOIMX (ImpH ot6ope
O6amxajfiliell K BelleCTBEHHOA ocH) OCOGHIX TOUEK (PUIYPHPYIOT OCO-

GenHocTH (MOJIOCH, TOYKH BeTBaeHHs) oyHrumit A(f) u 1/w(f).
HanoMHuM B 3TO#l CBSI3H, UTO 3aKJIOUeHUe 06 SKCIOHEHUHAJLHOMN
MasocT#t A/ CBSI3aHO ¢ NMpPeANoJIOXKEeHHEM, UTO YKa3aHHble QYHKIUU
He HMEIOT BEILIECTBEHHBIX O0COOLIX TOYEK.

3apaun

1. Ouenurs Al As8 rapMOHHYECKOrO OCLHJAIATOPA C YACTOTOH, MelJIeHHO Me-
HsoLleHca 110 3aKOHY
o o1+ ae®

[0}
14 o™

OT 3RAYeHHs] @ _ ==@; NpH {=— 00 Jo O, == »\/a—mo npu f==o0 (a >0, a<m0)2).
Pemenue ITonumana moj mapaMerpoM A caMy 9acrory ©, BMeeM

i_i( a1 )
® 2\ e~ ¥ g e~ 11 )

at

af

=—1n e % =g Buuscims uurter-

D7a QyHKNUA HMeeT NOJIOCH NpH e~
pan \ o df, mHalifem, uTO HaNMeHblliee 3HaueHHe Im W, MPOHCXONHT OT OLHOTO

u3 nogiocoB ofp = —In{—a) B paBHO
Wort/o mpu a> 1,
Imw,= { —
mon'\/a/a mp a <1,

Jlas rapMOHHYECKOTO ocuuasnTopa A oo sin 2w (cM. sagzauy k § 50), Tak uro pan
i(51,3) csomurcs K mByM uwiaeHaM (c [ == 2}, IloaToMy mJA rapMOHHYECKOro

OCUHJIISITOPA
Al oo exp (—2 Im w,y).

') Bonee moapolHoe AOKA3aTeNbCTBO CAEJAHHBIX YTBepKACHHH, 2 TakXe BHI-
yucieHne MNpef3KCNOHeHUMa bHOro MHOXKuTenss B dopmyne (51,6), Moxuo wairu
B crathe: Caynkur A, A/KSTO. — 1963, — T, 45. — C. 978.

2) TapMOHHYHOCTh OCUHWVMITOPA IPOABJAAETCA B HE3aBHCHMOCTH YACTOTH KO=
sebanufi OT SHEPTHH, ’
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2. Yactnua cosepiraer KojeGaHWA B NOTeHUHaNbHOR sme. OnpefenuTh 3aKoH
M3MeHEHHsl ee YHEprHu noj JeHCTBHEM CUNBl TPEeHHA frp == —af € ManpIM KO-
sd¢unneHToM o (X — AeKapToBa KOODAHHATA).

Pemenne Ycpenunm ypasuerne (25,13) no mepuopy &roneGauuil, npenes
Gperas B mepBoM NpPHOMHKEHHH HX sarTyXaHueM. Hmeem

T
.‘_i_E.'—.__ s S I WY __(1@- —
= ax?= Tgxdt_— - Xdx ==
0

2na |, =
Ly E

T @),

rie I(E) — annaGaTndeckufi HHBapHaHT, m — Macca dacThunl. Bupaxas mnepmon
KoseGannfi T uepe3s I corsacHo (49,8), maxomgum

4l dE _ _ a I
dE dt m
Hurerpupys, mojyyaeMm
I(E) =1 (Eq) exp (- = t). 1)

®opmyna (1) ompesensier B HesiBHOM BmAae sasucumocts E(f). Ilna rapmoHnnge-
ckoro ocumasaropa (1) nmepexommt B (25,5). Peruenne cnpaBeidinBO IIPH YCHQ+

BHH 2 rel
m

§ 52. Yci0BHO-NEPHOAHUECKOE ABHIKEHHE

PaccMOTpHM 3aMKHYTYIO CHCTEMY CO MHOTHMH CTENEHSIMH CBO-
601H, COBEpIIAILYI0 (HHUTHOEe (IO BCeM KOOPAMHATaM) JBHXKe-
nue, [IpeanosoxuM [pH 3TOM, 9TO 3ajnaua AOCUYCKaeT MNOJHOE Pas3-
JejeHHe TepeMeHHBIX B MeTofe [amuabrona — flkoGu. dto 3Ha-
YHT, YTO NPH COOTBETCTBYIOLIEM BHIOOpE KOODAMHAT YKOPOYEHHOE
JleficTBHE TpeACTaBJsieT cOO0H CyMMy

So= Z Si(q)) (62,1)
3
dyHKUMR, KaxAas U3 KOTOPHX 3aBHCHT TOJBKO OT OJHOH W3 KO-
OpAHHAT.
TTockoabKy 0600IIeHEBEe HMIYIbCH
680 — dSi

Pi= 9q,  dq

’
i i

To Kaxaasn u3 GyHKuHA S; MOXKeT GHITH NPEICTaBACHA B BHIE
S = S pidq;. (62,2)

DTty YHKUMH HeOIHO3HAauHb. B cuny (QHUHUTHOCTH NBUKEHHSA
KaXJas B3 KOOpAHHAT MoxKeT npoberaTb 3HAUEHHd JHIIbL B OmIpe-
JleJIeHROM KOHEUHOM wuHTepBaJe. [Ipn u3MeHeHWH ¢; B 3TOM HH-
TepBasie «BNePeA» H «Ha3ak» AEHCTBHE MOJyYaeT NpHpalleHHe

ASy=AS;=2xl}, (52,3)
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rie I; ecTb UHTETpan |
=5z §pidg, (52,4)

B3ATHH 0 YKA3aHHOMY UBMEHEHMIO ¢; !).

[TpousBenem Tenepb KaHOHHYECKOe NpeoOpa3oBaHHe aHAJOTHU-
HO TOMY, KaK 3T0 Gblio caenano B § 50 mis cayyas ofHOM cTeneru
cBoGoabl. HoBriMH nepeMeHHEIMH OyIAyT «NepeMeHHble IeficTBHSA»
1; v «yr/J0OBble IepeMeHHbIe»

05, (g, 1) 0S8, (9 1)

w!=__——-061 =Z__—61 ’ (52’5)
i = i

TIe TNpousBoAfAller (GyHKUMel CHOBA fABAdeTCd NeHCTBHe, BLIpa-

JKeHHOe Yepe3 KOOPAUHATH M BeJIHUMHBE [;; ypaBHEeHHA ABUIKEHUSA

B 3THX NePeMeHHbIX

. , OE (I
I;=0, ;= —ang
ZaloT:
1, =rconst, (52,6)
w, = aglﬁl) t 4 const. (52,7)

Mu mafimem Ttakxke amajoruuno (50,7), uTO NOJHOMY H3MeHe-
HMIO KOODAHHATH ¢; («Bhepei» H «Ha3ald») OTBeyaeT H3MeHeHHe
COOTBETCTBYIOIEro w; Ha 2m:

Aw; = 2x. (52,8)

JlpyruMun cioBaMp, BeJqHYUHH w;(g, [} SBJISIOTCA HEONHO3HAYHBLIMH
(YHKUUSMH KOOPAHHAT, KOTOPHIe IPH M3MeHEHHH MOCJEeJHUX ¢ BO3-
BpallleHHeM K NepBOHAYa/bHbIM 3HAYEHHSM MOTYT HM3MEHSThCS HA
J060e 1e0e KpaTHOe OT 2. DTO CBOHCTBO MOXKHO CHOPMYJIHPO-
BaTb TaKXe H Kak CBOHCTBO QyHKUHH w;(p,q) (BbpaxeHHOH ue-
pes KOOPAMHATH M HMIYJbCH) B ()a3oBOM NPOCTPAHCTBE CHCTEMBL
ITockosbKy caMH BeNHUHHH /; ecqld HX BLIPDa3uTb uepe3 p H g,
ABJAIOTCA ONXHO3HAUHBIMH (DYHKUHAMH 3THX NePeMeHHHX, TO, NOMI-
crasus [i(p, q) B wi(q, ), Mo monyduM ¢yHKOHIO w:(p, §), KOTO-
pag mpu o6xoje no Jo6GOH 3aMKHYTOH KpUBOH B (asoBoM mpo-
CTPAHCTBE MOXKET H3MEHMTbCS Ha uenoe KpartHoe ot 2m (nubo
Ha HYZb).

1) TlonuepxHeM, OARAKO, 4TO 3Iechb HAET pedb 0 (OPMaJBbHOM H3MEHEHHU
KOOPIHHATH §; BO BCeM JAONYCTHMOM HHTEpBaJe ee 3HaUeHHH, 2 He 00 H3MeHeHHH
8a TEPHOA peasbHOTO JABHXKeHHH {KaK 3TO OLJO B cjyyae OZHOMEDHOrO ABHIKEs
Rus). PeanbHoe QHHHTHOE [BHXEHHE CHCTEMH C HECKOJNbKHMH CTeNeHSMH CBOGOIH
Be TOJbKO He siBJsie1cd B oflieM Cayyae DEPHOAHUYECKHM B UEIOM, HO HaXe H3s
MeHeHHe CO BDEMEHeM KaXAOH H3 ee KOODAHHAT B OTAENBHOCTH He sBJSETCH
nepuonHueCKAM (CM. HEXe),
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Orciozna cielyer, YTO BCAKas OAHO3HaUHas (DYHKUUS COCTONHHUSA
cucteMnl F(p,q) '), OyAayunm BbIpaxeHa dYepe3 KaHOHHMYECKHE Ie-
peMeHHBle, ABJIAETCSA NePHOAMUECKOH -QYHKUNEeH YTJIOBBIX NepeMeH-
HBX C MepHOLOM 2m N0 KaxJoi M3 HHX. Ee MOXHO HOITOMY pas-
JIOXUTb B Kpatuull psan ®ypre Buaa

o0 <
3 Arg, ... tsel(l‘w‘+ e Hlgwg)

F= 2,

I == lg=—co

(L, Yy, «v.+y ls— ueanie gucna), ITopcTaBuB ke Clofa YIJIOBLIE Te-
peMenHble KaK (QYHKUMH BPEMEHH, HafifeM, 4TO BPeMEHHAs 3aBuCH-
MocTh F onpexensercs cymMMmoll BHAa

00

F=Y ... li Ary e rexpd it (055 + s +L3E)

h:—m =—0co0
(52,9)

s
Kaxapii s ujieHOB 5TOfl CYMMBEl eCTh IepHOAHYEeCKas (QYHKLUHSI
BPeMeHH C YacTOTOH

110)1 + L + lsms’ (52’ 10)

HpeAcTaB/IsoNmEe#l coGof CyMMy MebIX KDPAaTHBIX OT OCHOBHBIX Ha-

CTOT

0E
0 =50 (52,11)

Ho nockosibky Bce gactoThl (52,10) ne gsasiorcs, Boobiue roeops,
HeJBIMH KpPaTHHIMH (HJIH palHOHAJbHBIMH HacTAMH) Kako#-nuGo
OLHOH K3 HHX, TO BCI CyMMa B LEJOM He SBJISeTCS CTPOro Iepuo-
puueckolt ¢yHKuueHd. DTO OTHOCHTCH, B YACTHOCTH, H K CAMHM KO«
DOPAMHATAM § H HMITyJIbCaM p CHCTEMBL.

TaxuM 00pa3oM, ABAXKeHHe CHCTeMHl He ABAAeTCA B OOuieM
ciaydae CTPOTO NEPHOJAUYECKHM HH B IIe/I0M, HM TO KaKOH-1ubO H3
KOOpAHHAT. DTO 3HAUHT, UYTO €CAM CHCTEMa NpoliAa Yepes Kakoe-
Ju60 COCTOSHHE, TO OHA He NPONAET Uepe3 HEro MOBTOPHO HH ye-
pes Kakoe KOHeYROe Bpems. MoXHO, ofHAKO, yTBepKAaTh, 4TO MO
HCTeUeHHH JOCTATOUHD GOMABIIOTC MPOMEXYTKAa BPEMEeHH OHA NPof-
JeT CKOJb YTOAHO BJIHIKO OT HTONO COCTOSIHUA. DTO CBOHCTBO HMEIOT
B BUJY, HA3HBaA TAKOE [BUXKERHE YCLOBHO-NEPUOOULECKUM.

B pasauvHbHIX 9acTHHX CJIy4asx ase (HaH 6oJiee) M3 OCHOBHHIX
YacTOT ®; MOTYT OKasaThCsl COHM3MEDHMBIMH (NPH NPOMU3BOABHHIX
sHaveHHsiX BeanuuH J;). B Takux c/ayuasx TOBOPAT O HAJNHUHH
goipodcdenus, a e€Ccad BCe § YacTOT COM3MEPHMEL, TO ABHIKEHUE

0

1) «Bpamaresbiie KOODAMHATH» — yIAH ¢ {cM. mpumeuanne Ha crp. 200)—
HEOAHO3HATHO CBH3AHH € COCTOSHHEM CHCTEMH, TaK K4K SHAYeHHd @, OTAHJal0-
{IHECSt HA MeN0e KPATHOE OT 2, OTBEYAlOT ONHOMY B TOMY e NOJONKEHHIO CH-
cremsl. ITosToMmy, ecin cpeam KOODAWHAT § HMEIOTC TaKkhe YIJH, TO OHH MOTyT
BxoguTh B GyHKumro F(g, p) AUms B BHAE TAKHX BHIpaXKeHHHi, Kak COSQ miM
sin ¢, ¢BfA3b KOTOPHIX C COCTOSHHEM CHCTEMH! OJHOSHAUHA,
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CHCTeMB Ha3bIBAIOT ROAHOCTLIO 6biPOICOeHrbiM. B nocaenHeM Cay-
wae, OYEBUAHO, RBHIKCHHE CTPOrC HEPHOJHYHO M TEM CaMEIM TpaeK-
TOPHH BCEX YACTHE — 3aMKHYTH.

Hannuyue BHpOXIeHWs NPHBOAKT, NpeXIe BCero, K yMeHblie-
HHIO YHCA HE3ABHCHMMBIX BeJHUYHH (/;}, OT KOTOPHX 3aBHCHT JHEp-
rust cicteMBl. [lycTb ZBe WacTOTH ®; H @ CBA3AHBI COOTHOIHERHEM

oE aE
ml = o, (52,12)

Tie fi; U ne— neane uyucna. Oreroga caeayer, YTO BeNUMUUHH [
H [ BXOAAT B 3HEPTHIO JHIIb B BULE CYMMB #aly + nify.

BecbMa BaxHOH OCOGEHHOCTHIO BHIPOXKACHHBIX ABHIKCHHE SB-
JIIETCH YBEJIHYEHHE UHCIa OJHO3HAUYHBIX HHTErpajoB ABUKEHHS IO
CPaBHEHHIO € MX YHCJOM B OOleM caydae HEBHIDOXKIEHHOH CHCTe-
MBI (C TeM e UHCJOM cTeleHell cBOoGoAH). B mocmexmem caysae
K3 NOJIHOTO YHCJAA (25— 1) BceX HHTErpaJoB ABHKEHHS OJHO3HAY-
HEIMH ABJSIOTCA BCEro s QYHKIHHE COCTOSHUS CHCTEMH; HX IOJHBIHA
Habop cocTaBAswT, HanpuMmep, s BeamuuH [; Ocrannube s — 1
HHTErpajioB MOXHO NPeJCTaBHTh B BHJE pa3HoCTel

dE 0E
w,m—wk—a—ﬁ. (52,13)

[TocTosHCTBO 5THX BeJMUHH HENOCPEACTBEHHO CjeayeT H3 (GopMy-
Jael (52,7), HO BBHLY HEOJHO3HAYHOCTH YIVIOBHIX IEPEMEHHLIX OHH
He SIBJSIOTCS ONHO3HAYHBIMH (YHKIHSMH COCTOSAHHS CHETEMBL.

Hpu nanwunm Ke BHIPOXKAEHHS MNOJOXKEHHe MeHsercd. Tak,
Uy cBfizn (52,12) uurerpan

Wifly — Watly (62,14)

X0T M ABJIAETCHd HEOJHO3HAUHBIM, HO €r0 HEOAHO3HAUHOCTL CBO-
autcst K npubasnenuio awo6oro uesoro kparmoro 2r. Ifostromy no-
CTaTOYHO B35Th TPUTOHOMETPHUECKYI0 OVHKRHIO 3TOH BEJHUHHDI, A
TOr0 4TOGH MOJYYHTh HOBBIH OZHO3HAYHBIA HHTEFPaJ ABHMKEHHS.

[IpuMepoM BLIPOXKAEHHOrO NBHIKEHHWA SBASCTCE MNBHKEHHE B
none U= —a/r (cm. 3amauy X stomy Haparpady). Umenno sto
06CTORTENBCTBO NPHBOAHT K HOABJEHHIO HOBOTO, CIHEHH(pHYIECKOTO
OfHO3HAYHOTO HHTerpana asuxewus (15,17), nomrmo xByx (pac-
CMaTpHBaeM JABHXKeHHe CPa3y KaK IJIOCKOe) OGHYHLIX OJHO3HAU-
HBIX HHTErpaJjos, — MOMeHTa M u sHeprun E, ~— CBOHCTBEHHEIX
JBHKEHHIO B JI06OM [EHTPaSBHOM MOJe,

OTMmeTHM TaKiKe, YTO MOABJICHAE NOTOJHUTENLHBIX ORHO3HAUHBIX
MATErpaioB HPHBOJHT B CBOW Ouepelb eme K OZHOMY CBOHCTBY
BHPOXJEHHHX [BHXKEHUH — OHM JONYCKAIOT HNOJIHOE paslefenue
NepeMEeHHbIX HPH DasIAYHEBIX, a He NPH OGLHOM ONpele/eHHOM !)

1} Mu orpiexaencs npu 9TOM OT TaKHX TPHBHAJBHLIX W3MEHHEH KOopIHHAT,
Kax npeoGpasoBanus BuIa ¢;=q| (§;) g2==4q5 (9
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BHGope KoopiaHHAT. IeficTBHTEeNbHO, BeJIMUHHBL [; B KOOpJIMHATaX,
OCYILECTBASIOMHKX pa3jeeHHe TepeMeHHBIX, SBJISIOTCH OIHO3HaU-
HHMH HHTerpajgamMu JABiKeHHA. Ho NpH HAJHYHH BBIPOXKICHUS
YHCJAO OJHO3HAUHBIX HHTErpasioB IIPeBHIIaeT S, H MOTOMY CT&HO-
BUTC HEOJHO3HAUHLIM BHIGOD TeX H3 HHX, KOTOpble MHBl XOTHM
MOJIyYHTh B KauecTBe BeJIMUHH /;.

B kavecTBe npmMepa CHOBa YNOMsHeM KelJepOBO ABHKEHHE,
JOMycKaolee pasleseHle NepPeMeHHBIX Kak B cdepHueckux, Tak
H B mapaGo/iHuecKHX KOOpAMHATAX.

B npexbiiymieM naparpacde 6510 MOKa3aHO, YTO IPH OAHOMeD-
HOM (UHHTHOM IBHMXKEHHH NepeMeHHas NeHCTBHA fABAsETCA aiua-
6aTHYeCKHM HMHBAPHAHTOM. JTO YTBepIKAEHWE OCTaeTcs B CHJIE H
JJISL CHCTEM CO MHOTHMH cTeneHsIMH cBoGoxael. OHO JOKasblBaeTCs
B ofuleM cJaydae NpsAMHIM 00oO0IieHHeM cnocoba, H3JI0KEHHOro B
Hauase § 51.

Jnsi MHOroMepHOH CHCTEMBl C NepeMeHHHIM mnapaMmetrpoM A (f)
YPABHEHHSI NBHXKEHHS B KAHOHMUYECKHX NepeMEeHHBIX NaioT AJA CKO-
pOCTH HM3MEHEHHs KaxkIOoH M3 NepeMeHHBX aedcTBus [; BhIpaike-
uue, anajgoruusoe (50,10):

fj=— 2214, (52,15)

rie mno-mpexueMy A ==(9So/d\);. VYcpenHenue 3TOro paBeHCTBA
HaJ0 NPOHM3BOIUTEH IO IPOMEXKYTKY BpeMeHH, 60/bLIOMY 1O CpaB-
HEHHI0O C OCHOBHBIMM NEPHOAAMH CHCTEMBI, HO MaJOMy N0 CpaBHe-
HHIO CO BpeMeHeM HM3MeHeHHsi mapamerpa A(f). Ilpu atom A cHoBa
BHHOCHTCS H3-N0J 3HaKa yCPeNHEHHA, a YCPelHEHHE NPOH3BOAHBIX
OA/Jw; TPOU3BOAHTCA TaK, KaK €CJAM Obl ABHKEHHE NPOHCXOLHJIO
NpH MOCTOSTHHOM A H N010My OBUIO YCJOBHO mnepuopudyeckuM. To-
ria A 6yaeT OAHO3HAYHOH NMEPHOJMYECKOH (YHKUHEH YIVIOBHIX Ie-
| peMeHHBIX W; H CPellHHe 3HAUCHHS ee NPOU3BOAHEIX JA/Jw; obpa-
HIaoTCs B HYJb.

B 3akJiOueHHe CclesaeM HEKOTOpble 3aMedaHHs IO IOBOAY
CBOHCTB (PUHHTHOT'O JBH:KeHHS 3aMKHYTBIX CHCTEM CO MHOTHMH (S)
cTenmeHsiMH ¢BOGONH B HanGoJee ofleM Ciaydae, HE IpeAnosaram-
meM pas3felHMOCTH NePeMEHHHIX B COOTBETCTBYIOUIEM YDaBHEeHHH
FamunsToHa — SIKOGH.

OcCHOBHBIM CBOCTBOM CHCTEM C PasfessIOUMHCS HepeMeHHbI-
MH sBJIfieTCS OJHO3HAYHOCTb HMHTErpasjoB ABHKEHHS [;, YHCIO KO-
TOPHIX PAaBHO UYHCJTy CTemeHed cBOGOAH. B obmem xe ciaydae cu-
cTeM ¢ HepasJelsIOLIHMHCA NePEeMEHHBIMH Ha60p OJHO3HAYHHIX HH-
TerpasioB JABHXKEHHS OTPAHHYHBACTCA TeMH, IMOCTOAHCTBO KOTOPLIX
eCTh BLIpajKeHHe CBOHCTB OJHOPOJHOCTH W H3OTPONHH NPOCTPaH-
¢TBa W BPEMEHH, T. €, 3aKOHAMH COXPAaHEHHd SHepPruH, HMIYJbCa
I MOMEHTA,
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dasoBasi TpaekTOpHS CHCTEMBl NPOXOJHUT IO TeM obnacraMm ¢a-
30BOTO IIPOCTPAHCTBA, KOTOpbie ONPENEATC 3alaHHHMH IIO-
CTOSHHLIMH 3HAUeHHSAMH OJHO3HAUHLIX HHTErpaJjoB ABHKenus. s
CHCTEMBl C Pa3leqsIOIINMUCA MEePEeMEHHLIMH C €e § OJHO3HAUHKIMH
HHTErpajaMi 3THMH YCIOBHSMH ONpedessiercsi S-MepHOe MHOroof-
pasne B ¢$a3oBOM NpPOCTPaHCTBE. B TeueHHe IOCTATOYHO [OJTOro
BPEMEHH TPAEKTOPUs CHCTEMEI MOKPOET 3T0 MHorooOpasue CKOJb
YTOHO NJOTHO.

Y cHCTeMBI Ke ¢ HEpa3AessoIUMUCH NepeMeHHEIMH, C €€ MeHb-
HINM (NIPH TOM K€ S) UHCJOM OJHO3HAUHBIX HHTerpaJjoB ¢asomas
TPaeKTOPHA MOKeT 3amnoJHATbL coboil B $a3oBoM npocTpaHcTBe 06~
Jactu (MBoroo6pasust) GoJiblIero 4ucja uaMepeHui.

Haxonen, ykaxeM, 9TO e€ciHM TaMHJIbTOHOBA (PYHKIUS CHCTEMBI
oTANYaeTcs OT (QYHKLUHH, AONMYCKalOIleHd pasfeseHHe MNEPEMEHHBIX,
JIHIIb MaJbIMH YJ€HAMH, TO ¥ CBOHCTBA ABHKEHHUS OJHU3KH K CBOM-
CTBAM YCJ/IOBHO-TIEPHOJMYECKHX JABHXKEHHI, NpHUeM CTeleHb 3TOH
6211M30CTH rOpa3fgo BHlle, YeM CTeNeHb MAaJOCTH JONOJHHTEIbHEX
yjeHoB B pyHKuuu 'amunbroHa.

3anavua

Briuncante nepeMedrHle NelCTBHS JJS 3JUIHNTHUECKOrO JABHIKERHA B NoJje
= —a/r.
Pemenue B noaspaux Koopausarax r, ¢ B INIOCKOCTH ABHXKEHHS HMeeM:

on
1
Iq,—z—n—S po do=M,
0

Tmax

1,__..2% S /\/Qm(E—I-——)——— dr———M+a/\/—2—|’—nEl—.

"min

Orciofa DHepTHd, BHpaXeHHas yepes NepeMeHHble NelCTBUs:
ma?
2+ 1g)*-
Ona 3aBHCHT JHIIB OT cyMMH [, 4 [, uTO O3HaUaeT BHpOXKIEHAE ABHIKEHHS —

©0e OCHOBHLIE YacTOTH (IO ¢ H MO 7) COBMAZAIOT.
Tapamerpst op6utsl p u e (cM. (15,4)) Bmpaxarorcsa uepes I, Iy coraacho

2 I 2
p= -1—-— e?2=1— (__q’__.)
ma’ lo+1.7"
B cuay anmabaTHUeCKON HHBAPHAHTHOCTH BeauunH Ir, Iy, IpH MENJCHHOM H3Me-

HEHHH KOSq)(bHuHeHTa O HJIHX MacCCHl M 3KCUEHTPHCHTET 0p6PlThI ocCTaercsd HEHU3MEH-
HBEIM, 4 €€ PasMephbl MCHAKTCA 06paTHO NpONOPLUHOHANLHO M 1 O,

E=——
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') Dror ykasaTenb HONOJHAET OTJIABJeHHe KHHIH, He TOBTOpAf ero. B yKas
gateib BKJIOYEHH TePMHUHH M HOHATHSA, HENOCPEACTBEHHO HE OTPaXKEHHBIE B Or+

JiaBJIeHHH,
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